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Preface 


Preface to the Third Edition 


This is a revised and extended version of the 2010 second edition of the intro- 
duction to partial differential equations authored by Emmanuele DiBenedetto. 
Even though the material is essentially the same for a large part, nevertheless 
there is a relevant new portion, which covers different topics. 

The guiding principle that led us during the preparation of this monograph 
is twofold, and indeed it was already at the heart of the second edition. 

On one hand, there is the close and existential connection between the 
theory of PDEs and the modelling of physical phenomena: quite a number of 
well-known physical facts are described in terms of partial differential equa- 
tions; the nature of the phenomenon suggests what kind of results mathe- 
maticians should look for, and at the same time, it is a common fact that, 
once established, analytical tools prove to be powerful even largely beyond 
the problem they were originally developed for. 

On the other hand, in the mathematical theory of PDEs there are topics, 
which can by now be considered as classical, but at the same time serve as a 
natural introduction to very active research fields. Therefore, it seems quite 
natural to provide a self-contained introduction to these results, specifically 
aimed at people who approach the field for the first time. 

With these two main ideas as a sort of roadmap, we set out to work, and 
revised the 2010 second edition. Some changes are perhaps limited in terms of 
number of pages, but they are not less important than other topics, to which 
full new chapters are devoted. 

In the Complements of Chapter 0, we offered a detailed description of Ein- 
stein’s approach to the Brownian motion; in Chapter 1 we added Holmgren’s 
uniqueness theorem, which in our opinion represents a natural complement 
to the Cauchy—Kowalewski theorem; in Chapter 5, Section 2.2c in the Com- 
plements about the porous medium equation was largely expanded, following 
suggestions by students who used the monograph as textbook in their PDE 
class in the past; as for Chapter 6 we briefly revised the sections devoted 
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to Problems and Complements, adding further exercises, examples, and even 
some explicit hints of solutions. 

The first substantial novelty is represented by Chapters 11 and 12, where 
linear parabolic equations in divergence form with bounded and measurable 
coefficients, and parabolic DeGiorgi classes are respectively discussed. These 
two chapters represent a sort of parabolic analogue of Chapters 9 and 10, and 
indeed a certain degree of similarity in their structures is apparent and explic- 
itly sought for. Even though the notion of parabolic DeGiorgi class might not 
be as widely accepted as the corresponding elliptic one, nevertheless they are 
being used more and more, and they are of considerable help in highlighting 
the deep structural nature of many results. Chapter 11 ends with the Gaussian 
bounds on the fundamental solution, which lie at the heart of the celebrated 
Nash’s result, but are not so easy to find in the available literature. 

Chapter 13 is devoted to parabolic equations in nondivergence form, mod- 
elled on the prototype class of linear parabolic equations with bounded and 
measurable coefficients. Here the focus is on solutions in Sobolev spaces, and 
not on solutions in the viscosity sense. The strict analogy with the corre- 
sponding results of Chapter 12 is clear, as is the deep difference in terms of 
the analytical tools needed to achieve them. We discussed at length whether 
it was the case to add also an analogous chapter about elliptic equations in 
nondivergence form, but we decided in the negative, due to the enormous 
amount of literature already available on this topic. 

The Navier-Stokes equations are discussed in Chapter 14. We tried and 
concentrated on the main results, at the same time giving a brief introduction 
to the most important and interesting open problems. 

Chapter 15 is the last one and deals with quasi-linear first order systems. 
We first consider smooth solutions, and then treat the main classical results 
due to the pioneering work of Lax, Glimm, and collaborators. We obviously 
do not dwell on the recent accomplishments in this field, where new and 
important results are still regularly achieved. 


Vanderbilt University, Emmanuele DiBenedetto, 
University of Pavia, Ugo Gianazza, 
May 2021 


Besides the sheer scientific aspect described above, there is another difference 
with respect to the previous edition. When Emmanuele DiBenedetto decided 
to prepare a new edition of his 2010 manuscript, he asked me to help him; I 
was very surprised by this request, but at the same time very glad to accept 
it. The plan was discussed together, as well as the distribution of who should 
take care of what. The pandemic made things a bit more difficult than what 
we had originally expected, because a lot of work had to be done at distance, 
but eventually it turned out to be not so invasive. What really impacted the 
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Emmanuele DiBenedetto, 1947-2021 


work was Emmanuele’s illness, which cut too short an extraordinary life and a 
great friendship. Up to his last days, Emmanuele kept on suggesting, advising, 
correcting his part, and mine as well. 

When Emmanuele passed away, Chris Eder and Springer were very sup- 
portive and confident that I could finish the work by myself, simply following 
the original plan. Iam very grateful for that. The work you now have in your 
hands is precisely the result of such a roadmap. Emmanuele’s understanding 
and vision of PDEs theory in general, and of its classical aspects in particular 
were impressive, and always freely shared, without pretending to keep things 
for himself in any way: although this monograph is mostly a fruit of his work, 
at the same time it is dedicated to him. 

When Emmanuele completed a monograph, he used to send a copy to 
people active in the field, in order to collect opinions, suggestions, criticisms, 
etc. It seemed to me that it is a very good way to proceed and that it was worth 
doing the same in this case as well. Therefore, I am indebted to many friends, 
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collaborators, colleagues and students, who read large parts of this revised 
version, with particular care for the new chapters, and suggested changes, 
improvements, corrections, or simply used the previous editions in their classes 
and reported about the comments by students. 

In particular, I am grateful with Naian Liao, who read the parabolic chap- 
ters and suggested various improvements, Luc Tartar, who provided very use- 
ful and interesting literature about quasi-linear first-order systems, Giuseppe 
Savaré and Sandro Salsa for their kind remarks, Enrico Vitali for a lot of 
invaluable bibliographic references, Giorgio Metafune, who provided the ex- 
ample of Section 10c of the Complements of Chapter 11. As for students, 
special thanks go to G. Cavalleri, M. Ferrari, B. Minniti, and E. Tolotti. 


University of Pavia, Ugo Gianazza, 
July 2023 
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Preface to the Second Edition 


This is a revised and extended version of my 1995 elementary introduction 
to partial differential equations. The material is essentially the same except 
for three new chapters. The first (Chapter 8) is about nonlinear equations 
of first order and in particular Hamilton—Jacobi equations. It builds on the 
continuing idea that PDEs, although a branch of mathematical analysis, are 
closely related to models of physical phenomena. Such underlying physics 
in turn provides ideas of solvability. The Hopf variational approach to the 
Cauchy problem for Hamilton-Jacobi equations is one of the clearest and 
most incisive examples of such an interplay. The method is a perfect blend 
of classical mechanics, through the role and properties of the Lagrangian and 
Hamiltonian, and calculus of variations. A delicate issue is that of identifying 
“uniqueness classes.” An effort has been made to extract the geometrical 
conditions on the graph of solutions, such as quasi-concavity, for uniqueness 
to hold. 

Chapter 9 is an introduction to weak formulations, Sobolev spaces, and 
direct variational methods for linear and quasi-linear elliptic equations. While 
terse, the material on Sobolev spaces is reasonably complete, at least for a 
PDE user. It includes all the basic embedding theorems, including their proofs, 
and the theory of traces. Weak formulations of the Dirichlet and Neumann 
problems build on this material. Related variational and Galerkin methods, 
as well as eigenvalue problems, are presented within their weak framework. 
The Neumann problem is not as frequently treated in the literature as the 
Dirichlet problem; an effort has been made to present the underlying theory 
as completely as possible. Some attention has been paid to the local behav- 
ior of these weak solutions, both for the Dirichlet and Neumann problems. 
While efficient in terms of existence theory, weak solutions provide limited 
information on their local behavior. The starting point is a sup bound for the 
solutions and weak forms of the maximum principle. A further step is their 
local Holder continuity. 

An introduction to these local methods is in Chapter 10 in the frame- 
work of DeGiorgi classes. While originating from quasi-linear elliptic equa- 
tions, these classes have a life of their own. The investigation of the local 
and boundary behavior of functions in these classes, involves a combination 
of methods from PDEs, measure theory, and harmonic analysis. We start by 
tracing them back to quasi-linear elliptic equations, and then present in de- 
tail some of these methods. In particular, we establish that functions in these 
classes are locally bounded and locally Holder continuous, and we give condi- 
tions for the regularity to extend up to the boundary. Finally, we prove that 
non-negative functions on the DeGiorgi classes satisfy the Harnack inequality. 
This, on the one hand, is a surprising fact, since these classes require only 
some sort of Caccioppoli-type energy bounds. On the other hand, this raises 
the question of understanding their structure, which to date is still not fully 
understood. While some facts about these classes are scattered in the litera- 
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ture, this is perhaps the first systematic presentation of DeGiorgi classes in 
their own right. Some of the material is as recent as last year. In this respect, 
these last two chapters provide a background on a spectrum of techniques in 
local behavior of solutions of elliptic PDEs, and build toward research topics 
of current active investigation. 

The presentation is more terse and streamlined, than in the first edition. 
Some elementary background material (Weierstrass Theorem, mollifiers, The- 
orem of Ascoli—Arzeld, Jensen’s inequality, etc..) has been removed. 

I am indebted to many colleagues and students who, over the past twelve 
years, have offered critical suggestions and pointed out misprints, imprecise 
statements, and points that were not clear on a first reading. Among these 
Giovanni Caruso, Xu Guoyi, Hanna Callender, David Petersen, Mike O’Leary, 
Changyong Zhong, Justin Fitzpatrick, Abey Lopez, Haichao Wang. Special 
thanks go to Matt Calef for reading carefully a large portion of the manuscript 
and providing suggestions and some simplifying arguments. The help of U. 
Gianazza, has been greatly appreciated. He has read the entire manuscript 
with extreme care and dedication, picking up points that needed to be clari- 
fied. I am very much indebted to Ugo. 

I would like to thank Avner Friedman, James Serrin, Constantine Dafer- 
mos, Bob Glassey, Giorgio Talenti, Luigi Ambrosio, Juan Manfredi, John 
Lewis, Vincenzo Vespri, and Gui Qiang Chen for examining the manuscript in 
detail and for providing valuable comments. Special thanks to David Kinder- 
lehrer for his suggestion to include material on weak formulations and direct 
methods. Without his input and critical reading, the last two chapters proba- 
bly would not have been written. Finally, I would like to thank Ann Kostant 
and the entire team at Birkhauser for their patience in coping with my delays. 


Vanderbilt University, Emmanuele DiBenedetto, 
June 2009 
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Preface to the First Edition 


These notes are meant to be a self contained, elementary introduction to 
partial differential equations (PDEs). They assume only advanced differential 
calculus and some basic L? theory. Although the basic equations treated in 
this book, given its scope, are linear, I have made an attempt to approach 
then from a nonlinear perspective. 

Chapter 1 is focused on the Cauchy-Kowalewski theorem. We discuss the 
notion of characteristic surfaces and use it to classify partial differential equa- 
tions. The discussion grows from equations of second order in two variables to 
equations of second order in N variables to PDEs of any order in N variables. 

In Chapters 2 and 3 we study the Laplace equation and connected ellip- 
tic theory. The existence of solutions for the Dirichlet problem is proven by 
the Perron method. This method clarifies the structure of the sub(super)- 
harmonic functions, and it is closely related to the modern notion of viscosity 
solution. The elliptic theory is complemented by the Harnack and Liouville 
theorems, the simplest version of Schauder’s estimates, and basic L?-potential 
estimates. Then, in Chapter 3 the Dirichlet and Neumann problems, as well 
as eigenvalue problems for the Laplacean, are cast in terms of integral equa- 
tions. This requires some basic facts concerning double layer potentials and 
the notion of compact subsets of L?, which we present. 

In Chapter 4 we present the Fredholm theory of integral equations and 
derive necessary and sufficient conditions for solving the Neumann problem. 
We solve eigenvalue problems for the Laplacean, generate orthonormal sys- 
tems in L?, and discuss questions of completeness of such systems in L?. This 
provides a theoretical basis for the method of separation of variables. 

Chapter 5 treats the heat equation and related parabolic theory. We intro- 
duce the representation formulas, and discuss various comparison principles. 
Some focus has been placed on the uniqueness of solutions to the Cauchy 
problem and their behavior as |z| — oo. We discuss Widder’s theorem and 
the structure of the non-negative solutions. To prove the parabolic Harnack es- 
timate we have used an idea introduced by Krylov and Safonov in the context 
of fully nonlinear equations. 

The wave equation is treated in Chapter 6 in its basic aspects. We derive 
representation formulas and discuss the role of the characteristics, propaga- 
tion of signals, and questions of regularity. For general linear second-order 
hyperbolic equations in two variables, we introduce the Riemann function and 
prove its symmetry properties. The sections on Goursat problems represent a 
concrete application of integral equations of Volterra type. 

Chapter 7 is an introduction to conservation laws. The main points of the 
theory are taken from the original papers of Hopf and Lax from the 1950s. 
Space is given to the minimization process and the meaning of taking the 
initial data in the sense of L’. The uniqueness theorem we present is due 
to Kruzhkov (1970). We discuss the meaning of viscosity solution vis-a-vis 
the notion of sub-solutions and maximum principle for parabolic equations. 
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The theory is complemented by an analysis of the asymptotic behavior, again 
following Hopf and Lax. 

Even though the layout is theoretical, I have indicated some of the physical 
origins of PDEs. Reference is made to potential theory, similarity solutions 
for the porous medium equation, generalized Riemann problems, etc. 

I have also attempted to convey the notion of ill posed problems, mainly 
via some examples of Hadamard. 

Most of the background material, arising along the presentation, has been 
stated and proved in the complements. Examples include the theorem of 
Ascoli-Arzela, Jensen’s inequality, the characterization of compactness in L?, 
mollifiers, basic facts on convex functions, and the Weierstrass theorem. A 
book of this kind is bound to leave out a number of topics, and this book is 
no exception. Perhaps the most noticeable omission here is some treatment of 
numerical methods. 

These notes have grown out of courses in PDEs I taught over the years at 
Indiana University, Northwestern University and the University of Rome IJ, 
Italy. My thanks go to the numerous students who have pointed out misprints 
and imprecise statements. Of these, special thanks go to M. O’Leary, D. Diller, 
R. Czech, and A. Grillo. I am indebted to A. Devinatz for reading a large 
portion of the manuscript and for providing valuable critical comments. I 
have also benefited from the critical input of M. Herrero, V. Vespri, and J. 
Manfredi, who have examined parts of the manuscript. I am grateful to E. 
Giusti for his help with some of the historical notes. The input of L. Chierchia 
has been crucial. He has read a large part of the manuscript and made critical 
remarks and suggestions. He has also worked out in detail a large number of 
the problems and supplied some of his own. In particular, he wrote the first 
draft of problems 2.7—2.13 of Chapter 5 and 6.10—6.11 of Chapter 6. Finally 
I like to thank M. Cangelli and H. Howard for their help with the graphics. 
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1 Green’s Theorem 


Let E be an open set in RY, and let k be a non-negative integer. Denote 
by C*(E) the collection of all real-valued, k-times continuously differentiable 
functions in E. A function f is in C*(E) if f € C*(E), and its support 
is contained in EF. A function f : E > R is in C*(E£), if f €¢ C*(E) and 
all partial derivatives 0°f/Ozx‘ for alli = 1,...,N and £ = 0,...,k, admit 
continuous extensions up to OE. The boundary OE is of class C1 if for all 
y € O92, there exists « > 0 such that within the ball B-(y) centered at y and 
radius ¢, OF can be implicitly represented, in a local system of coordinates, 
as a level set of a function  € C!(B.(y)) such that |V%| 4 0 in B.(y). 

If OE is of class Ct, let n(x) = (ni(x),...,nn(«)) denote the unit normal 
exterior to E at « € OE. Each of the components n,(-) is well defined as a 
continuous function on OF. A real vector-valued function 


B3x- f(z) =(fi(z),...,fw(z)) € RX 


is of class C*(E), C*(E), or Ck(E) if all components f; belong to these classes. 


Theorem 1.1. Let FE be a bounded domain of RY with boundary OE of class 
C1. Then for every f € C1(E) 


[ aveas = [ f-ndo 
EB JE 


where dx is the Lebesgue measure in E and do denotes the Lebesgue surface 
measure on OF. 


This is also referred to as the divergence theorem, or as the formula of inte- 
gration by parts. It continues to hold if n is only do-a.e. defined in OE. For 
example, OE could be a cube in R%. More generally, OE could be the finite 
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union of portions of surfaces of class C'. The domain E need not be bounded, 
provided |f| and |Vf| decay sufficiently fast as |2| — 00.1 


1.1 Differential Operators and Adjoints 


Given a symmetric matrix (a;;) € RY x RY, a vector b € RY, andc eR, 
consider the formal expression 
or a) 


Si Se ail 
"I Ox ,Ox; : Ox; Te ( ) 


L(:) 


where we have adopted the Einstein summation convention, i.e., repeated 
indices in a monomial expression mean summation over those indices. The 
formal adjoint of L(-) is 


. a a 


Thus £L = L* if b = 0. If u,v € C?(E) for a bounded open set E C R% with 
boundary OE of class C!, the divergence theorem yields the Green’s formula 


( [uL(u) — uL*(v)|dx = | [(vaijue,i — UAZVe2,nj) + uvb-njdo. (1.2) 
B aB 


If u,v € C?(£), then 


| [vL(u) — ul*(v)|da = 0. (1.2), 
B 


More generally, the entries of the matrix (a;;) as well as b and c might be 
smooth functions of x. In such a case, for v € C?(E), define 


L*(v) _ 0 (aijv) _ O (bv) 


Ox;,OX; Ox; ie 


The Green’s formula (1.2), continues to hold for every pair of functions u,v € 
C?(E). If u and v do not vanish near OE, a version of (1.2) continues to hold, 
where the right-hand side contains the extra boundary integral 


aj; 
| uv—2 n, do. 
GE Ox; 


"Identifying precise conditions on OE and f for which one can integrate by parts 
is part of geometric measure theory ([102]). 
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2 The Continuity Equation 


Let t + E(t) be a set-valued function that associates to each t in some open 
interval I C R a bounded open set E(t) Cc RY, for some N > 2. Assume 
that the boundaries 0E(t) are uniformly of class C', and that there exists a 
bounded open set E Cc RN such that E(t) C E, for all t € I. Our aim is to 
compute the derivative 


— p(x, t)dx fora given p€C'(Ex 1). 


Regard points 7 € E(t) as moving along the trajectories t > x(t) with veloc- 
ities ¢ = v(x,t). Assume that the motion, or deformation, of E(-) is smooth 
in the sense that (x,t) + v(x,t) is continuous in a neighborhood of E x TI. 
Forming the difference quotient gives 


a) 
— p(x, t)dx 


1 
= lm — | pat + Ande — f ple, ae) 
At—0 ai( E(t+At) ( ) E(t) 0) 


At-0 E(t) At 


1 
+ lim = par — f pltjar). 
At+0 At E(t+At)— E(t) ( ) E(t)—E(t+At) ( ) 


The first limit is computed by carrying the limit under the integral, yielding 


E(t) At E(t) 


As for the second, first compute the difference of the last two volume integrals 
by means of Riemann sums as follows. Fix a number 0 < Ao < 1, and 
approximate 0E(t) by means of a polyhedron with faces of area not exceeding 
Ao and tangent to OE(t) at some of their interior points. Let {Fi,...,Fn} 
for some n € N be a finite collection of faces making up the approximating 
polyhedron, and let x; fori = 1,...,n, be a selection of their tangency points 
with OE(t). Then approximate the set 


(2.1) 
dx 


lim 
At+0 


[E(t + At) — E(t)] U[E() — E(t + At)] 


by the union of the cylinders of basis F; and height v(a;,t)-nAt, built with 
their axes parallel to the outward normal to OE (t) at x;. Therefore, for At 
fixed 
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Fig. 2.1 


1 
+ ( par — [ plt)ar) 
At \ Je(e+at)—B(t) E(t)—E(t+At) 


n 


= lim DY p(aj,t)v(a, t) -nAo + O(At) = | pv -ndo + O(At). 
dE(t) 


Ao—0 i=1 


Letting now At > 0 in (2.1) yields 


d 
«| pde= | prac + f pv -ndo. (2.2) 
dt Jat) E(t) dE(t) 


By the Green’s theorem 


| pv -ndo= ‘ div(pv) dx. 
dE(t) E(t) 


Therefore (2.2) can be equivalently written as 


d 


— pdx = | [pz + div(pv)] da. (2.3) 
dt J rt) E(t) 


Consider now an ideal fluid filling a region E Cc R°. Assume that the fluid is 
compressible (say a gas) and let (#,t) + p(x,t) denote its density. At some 
instant t, cut a region E(t) out of E and follow the motion of E(t) as if each of 
its points were identified with the moving particles. Whatever the subregion 
E(t), during the motion the mass is conserved. Therefore 


a} 
— pdx =0. 
dt E(t) 


By the previous calculations and the arbitrariness of E(t) C E 
prt div(pv) = 0 in EXR. (2.4) 


This is referred to as the equation of continuity or conservation of mass. 
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3 The Heat Equation and the Laplace Equation 


Any quantity that is conserved as it moves within an open set FE with velocity 
v satisfies the conservation law (2.4). Let u be the temperature of a material 
homogeneous body occupying the region E. If c is the heat capacity, the 
thermal energy stored at « € F at time ¢t is cu(x,t). By Fourier’s law the 
energy “moves” following gradients of temperature, i.e., 


cuv = —kVu (3.1) 


where k; is the conductivity ([78, 30]). Putting this in (2.4) yields the heat 
equation 


Ut — * Aw =0. (3.2) 


Now let u be the pressure of a fluid moving with velocity v through a region 
E of RN occupied by a porous medium. The porosity p, of the medium is the 
relative infinitesimal fraction of space occupied by the pores and available to 
the fluid. Let yw, &, and p denote respectively kinematic viscosity, permeability, 
and density. By Darcy’s law ([226]) 


kpo 
bb 


v=- 


Vu. (3.3) 


Assume that & and yw are constant. If the fluid is incompressible, then p = 
const, and it follows from (2.4) that divv = 0. Therefore the pressure u 
satisfies 

divVu = Au=uz,2,;=0 in EL. (3.4) 


The latter is the Laplace equation for the function u. A fluid whose velocity 
is given as the gradient of a scalar function is a potential fluid ([268}). 


3.1 Variable Coefficients 


Consider now the same physical phenomena taking place in nonhomogeneous, 
anisotropic media. For heat conduction in such media, temperature gradients 
might generate heat propagation in preferred directions, which themselves 
might depend on xz € F. As an example one might consider the heat diffusion 
in a solid of given conductivity, in which is embedded a bundle of curvilinear 
material fibers of different conductivity. Thus in general, the conductivity 
of the composite medium is a tensor dependent on the location « € E and 
time t, represented formally by an N x N matrix k = (ki (x,t)). For such 
a tensor, the product on the right-hand side of (3.1) is the row-by-column 
product of the matrix (k;;) and the column vector Vu. Enforcing the same 
conservation of energy (2.4) yields a nonhomogeneous, anisotropic version of 
the heat equation (3.2), in the form 


hij 
ur — (aij (x, t)Uz;) », =0 in F, where ajyj = ft (3.5) 
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Similarly, the permeability of a nonhomogeneous, anisotropic porous medium 
is a position-dependent tensor (Rey Ge). Then, analogous considerations ap- 
plied to (3.3), imply that the velocity potential u of the flow of a fluid in 
a heterogeneous, anisotropic porous medium satisfies the partial differential 
equation 
(aij(@)Ue;) », =0 in FE, where aij = ne, (3.6) 

The physical, tensorial nature of either heat conductivity or permeability of a 
medium implies that (a;;) is symmetric, bounded, and positive definite in E. 
However, no further information is available on these coefficients, since they 
reflect interior properties of physical domains, not accessible without altering 
the physical phenomenon we are modeling. This raises the question of the 
meaning of (3.5)—(3.6). Indeed, even if u € C?(E), the indicated operations 
are not well defined for aj; € L°(£). A notion of solution will be given in 
Chapter 10, along with solvability methods. 

Equations (3.5)—(3.6) are said to be in divergence form. Equations in non- 
divergence form are of the type 


Qij(Z)Us2,=0 im EF (3.7) 


and arise in the theory of stochastic control ([{146]). 


4 A Model for the Vibrating String 


Consider a material string of constant linear density p whose end points are 
fixed, say at 0 and 1. Assume that the string is vibrating in the plane (z, y), 
set the interval (0, 1) on the z-axis, and let (x,t) > u(a,t) be the y-coordinate 
of the string at the point x € (0,1) at the instant t € R. The basic physical 
assumptions are: 


(i) The dimensions of the cross sections are negligible with respect to the 
length, so that the string can be identified, for all t, with the graph of 
x u(a,t). 

(ii) Let (x,t) + T(a,t) denote the tension, i.e., the sum of the internal forces 
per unit length, generated by the displacement of the string. Assume that 
T at each point (#,u(a,t)) is tangent to the string. Letting T = |TI, 
assume that (#,t) > T(a,t) is t-independent. 

(iii) Resistance of the material to flexure is negligible with respect to the 
tension. 

(iv) Vibrations are small in the sense that |u|? and |u,|? for @ > 1 are 
negligible when compared with |u| and |u,|. 
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Fig. 4.1 


The tangent line to the graph of u(-,t) at (x, u(#,t)) forms with the z-axis an 
angle a € (0,7/2) given by 


Ux 
Jl +u2- 


Therefore the vertical component of the tension T at (x, u(a,t)) is 


sina = 


Ur 
Ji + uz 


Consider next, for t fixed, a small interval (#1, x2) C (0,1) and the correspond- 
ing portion of the string of extremities (x1, u(x1,t)) and (x2, u(x2,t)). Such 
a portion is in instantaneous equilibrium if both the x and y components of 
the sum of all forces acting on it are zero. The components in the y-direction 
are: 


Tsina =T 


1. The difference of the y-components of T at the two extremities, i.e., 

Ux Ux We O Un 

T ——}]_ ] (x2, t) — (| T— == J (21, t =| — (| T———. dz. 
(ag) 000-7 eg) Lae ee) 

2. The total load acting on the portion, i.e., 

-{ : p(a,t)dx, where p(-,t) = {load per unit length}. 

Ly 
3. The inertial forces due to the vertical acceleration uz:(x, t), i-e., 
v2 fag 
[ Pap ula, t)dx. 


Therefore the portion of the string is instantaneously in equilibrium if 


ia “27 0 Ur 
[ Pag ula, t)da = [ E ) (a, t) + plat) dx. 


Dividing by Az = x2 — x and letting Ar > 0 gives 
a? ) ( Ux 


ey | pO 
ae aa iaw 


) =p in (0,1)xR. (4.1) 


8 0 PRELIMINARIES 
The balance of forces along the x-direction involves only the tension and gives 
(T cos a)(x1,t) = (T cosa) (a2, t) 


or equivalently 


From this 
72 0 T 
— | ———— ]dx =0 forall (21,22) C (0,1). 
Px =) (01,2) € 0,1) 
Therefore 


--( Z ) 0 and +( = th=T. 
SS n x ———_ ] (x,t) = T, 
Ox J/1l+u2 J1+u2 


for some T, > 0 independent of x. In view of the physical assumptions (ii) 
and (iv), may take T, also independent of t. These remarks in (4.1) yield the 
partial differential equation 


fog O7u . 
he — Css = f in (0, 1) x R (4.2) 
where 7 ‘ 
f=" and f(z,t)= P(e, ) 
p p 


This is the wave equation in one space variable. 


Remark 4.1 The assumption that p is constant is a “linear” assumption in 
the sense that leads to the linear wave equation (4.2). Nonlinear effects due 
to variable density were already observed by D. Bernoulli ([{17]), and by S.D. 
Poisson ([206]). 


5 Small Vibrations of a Membrane 


A membrane is a rigid thin body of constant density p, whose thickness is 
negligible with respect to its extension. Assume that, at rest, the membrane 
occupies a bounded open set E C R?, and that it begins to vibrate under the 
action of a vertical load, say (x,t) + p(x,t). Identify the membrane with the 
graph of a smooth function (x,t) > u(x,t) defined in F x R and denote by 
Vu = (Ux,,Ux,) the spatial gradient of u. The relevant physical assumptions 
are: 


(i) Forces due to flexure are negligible. 
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(ii) Vibrations occur only in the direction u normal to the position of rest of 
the membrane. Moreover , vibrations are small, in the sense that uz, Uz, 
and wuz, for 7,7 = 1,2 are negligible when compared to u and |Vul. 

(iii) The tension T has constant modulus, say |T| = T, > 0. 


Cut a small ideal region G, C E with boundary 0G, of class C', and let G 
be the corresponding portion of the membrane. Thus G is the graph of u(-,t) 
restricted to Go, or equivalently, G, is the projection on the plane u = 0 of 
the portion G of the membrane. Analogously, introduce the curve I" limiting 
G and its projection I, = OG,. The tension T acts at points P € I and is 
tangent to G at P and normal to I’. If r is the unit vector of T and n is the 
exterior unit normal to G at P, let e be the unit tangent to I’ at P oriented 
so that the triple {r,e,n} is positive and 7 = eA n. Our aim is to compute 
the vertical component of T at P € I. If {i,j,k} is the positive unit triple 
along the coordinate axes, we will compute the quantity T-k = 7,7 -k. 
Consider a parametrization of I, say 


s — P,(s) = (x1(s),22(s)) for s € {some interval of R}. 
The unit exterior normal to 0G, is given by 


(x3, 27) 


2 Pa 
Vurp + xy 


—_— 


Fig. 5.1 


Consider also the corresponding parametrization of I" 
s + P(s) = (Po(s), u(a1(s), 2(s),t)). 


The unit tangent e to I’ is 
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(21,9, 3) = (Po, Po Vu) 
Vepteg + ae NP )241P,.Vul2 
and the exterior unit normal to G at I" is 


(—Vu, 1) 


J1+[Vul? 


e= 


Therefore 
i jk l 
T=eAn=det{ wv, «wy x Fz 
Uz, —Ux, 1 
where 
J=J/14+|Vul?1/|P.|2 + |P- Vul?. 
From this 


Jr -k = (x5,—-2)-Vu=|P,| Vu-v. 


If 2 is the cosine of the angle between the vectors Vu and P, 


Vu: 
T-k= —, Jg = 14 |Vul2/1 + B|Vul. 
B 


Since 
(1+ B?|Vul?) < Jeg < (14+ |Vul?) 


by virtue of the physical assumption (ii) 
T-keTVu-v. 


Next, write down the equation of instantaneous equilibrium of the portion G 
of the membrane. The vertical loads on G, the vertical contribution of the 
tension T, and the inertial force due to acceleration uz, are respectively 


/ p(a,t) dx, i ToVu-vdo, | pur dx 
Go 0Go Ge 


where do is the measure along the curve 0G». Instantaneous equilibrium of 
every portion of the membrane implies that 


| puy, dx = | T,.Vu-vda +f p(a,t) dx. 
Go OGo G 


° 


By Green’s theorem 


y ToVu-vdo = | T, div(Vu) dz. 
0Go Go 


Therefore 
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7 [pure — To div Vu — p| dx = 0 
Go 


for allt € R and all G, Cc E. Thus 


uz-CAu=f inExR (5.1) 
where if 
Cc? — . i = se Au = div(Vu). 
p p 


Equation (5.1), modeling small vibrations of a stretched membrane, is the 
two-dimensional wave equation. 


6 Transmission of Sound Waves 


An ideal compressible fluid is moving within a region E Cc R°. Let p(x,t) and 
v(z,t) denote its density and velocity at x € FE at the instant t. Each x can 
be regarded as being in motion along the trajectory t > x(t) with velocity 
x(t). Therefore, denoting by v;(x,t) the components of v along the x;-axes, 
then 

4, (t) = vi (a(t), t), (= 1,253: 


The acceleration has components 


where V denotes the gradient with respect to the space variables only. Cut any 
region G, C E with boundary OG, of class C'. Since G, is instantaneously 
in equilibrium, the balance of forces acting on G, must be zero. These are: 


(i) The inertial forces due to acceleration 


| pvt +(v- V)v] dz. 


o 


(ii) The Kelvin forces due to pressure. Let p(x, t) be the pressure at « € E 
at time t. The forces due to pressure on G are 


| pv do, vy = {outward unit normal to 0Go}. 
OGo 


(iii) The sum of the external forces, and the internal forces due to friction 


-| fdz. 
G 


o 
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Therefore 


i ply: + (v-V)vlde = — | pedo + | f dz. 
Go OGo G 


| pode = | Vpdz. 
0G Go 


Therefore by the arbitrariness of G, C E 


By Green’s theorem 


pl[vit(v-V)v] =—-Vp+f in EXR. (6.1) 


Assume the following physical, modeling assumptions: 


(a) The fluid moves with small relative velocity and small time variations 
of density. Therefore second-order terms of the type v;vj,2, and pu; are 
negligible with respect to first order terms. 

(b) Heat transfer is slower than pressure drops, i.e., the process is adiabatic 
and p = h(p) for some h € C?(R). 


Expanding h(-) about the equilibrium pressure p,, renormalized to be zero, 
gives 
p=ap+ayp +---. 


Assume further that the pressure is close to the equilibrium pressure, so that 
all terms of order higher than one are negligible when compared to agp. These 
assumptions in (6.1) yield 


(0) =-Vp+f in EXxR. 


Now take the divergence of both sides to obtain 


o div(ov) =—Ap-+divf in ExR. 


From the continuity equation 
div(pv) = —pz = —GoPpt. 


Combining these remarks gives the equation of the pressure in the propagation 
of sound waves in a fluid, in the form 


2 
oP PAp= i in ExR (6.2) 
where ; a 
e25. —_ iv 
dis Qo 


Equation (6.2) is the wave equation in three space dimensions ([205]). 
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7 The Navier-Stokes System 


The system (6.1) is rather general and holds for any ideal fluid. If the fluid is 
incompressible, then p = const, and the continuity equation (2.4) gives 


divv =0. (7) 


If in addition the fluid is viscous, the internal forces due to friction can be 
represented by ppAv, where p > 0 is the kinematic viscosity ({268]). Therefore 
(6.1) yields the Navier-Stokes system 


fo) 1 
—v-pAv+(v-V)v+-Vp=f. (7.2) 
Ot p 

where f. = f/p are the external forces acting on the system. The unknowns 
are the three components of the velocity and the pressure p, to be determined 
from the system of four equations (7.1) and (7.2). 


8 The Euler Equations 


Let S denote the entropy function of a gas undergoing an adiabatic process. 
The pressure p and the density p are linked by the equation of state 


p= f(S)p'**, a>d (8.1) 


for some smooth function f(-). The entropy $(2(t),t) of an infinitesimal por- 
tion of the gas moving along the Lagrangian path t — x(t) is conserved. 
Therefore ((268]) 


d 
Tt =0 
where formally 
Cae +v-V 
dt at 


is the total derivative. The system of the Euler equations of the process is 


plvit(v-V)v] =—-Vp+f 
pt + div(vp) =0 


OP Pp 

at pita TON ae (8.4) 
The first is the pointwise balance of forces following Newton’s law along the 
Lagrangian paths of the motion. The second is the conservation of mass, and 
the last is the conservation of entropy. 
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9 Isentropic Potential Flows 


A flow is isentropic if S = const. In this case, the equation of state (8.1) 
permits one to define the pressure as a function of the density alone. Let 
u € C?(R3 x R) be the velocity potential, so that v = Vu. Assume that f = 0, 
and rewrite (8.2) as 


Px; 
Un; + Ug; Ux; x; = 


Ot p’ 


From this 


a) 1 P P ds ; 
Oz; (ue + 5IVu +f =) = 0, 1=1,2,3. 


From the equation of state 


[ ds _ltap 
> ps) ap 


Combining these calculations, gives the Bernoulli law for an isentropic poten- 


tial flow? 
lt+ap 
—_____ -— — g 


a p 
where g(-) is a function of t only. The positive quantity 


1 
ut + 5|Vul? + (9.2) 


has the dimension of the square of a velocity, and c represents the local speed 
of sound. Notice that c need not be constant. Next multiply the 7th equation 
in (9.1) by uz, and add for 7 = 1,2,3 to obtain 

10 1 1 

=—|Vul|* + =Vu- V|Vul* = —-Vp- Vu. 9.3 

al Vul? + 5Vu- VIVuP = —"vp- Vu (9.3) 
Using the continuity equation 


1 1 
== Vps Vw V2 Vu = - Vp Ve 
p 


p pp 
1 
= SE Ta fp 4 = Ann 
p pp p 


From the equation of state 


?Daniel Bernoulli, 1700-1782, botanist and physiologist, made relevant discover- 
ies in hydrodynamics. His father, Johann B. 1667-1748, and his uncle Jakob 1654— 
1705, brother of Johann, were both mathematicians. Jakob and Johann are known 
for their contributions to the calculus of variations. 
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d _d p 1dp pdil 
dt p!+* — p® dtp pdt p 


From this, expanding the total derivative 


i) 
a, VE alo + Vu. Vp] = 0. 


Again, by the equation of continuity 
pr_+Vu-Vp = pAu. 


Therefore 3 
wee -Vu= = + ak Au. 
p Otp — —p 


Combining these calculations in (9.3) gives 


1 10 10 
2A, + 0,,. 2. 22 2 ao 
c Au 5 VU V|Vul 5 BL |\Vul~ — OP 


9.1 Steady Potential Isentropic Flows 
For steady flows, rewrite (9.4) in the form 
(C76: — Un, Ue, Coe, = 0. 


The matrix of the coefficients of the second derivatives Us,x; 18 


— 
J c2 


and its eigenvalues are 


|Vul? 
C2 


I 
= 


M4 =1- and = Ag 


15 


(9.5) 


Using the steady-state version of the Bernoulli law (9.2) gives the first eigen- 
value in terms only of the pressure p and the density p. The ratio M = |Vu|/c 
of the speed of a body to the speed of sound in the surrounding medium is 


called the Mach number.* 


10 Partial Differential Equations 


The equations and systems of the previous sections are examples of PDEs. 
Let u € C™(E) for some m € N, and for j = 1,2,...,m, let D’u denote 


3Ernst Mach, 1838-1916. Mach one is the speed of sound; Mach two is twice the 


speed of sound; ... 
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the vector of all the derivatives of u of order 7. For example, if N = m = 2, 
denoting (x,y) the coordinates in R? 
Diu=(ue,Uy) and D?u= (Use, Uey, Uyy)- 
A partial differential equation is a functional link among the variables 
x, u, Diu, D7u, ..., D™u 
that is 
F(a, u, D'u, D?u,...,D™u) = 0. 

The PDE is of order m if the gradient of F' with respect to D™u is not 
identically zero. It is linear if for all u,v € C™(E) and alla, ER 

F(a, (au + Sv), D' (au + Bv), D?(au t+ Bv),...,D™(au + Bv)) 

= aF (x, u, D'u, D?u,... ,D™u) + BF (c, v, D'v, D?v,... ay. 


It is quasi-linear if it is linear with respect to the highest order derivatives. 
Typically a quasi-linear PDE takes the form 
O™u 
+ Fy =0 
N 


= Qmy4,....mN 
mi+:-+my=m O™ a, -OMNG 


where m; are non-negative integers and the coefficients @m,,...my, and the 
forcing term F,, are given smooth functions of (x, u, D'u, D?u,...,D™~1u). 
If the PDE is quasi-linear, the sum of the terms involving the derivatives of 
highest order, is the principal part of the PDE. 


Problems and Complements 


3c The Heat Equation and the Laplace Equation 


It is worth devoting some space to Einstein’s description of the Brownian 
Motion [64, 63, 240] and to its surprising connection with the Heat Equation. 


3.1c Basic Physical Assumptions 


Particles suspended in a fluid undergo random motions owing to disordered 
collisions generated by local thermal gradients. The trajectories are irregular 
and intertwined, and cannot be efficiently representable by the classical con- 
cepts of piecewise differentiable curves. Instead, the motion will be described 
by the density or distribution of particles, u(a,t) providing the number of 
particles, per unit volume, present at x at time t. The basic assumptions are: 
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H1 The motion of each particle is independent of the motion of the others. 
This is in general false if the motion is caused by mutual collisions, which 
by their own nature mutually affect the motion of each particle. It can 
only be justified as an “average” property of the particles, in the sense that 
the motion, computed and averaged, in some sense, over a large number 
of particles, is not affected by the addition of a further particle, however 
it is positioned within the system. 

H2 For each time t, the motion of a particle at times later than t depends 
only on its position at time t and not on its kinematic at times preceding 
and up to t. This is also false in general, in the classical formulation of 
Mechanics, where the motion after a time t depends on the kinematic at 
time t. Einstein justifies this assumption provided we look at times ¢t + T 
where 0 <7 <1 is so small that the only mechanics affecting the particle 
is a possible collision at time ¢ and not its velocity at t. In the words of 
Einstein ... 7 is negligible with respect to observable times... 


The multitude of particles suggests looking at the particles only as a statistical 
average. Moreover, the numerous collisions, and consequent lack of differen- 
tiability of the intertwined paths, suggest renouncing to the classical notions 
of velocity and acceleration. 

For y € R% let p(y, At)dy be the probability of each particle undergoing 
a displacement y in the time interval (t,t + At). In view of H1—H2, such a 
probability is the same for each particle. Moreover, 


| p(y, At)dy =1 for all At > 0. (3.1¢) 
RN 


It is also assumed that the medium is isotropic, that is, the probability density 
is independent of the direction of y so that p(y, At) = p(|y|, At). 


3.2c The Diffusion Equation 


The particles that are in x at time t+ At are those that were in x — y at time 
t and that have been displaced by y in the time interval (t,¢ + At). Thus, 


u(e,t+ At) = [ule —y.t)ply, Addy. 
RN 


By Taylor’s expansion (formal at this stage) 


N 1N 
ula ~ y,t) = u(a, t) ~ > ee | st); =F 9 O25 Unix; (x, t)ysy; a Rey yt) 
JF tjg= 


Therefore, 
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u(a,t + At) =u(z,t) | p(y, At)dy 
RN 
N 
— Do Uz, (x,t) I. yjp(y, At)dy 
re N 
+3. Dd ten; | yiyjply, At)dy 
4 a 


+f R(x, y, t)p(y, At)dy. 
Using that p(y, At) = p(|y|, At) one verifies that 
Jen ypvly, At)dy = 0 fori=1,...,N; 
Jaw Yi¥sP(y, At)dy = 0 for all i A J; 
tas y5 Py; At)dy =2k(At) for j=1,...,N 


for a function k(-). Combining these calculations 


u(a,t+ At) —u(a,t)  k(At) 1 / 
I At = yt At)dy. 3.2 
aa Be He R(x, y,t)ply, At)dy. — (3.2c) 
Einstein then postulates that 
k(At) ; ae 
jim, ae =k for a given positive constant k, and (3.3c) 
Jim, ay ff, Rees tlw, Atay (3.4c) 


Assuming these two postulates for the moment, and letting At — 0 in (3.2c), 
imply that the density u of particles in Brownian motion suspended in a fluid 
satisfies the heat equation 


—kAu=0 within the fluid being observed. (3.5c) 


3.3c Justifying the Postulates (3.3c)—(3.4c) 


The first postulate is simply accepted by Einstein. The second is essentially a 
consequence of the first. By the definition of the remainder R(x, y, t) 


. 1 . Ala, t) 5 
— = eee At)d 
im, a I. |R(z,y,t)lp(y, At)dy < jim —F I. ly" Ip(y, At)dy 


for a constant A(a,t) depending on (a,t), which, however, in this process, are 
fixed. Now it is reasonable to postulate that if 0 < At < 1, those displace- 
ments y that have an appreciable probability of actually occurring are small 
in length, proportionally to At. Thus, it is postulated that 
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| ly|*|p(y, At)dy < B ly|?p(y, At)dy 
RN lylscat 


for given constants B and C. This implies (3.4c). 


3.4c More on the Postulates (3.3c)—(3.4c) 


These postulates are verified for the probability density p(-,-) given by 


ie) 


1 _ ll 
I'(y,t) = (4nktyN/2° ant, (3.6c) 


Verify that such a p(-,-) satisfies (3.1c) for all t > 0, and (3.3c)—(3.4c) for 
all At > 0. The probability that a particle in Brownian motion, is at y at 
time t, starting from y = 0 at time t = 0, could be statistically computed by 
effecting a large number of experiments, and then by taking their arithmetic 
average. It can be shown that as the number of experiments tends to infinity 
the corresponding probability tends to the function I in (3.6c), for a physical 
constant k that depends on the medium. Such a constant can be given a 
precise physical meaning by the following considerations. The mean distance 
€(t) traveled by the particle in time ¢, originating at the origin is the square- 
root of the expected value of |y|?, that is 


Akt 
C(t) =| ly? L(y, t)dy = = | lye!" dy = const(N)kt. — (3.7c) 
RN TT RN 


3.5 Verify that RY x R* 5 (y,t) + I'(y, t) satisfies the heat equation (3.5c). 

3.6 Justify the calculations in (3.7c) and compute explicitly the constant 
const(V). 

3.7 Verify that the postulates (3.4c)—(3.4c) are verified for such a I. 

3.8 Let uo(-) be a bounded and continuous function in RY. Verify that the 
function u = I * uo satisfies the heat equation (3.5c) and that 


lim u(-,t) =u, over compact subsets of R. 
= 


3.9 Let ; ; ; 
(Noajow aaa? or N > 2; 
Ky(2,y) = 
s+ In|a — y| for N = 2. 
2 1 
wnt [le — yf? + 22] 


Kya (@,y3t) = 


Verify that 


A,Kky =A,k,=0 in «fy 
Agel = Angina =0 for t>0. 
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Verify that 


O 
Kyat = 7, Kn si(t, yt, 7) 
T=0 


Check for 


1 updates | 


QUASI-LINEAR EQUATIONS AND 
ANALYTIC DATA 


1 Quasi-Linear Second-Order Equations in Two 
Variables 


Let (x,y) denote the variables in R?, and consider the quasi-linear equation 
Azz + 2Buzy + Cuyy = D (1.1) 


where (2, Y,Uz,Uy) 7 A,B,C, D(x, y, uz, Uy) are given smooth functions of 
their arguments. The equation is of order two if at least one of the coeffi- 
cients A,B,C is not identically zero. Let I be a curve in R? of parametric 
representation 


T= {a2 af € O?(—6,6) for some 6 > 0. 


On I, prescribe the Cauchy data 
ul p=, tii a =, Uy| p= (1.2) 
where t > v(t), y(t), W(t) are given functions in C?(—6, 5). Since 


d 
Hus, NO) = tok! + uyn! = el + br! =v! 
of the three functions v,y,w, only two can be assigned independently. The 
Cauchy problem for (1.1) and I’, consists in finding u € C?(R?) satisfying the 
PDE and the Cauchy data (1.2). Let wu be a solution of the Cauchy problem 
(1.1)—(1.2), and compute its second derivatives on I’. By (1.1) and the Cauchy 
data 

Atixr + 2Buzy + Cuyy = D 

EUre +1 Uny = y 

Clay + 7) Uyy = Vv". 

Here A, B,C are known, since they are computed on I’. Precisely 
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A, B, Ola =. A, B, CCE, 1; Vv, YP; w). 
Therefore, Uzz, Uzy, and Uy, can be computed on I’, provided 


A2BC 
det | €’ 7! 0 | 40. (1.3) 
0 ¢ 7 
We say that I is a characteristic curve if (1.3) does not hold, i-e., if 
Ar!? — 2Bé'n! + C€? =0. (1.4) 


In general, the property of I being a characteristic depends on the Cauchy 
data assigned on it. If 7 admits a local representation of the type 


y=y(x) ina neighborhood of some x, € R (1.5) 
the characteristics are the graphs of the possible solutions of the differential 
equation 

, B+tvVB?-—AC 
rn ai 
Associate with (1.1) the matrix of the coefficients 
AB 
M = ( : ?) | 


Using (1.4) and the matrix M, we classify, locally, the family of quasi-linear 
equations (1.1) as elliptic if det M > 0, i-e., if there exists no real charac- 
teristic; parabolic if det M = 0, i.e., if there exists one family of real char- 
acteristics; hyperbolic if det M < 0, i.e., if there exist two families of real 
characteristics. The elliptic, parabolic, or hyperbolic nature of (1.1) may be 
different in different regions of R?. For example, the Tricomi equation ([259]) 


YUre — Uyy = 0 


is elliptic in the region [y < 0], parabolic on the x-axis and hyperbolic in the 
upper half-plane [y > 0]. The characteristics are solutions of /yy’ = +1 in 
the upper half-plane [y > 0]. 

The elliptic, parabolic, or hyperbolic nature of the PDE may also depend 
upon the solution itself. As an example, consider the equation of steady com- 
pressible fluid flow of a gas of density u and velocity Vu = (uz, uy) in R?, 
introduced in (9.5) of the Preliminaries 


(2 — U2 use — 2UgUytay + (?- ti, eae =0 
where c > 0 is the speed of sound. Compute 


2 2 
dot M = act (“ us “ety ) = ee — [Vu 


Ugly CH Uy 
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Therefore the equation is elliptic for sub-sonic flow (|Vu| < c), parabolic for 
sonic flow (|Vu| = c), and hyperbolic for super-sonic flow (|Vu| > c). The 
Laplace equation 

Au = Ure + Uyy = 0 


is elliptic. The heat equation 
H(u) = uy — Ure = 0 
is parabolic with characteristic lines y = const. The wave equation 


Du = tyy — Use = 0 cER 


is hyperbolic with characteristic lines « + cy = const. 


2 Characteristics and Singularities 


If I is a characteristic, the Cauchy problem (1.1)—(1.2) is in general not solv- 
able, since the second derivatives of u cannot be computed on I’. We may 
attempt to solve the PDE (1.1) on each side of I’ and then piece together the 
functions so obtained. Assume that I" divides R? into two regions E, and FE» 
and let u; € C?(£;), for i = 1,2, be possible solutions of (1.1) in E; satisfying 
the Cauchy data (1.2). These are taken in the sense of 


i(z,y), Uia(Z,Yy), Ui,y(Z, Y) _ v(t), y(t), w(t). 


lim U 
(w,y)—> (E(t), n(t)) 
(@,y)EB; 
Setting 
U2 in Ey» 


{ie in Ey 
= 
the function u is of class C! across I. If f; € C(E;), for i = 1,2, and 
re = fi in Ey 
~ Lfe in EB, 
let [f] denote the jump of f across I, i-e., 


[f](@) = fila,y) — fo(x,y). 


lim lim 
(2,4) 4 (E(t), n(t)) (2,9) > (E(t), n(t)) 
(@,y)E Fy (w,y)E EQ 
From the assumptions on u, 
[u] = [uc] = [uy] = 0. (2.1) 


From (1.1), 
° Aluzz] + 2Bluzy] + C[uyy] = 0. (2.2) 
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Assume that I has the local representation (1.5). Then using (2.1), compute 
[Ure] + [Uryly’ = 9, [Uy] + [Uyyly’ = 0. 


Therefore 
12 


[Ure] = [Uyyly, [Usy] = —[Uyyly’. (2.3) 


Let J = [uy,] denote the jump across I of the second y-derivative of u. From 
(2.2) and (2.3) 
J(Ay? — 2By' +C) =0. 


If I’ is not a characteristic, then (Ay’? — 2By’ + C) 4 0. Therefore J = 0, 
and u is of class C? across I’. If J 4 0, then I must be a characteristic. Thus 
if a solution of (1.1) in a region EC R? suffers discontinuities in the second 
derivatives across a smooth curve, these must occur across a characteristic. 


2.1 Coefficients Independent of uz and u, 


Assume that the coefficients A,B,C and the term D are independent of uz 
and uy, and that u € O?(£;), i = 1,2. Differentiate (1.1) with respect to y in 
£;, form differences, and take the limit as (a, y) > I’ to obtain 


Altery] + 2B[Ueyy] + Cluyyy] = 0. (2.4) 
Differentiating the jump J of uy, across I” gives 
J! = [Uryy] + [Uyyyly’- (2.5) 
From the second jump condition in (2.3), by differentiation 
—y J’ —y! J = [Urey] + [Uayyly’- (2.6) 
We eliminate [uzz,| from (2.4) and (2.6) and use (2.5) to obtain 
Ay! J’ + y" J) = (2B — Ay’) [uayy] + Cluyyy] 
= (2B — Ay’) J’ + (Ay? — 2By' + C)[Uyyyl- 
Therefore, if I is a characteristic 
2(B— Ay’) J’ = Ay” J. 


This equation describes how the jump J of uyy at some point P € I” propa- 
gates along I’. In particular, either J vanishes identically, or it is never zero 
on I’. 
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3 Quasi-Linear Second-Order Equations 


Let E be a region in R%, and let u € C?(£). A quasi-linear equation in E 
takes the form 
AijUzj«; =f (3.1) 


where we have adopted the summation notation and 
(z,u, Vu) > Ai, F(z,u,Vu) for i,j =1,2,...,N 


are given smooth functions of their arguments. The equation is of order two if 
not all the coefficients A;; are identically zero. By possibly replacing A;; with 


Ai + Aji 
2 
we may assume that the matrix (A;;) of the coefficients is symmetric. Let I 
be a hypersurface of class C? in R, given as a level set of ® € C?(E); say for 


example, = [® = 0]. Assume that V® ¥ 0 and let v = V@/|V9| be the unit 
normal to I” oriented in the direction of increasing @. For x € I’, introduce 


a local system of N — 1 mutually orthogonal unit vectors {T1,...,7n-1i} 
chosen so that the n-tuple {71,...,7N—1,v} is congruent to the orthonormal 
Cartesian system {e1,...,ev}. Given f € C!(E), compute the derivatives of 


f, normal and tangential to I’ from 
Dypf =Vf-yY, Dr, f=VF-T;, j=l,...,N-1. 


If 7; = Ti: e;, and v; = v-e;, are the projections of 7; and v on the 
coordinate axes 


Dr, f = (75,1,-+-,73,n) > VF and Dy f =(M,...,uUn) Vf. 


Introduce the unitary matrix 


TA1 71,2 stra T1,N 
T2,1 T29) sige T2,N 

T= (3.2) 

TN-1,1 TN—-1,2 --- TN-1,N 
Vy V2 Bite UN 
and write 
Sept (ORE -l1_7t 
Vf=T where T-! = T*, (3.3) 

Duf 


The Cauchy data of u on I are 
uflp=v, Dru p=¢j;, 7=1,...,N-1, Dpu|p=¢ (3.4) 


regarded as restrictions to I’ of smooth functions defined on the whole of E. 
These must satisfy the compatibility conditions 
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Dr,v = 93; j=il,...,N—-1. (3.5) 


Therefore, only v and w can be given independently. The Cauchy problem for 
(3.1) and I’ consists in finding a function u € C?(E) satisfying the PDE and 
the Cauchy data (3.4). If u is a solution to the Cauchy problem (3.1)—(3.4), 
compute the second derivatives of u on I" 


Ux; 


a 


= Th ivr, + Yup 
Us ,x; = Tkipq—Ur, + YViz—Uv (3.6) 
: Ox; : Ox; 
= Thitl, jut. =F Th iVjurv oF Tk gvViUrpv + ViVi Upp. 
From the compatibility conditions (3.4) and (3.5) 
Dr,(Drju) = Dr,9j;,  Dr,(Dvu) = Dr,. 


Therefore, of the terms on the right-hand side of (3.6), all but the last are 
known on I’. Using the PDE, one computes 


Ajj ij Ure = F on I’ (3.7) 


where F’ is a known function of I and the Cauchy data on it. We conclude 
that u,v, and hence all the derivatives uz,.,, can be computed on I” provided 


Aij®x,P2, £ 0. (3.8) 


Both (3.7) and (3.8) are computed at fixed points P € I’. We say that ris a 
characteristic at P if (3.8) is violated, i.e., if 


Since (A;,;) is symmetric, its eigenvalues are real and there is a unitary matrix 
U such that 


A, 0... O 
0 A... O 
U-(AS)U=|... ~~ 
0 0... An 


Let € = Uz" denote the coordinates obtained from x by the rotation induced 
by U. Then 


(V®)'(Ai;)(V®) = [U-*(V®)|'U* (Aig )U[U*(V)] = iG, 
Therefore I" is a characteristic at P if 
NP, = 0. (3.9) 


Writing this for all P € EF gives a first-order PDE in @. Its solutions permit 
us to find the characteristic surfaces as the level sets [6 = const]. 
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3.1 Constant Coefficients 


If the coefficients A;; are constant, (3.9) is a first-order PDE with constant 
coefficients. The PDE in (3.1) is classified according to the number of positive 
and negative eigenvalues of (A;;). Let p and n denote the number of positive 
and negative eigenvalues of (A;,;), and consider the pair (p,n). The equation 
(3.1) is classified as elliptic if either (p,n) = (.N,0) or (p,n) = (0,N). In 
either of these cases, it follows from (3.9) that 


0 = |AG2,| > min |d,||VO|?. 
° 1<i<N 


Therefore, there exist no characteristic surfaces. 

Equation (3.1) is classified as hyperbolic if p +n = N and p,n > 1. 
Without loss of generality, we may assume that eigenvalues are ordered so 
that Az,...,Ap, are positive and that Ap+1,...,AN are negative. In such a 
case, (3.9) takes the form 


P 2 = 2 
AP, = DL |AslBe,- 
i=l j=p+l 


This is solved by 


Pp N 
P(EV=DVVAE EK DV lagl§ 
i=1 j=pt1 
where 
2 Py x 42 
M=(yorF) /{ yo a3). 
i=l j=ptl 
The hyperplanes [* = const] are two families of characteristic surfaces for 


(3.1). In the literature these PDE are further classified according to the values 
of p and n. Namely they are called hyperbolic if either p = 1 or n = 1. 
Otherwise they are called ultra-hyperbolic. 

Equation (3.1) is classified as parabolic if p+n < N. Then at least one 
of the eigenvalues is zero. If, say, Ay = 0, then (3.9) is solved by any function 
of €; only, and the hyperplane €; = const is a characteristic surface. 


3.2 Variable Coefficients 


In analogy with the case of constant coefficients we classify the PDE in (3.1) 
at each point P © EF as elliptic, hyperbolic, or parabolic according to the 
number of positive and negative eigenvalues of (A;;) at P. The classification 
is local, and for coefficients depending on the solution and its gradient, the 
nature of the equation may depend on its own solutions. 
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4 Quasi-Linear Equations of Order m > 1 


An N-dimensional multi-index a, of size |a|, is an N-tuple of non-negative 
integers whose sum is |al, i.e., 


N 
a=(qj,...,an), a, €NU{0},7=1,...,N, Jal = do ay. 
j=1 


If f € C™(E) for some m € N, and a is a multi-index of size m, let 


ae 9% gan 


If |a| = 0 let D°f = f. By D™~'f denote the vector of all the derivatives 
D° f for 0 < |a| < m— 1. Consider the quasi-linear equation 


Sy. AgD°u =F (4.1) 


ja|=m 


where (2, D™~1u) > Ag, F(x, D™~'u) are given smooth functions of their 
arguments. The equation is of order m if not all the coefficients Aq are iden- 
tically zero. If v = (v1,...,vn) is a vector in RY and a is an N-dimensional 


multi-index, let 


Q@ __ 7,%1,,%2 |, | ,,aAN 
VOU = Uy U9 UN - 


Prescribe a surface I’ as in the previous section and introduce the matrix 
T as in (3.2), so that the differentiation formula (3.3) holds. Denoting by 
B= (f1,..-.,8nN—1) an (N — 1)-dimensional multi-index of size |3| < m, set 


Dif = Dp DP, DX fF. 


Write N-dimensional multi-indices as a = (8,8), where s is a non-negative 
integer, and for Ja] < m, set 


De yf = Dr Dif. 
The Cauchy data of u on I’ are 
DF pul, =fa€C”(E) forall jal <m. (4.2) 
Among these we single out the Dirichlet data 
ile = Je (4.2)p 
the normal derivatives 
Dyul = fe: lal =s<m-1, (4.2)p 


and the tangential derivatives 
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Deul,=fe,  |Bl<m. (4.2)+ 


Of these, only (4.2)p and (4.2)p can be given independently. The remaining 
ones must be assigned to satisfy the compatibility conditions 


D3, fg=D2f, forall |6|>0, |s|+s<m-—1. (4.3) 


The Cauchy problem for (4.1) consists in finding a function u € C'(E) sat- 
isfying (4.1) in £ and the Cauchy data (4.2) on I. 


4.1 Characteristic Surfaces 


If u is a solution of the Cauchy problem, compute its derivatives of order m 
on I’, by using (4.1), the Cauchy data (4.2) and the compatibility conditions 
(4.3). Proceeding as in formula (3.6), for a multi-index a of size ja] =m 


D*u = vp) ++ vA DGut+g on I’ 


where g is a known function that can be computed a priori in terms of I, 
the Cauchy data (4.2), and the compatibility conditions (4.3). Putting this in 
(4.1) gives 
¥ Agel a= s. yO = yy eee” 
ja|=m 


where F is known in terms of I’ and the data. Therefore all the derivatives, 
normal and tangential, up to order m can be computed on I’, provided 


Sy Agv® £0. (4.4) 


ja|=m 
We say that I’ is a characteristic surface if (4.4) is violated, i-e., 


St Ag(D&)* = 0. (4.5) 


ja|=m 


In general, the property of I’ being a characteristic depends on the Cauchy 
data assigned on it, unless the coefficients A, are independent of D™~1!u. 

Condition (4.5) was derived at a fixed point of I’. Writing it at all points 
of FE gives a first-order nonlinear PDE in & whose solutions permit one to 
find the characteristics associated with (4.1) as the level sets of ®. To (4.1) 
associate the characteristic form 


L(€) = Adé". 


If £(€) £0 for all € € R‘ — {0}, then there are no characteristic hypersurfaces, 
and (4.1) is said to be elliptic. 
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5 Analytic Data and the Cauchy—Kowalewski Theorem 


A real-valued function f defined in an open set G C R*, for some k € N, 
is analytic at 7 € G, if in a neighborhood of 7, f(y) can be represented as 
a convergent power series of y — 7. The function f is analytic in G if it is 
analytic at every 7 € G. 

Consider the Cauchy problem for (4.1) with analytic data. Precisely, as- 
sume that I is noncharacteristic and analytic about one of its points x,; the 
Cauchy data (4.2) satisfy the compatibility conditions (4.3) and are analytic 
at Zo. Finally, the coefficients A, and the free term F' are analytic about the 
point (x5, u(zo), D™—1u(zx)). 

The Cauchy—Kowalewski Theorem asserts that under these circumstances, 
the Cauchy problem (4.1)—(4.2) has a solution u, analytic at x. Moreover, 
the solution is unique within the class of analytic solutions at xo. 


5.1 Reduction to Normal Form ((32]) 


Up to an affine transformation of the coordinates, we may assume that 2, 
coincides with the origin and that I" is represented by the graph of ry = 
P(z), with F = (a1,...,unN_-1), where Z > &(Z) is analytic at the origin 
of RN-!. Flatten I about the origin by introducing new coordinates (2, t) 
where t = xy — &(Z). In this way I becomes a (N — 1)-dimensional open 
neighborhood of the origin lying on the hyperplane t = 0. Continue to denote 
by u, Aj, and F' the transformed functions and rewrite (4.1) as 


ole 
Rmt= Aun gePPut Do Ago Dut Fk — (6.1) 


5 (8,0) 
|Bl=m 

Here D® operates only on the variables Z. Since [¢ = 0] is not a characteristic 

surface, (4.4) implies 


Acc GO” We) FU 


and this continues to hold in a neighborhood of (0,0, D™~'u(0,0)), since the 
functions A, are analytic near such a point. Divide (5.1) by the coefficient of 
D/"u and continue to denote by the same letters the transformed terms on the 
right-hand side. Next, introduce the vector u = D™~!u, and let ug = D°u 
for |a| < m-— 1, be one component of this vector. If a = (0,...,m— 1), then 
the derivative 


cea 
at Em" 
satisfies (5.1). If a = (6,8) and s < (m— 2), then 
Co eee 
a = Ox; oe 
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for some i = 1,..., N—1 and some component tg of the vector u. Therefore, 
the PDE of order m in (5.1) can be rewritten as a first-order system in the 
normal form 

Dies oactaes 

a at on eT il, bl, 7 


The Cauchy data on I’ reduce to u(#,0) = f(%). Therefore setting 
v(z,t) = u(Z, t) — £(0) 


and transforming the coefficients A;;; and the function F accordingly, reduces 
the problem to one with Cauchy data vanishing at the origin. 

The coefficients Aj;;, as well as the free term F’, can be considered inde- 
pendent of the variables (Z,t). Indeed these can be introduced as auxiliary 
dependent variables by setting 


0 
Uj =2;, satisfying —u,; =O0and u,(Z,0)=2,; 


Ot 
for j7 =1,...,N—1, and 


) 
un =t, — satisfying Biun = land un(Z,0) =0. 


These remarks permit one to recast the Cauchy problem (4.1)—(4.2), in the 
normal form 
u = (ui, U2,...,ue), LEN 


rs) 6) 
a = aaa (5.2) 


u(x, 0) = u,(2), u,(0) = 0 


where A; = (Aix); are 2x € matrices and F = (F\,..., Fe) are known functions 
of their arguments. We have also renamed and indexed the space variables, 
on the hyperplane t = 0, as « = (a,...,@yN). 


Theorem 5.1 (Cauchy—Kowalewski). Assume that u > Ajx;(u), Fi(u) 
and © + Uo,i(x) for i,j,k = 1,...,€ are analytic in a neighborhood of the 
origin. Then there exists a unique analytic solution of the Cauchy problem 
(5.2) in a neighborhood of the origin. 


For linear systems, the theorem was first proved by Cauchy ([33]). It was 
generalized to nonlinear systems by Sonja Kowalewskaja! ({140]). A general- 
ization is also due to G. Darboux ([41)). 


'Sonja Kowalewskaja, 1850-1891, was born in Russia into an upper middle class 
family. Karl Weierstrass was the advisor of her PhD thesis, which was devoted to the 
analyticity of solutions of the Cauchy Problem. She obtained a chair of mathematics 
in Stockholm in 1884, where she died at 41 of pneumonia. 
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Theorem 5.1 is a fundamental achievement, which lies at the heart of a lot 
of different results. However, as Lars Garding wrote in [95] about a general 
linear partial differential equation of the kind 


P(x, Deu) = f, (5.3) 


it was pointed out very emphatically by Hadamard that it is not natural to con- 
sider only analytic solutions and source functions f even P has analytic co- 
efficients. This reduces the interest of the Cauchy-Kowalewski theorem which 
says that (5.3) has locally analytic solutions if P and f are analytic. The 
Cauchy-Kowalewski theorem does not distinguish between classes of differen- 
tial operators which have, in fact, very different properties such as the Laplace 
operator and the wave operator. 


6 Proof of the Cauchy—Kowalewski Theorem 


First use the system in (5.2) to compute all the derivatives, at the origin, of 
a possible solution. Then using these numbers, construct the formal Taylor’s 
series of an anticipated solution, say 


D®Dsu(0,0) 


u(x,t) = 
Isjts>0 = s! 


ats (6.1) 


where 7° = Lys abn | and 6! = §,!--- By!. If this series converges in a neigh- 
borhood of the origin, then (6.1) defines a function u, analytic near (0,0). Such 
a u is a solution to (5.2). Indeed, substituting the power series (6.1) on the 
left- and right-hand sides of the system in (5.2), gives two analytic functions 
whose derivatives of any order coincide at (0,0). Thus they must coincide in a 
neighborhood of the origin. Uniqueness within the class of analytic solutions 
follows by the same unique continuation principle. Therefore the proof of the 
theorem reduces to showing that the series in (6.1), with all the coefficients 
D® Dsu(0,0) computed from (5.2), converges about the origin. 

The convergence of the series could be established, indirectly, by the 
method of the majorant ([131], 73-78). This was the original approach of 
A. Cauchy, followed also by S. Kowalewskaja and G. Darboux. The conver- 
gence of the series, can also be established by a direct estimation of all the 
derivatives of u. This is the method we present here. This approach, orig- 
inally due to Lax ([157]), has been further elaborated and extended by A. 
Friedman [82]. It has also been generalized to an infinite dimensional setting 
by M. Shimbrot and R.E. Welland ([238]). 

Let a and (@ be N-dimensional multi-indices, denote by m a non-negative 
integer and set a” = aj’--- ay, and 


at B=(a,+f1,...,an + By), (77) - 2+) 


a} alBl ° 
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Denote by ¢ the multi-index 1 = (1,...,1), so that 
B+L= (Gy Lo 1 ag Bar Ly), 
The convergence of the series in (6.1) is a consequence of the following 


Lemma 6.1 There exist constants C, and C’ such that, 


Bls! 
(8 + +)?(s + 1)? 


for all N-dimensional multi-indices 8B, and all non-negative integers s. 


iD? Deuld,0)| = 0,018 (6.2) 


6.1 Estimating the Derivatives of u at the Origin 


We will establish first the weaker inequality 
Lemma 6.2 There exist constants Co and C such that 


([5| +s)! 
(6 + +)*(s + 1)? 


for all N-dimensional multi-indices 8 and all non-negative integers s. 


|D? Dé u(0,0)| < C,cl#te? (6.3) 


This inequality holds for s = 0, since D’u(0,0) = D®u,(0), and uy is analytic. 
We will show that if it does hold for s it continues to hold for s + 1. 

Let y = (V1,---, Ye) be an é-dimensional multi-index. Since A,;(-) and F(-) 
are analytic at the origin 


Aigj(u) = > AM y”, F(u= > oa i (6.4) 
|y|20 |y|20 
where u? = uj’ ---u}’, and A‘*? and F! are constants satisfying 
[FS | + |A*?| < MoM' (6.5) 
for alli,k =1,...,@and all 7 =1,...,.N, for two given positive constants M, 
and M. From (5.2) and (6.4), compute 
a ; a 
D6 Ditty, = > Ai! DoD? (wi) + > FiD? Deu’, (6.6) 
ly21 "4 ly|21 


The induction argument requires some preliminary estimates. 


7 Auxiliary Inequalities 


Lemma 7.1 Letm,n,i,j be non-negative integers such thatn >i andm > j. 


Then 
n 1 16 


2X nis G+ 1p © Grip 


o ()G)=C02)- a 


(7.1) 


and 
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Proof. lf 1<i< $n, the argument of the sum is majorized by 


4 1 
(n+12 1? G4+1pP for allintegers 1l<i< $n. 
n a 


If an <i<n, it is majorized by 


: for all integers <i 
—_— —— rallintegers sn<i<n. 
(n+ 1)? (n-i+1) 7 = 


Thus in either case 
n 1 8 oo 1 


2X i+ PGs P< e+? GF 


Inequality (7.2) is proved by induction on m, by making use of the identity 


CP) =G) +2), : 


Next, we establish a multi-index version of Lemma 7.1. If 6 and o are N- 
dimensional multi-indices, we say that 0 < 6, if and only if o; < (; for all 
= Vee 


Lemma 7.2 Let a and 8 be N-dimensional multi-indices. Then 


H) 16% 
4, @-e1 ere = Bry (7.3) 


2) sy") cs 


Proof (of (7.8)). For 1-dimensional multi-indices, (7.3) is precisely (7.1). As- 
suming that (7.3) holds true for multi-indices of dimension k € N, will show 
that it continues to hold for multi-indices of dimension k + 1. Let 6 and o be 
k-dimensional multi-indices and let 


and 


B= (Bigs ins Pex Oey), F = (Cys -+ 40K OR) 


denote multi-indices of dimension & + 1. Then by the induction hypothesis 
and (7.1) 


1 1 
2 (8 e+e +u 7 », (8—a+12)2(0 +1)? 
Bri 1 
2 eR | COIL 
gist (Oni = Ceei + 1)* (epg + 1) 
16" 16 16*+1 
< = er] 


~ (B+)? (Beri +1)? (6 +2)?" 
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Proof (of (7.4)). By (7.2), the inequality holds for 2-dimensional multi-indices. 
Assuming that it holds for k-dimensional multi-indices, we show that it con- 
tinues to hold for multi-indices of dimension k + 1. Let a and 6 be (k + 1)- 
dimensional multi-indices. Then by the induction hypothesis 


Gy (a+ 6)! — Ths (es + Bi) (nga + Bet)! 


a a! 3! ea aj!Bj! +i! Br+a! 
k 
b (aj + B;)]! 
j=l (Qn41 + Bets)! 
B «| ! > a ere 
1 j=0 


k+1 


k 

> (ay + 63) (21+ Bu) (05 + Bs) - (948) . 
Ak+1 ~ 5 ja ; 

= 
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Lemma 8.1 Let u = (u1,...,b¢) satisfy (6.3). Then for every 1< p,q < ¢ 
and every N-dimensional multi-index 8 


Co\" (|5| +s)! 
D® Ds Pe es a ae a 4 
| ¢ (UpUq)(0, 0)| = ( C ) C (B +1)2(s +1)? (8 ) 
where c= 16N*!. For every ¢-dimensional multi-index 
Co\™ (|| +5)! 
D®D2u(o.0)| < { &2 Clél+s__ MEI Oh 8.2 
| zu’ (0, = (S) (B +1)2(s +1)? ( ) 
Moreover, for all indices h=1,...,N andk=1,...,@ 


(|8] +541)! 


(8 +2)2(s +1)?" Ce) 


cCo lyI 
|D° Di (u7D;,,uz)(0,0)| < Co (=) Clsi+s 
Proof (of (8.1)). By the generalized Leibniz rule 
DDfuptg = Yo (5) (2) (DP DI Fup)(D° Dig) 
j=0 J o<B on 


where o is an N-dimensional multi-index of size |a| < |G]. Compute this at 
the origin and estimate the right-hand side by using (6.3), which is assumed 
to hold for all the t-derivatives of order up to s. By (7.4) 


(7) (5) = (la) (3) = (lta) 
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Therefore 
|D® Dé (uptq)(0, 0)| <C2C'#l**—?(/B] + 8)! 


Si 1 1 


To prove (8.1) estimate the two sums on the right-hand side with the aid of 
(7.1) of Lemma 7.1 and (7.3) of Lemma 7.2. Oo 


Proof (of (8.2)). The proof is by induction. If 7 is a ¢-dimensional multi-index 
of either form 


(intl Andlyeacle: ‘Tica 


then (8.2) is precisely (8.1) for such a multi-index. Therefore (8.2) holds for 
multi-indices of size |y| = 2. Assuming it does hold for multi-indices of size 
|y|, we will show that it continues to hold for all ¢-dimensional multi-indices 


= Visswaig e Wicexg ye), l<p<é 


of size |y| + 1. By the Leibniz rule 


D® Du) = 5 (5) sy () (D8-? D§-Fu7)(D? Di uy). 
j= o< 


J oO 


First compute this at the origin. Then estimate D8-° D§~4u7(0,0) by the 
induction hypothesis, and the terms D? D/u,(0,0) by (6.3). 
The estimation is concluded by proceeding as in the proof of (8.1). a 


Proof (of (8.3)). By the generalized Leibniz rule 


D® D$(u’ Dz, Uk) = > (5) LD (°) (DP? DPI )(D? D! Di, tx). 
j=0 o<p 


J oO 


First compute this at the origin. Then majorize the terms involving u7, by 
means of (8.2), and the terms D? D,, D/u,(0,0) by (6.3). This gives 


ly 
|D®D$(w1 Day, ux)(0,0)| < Co (=) clel+s 


, (8.4) 
>> [S| +s (\8—o|+s—j)Mlo| +7 +1)! 
Space ltd) (B= oer +i G—7 1"? +1) 
where @ is the N-dimensional multi-index ¢ = (o1,...,0, +1,...,0n). Esti- 


mate 
(lo] +7 +)! < (lol +9)(B]4+s4+1) and (642)? > (042). 


These estimates in (8.4) yield 
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ly 
|D° D; (u Dz, ux)(0,0)| < Co (=) clPl+s(|8| + s)\((8| +841) 


1 1 
Dy Go F1PG FIP Oy Boo te + op 


lyI 
< cCy (=) clal+s(|8) +34 1)!. rT] 


9 Proof of the Cauchy—Kowalewski Theorem 
(Concluded) 


To prove (6.3) return to (6.6) and estimate 


|D° Ds*1u(0, 0)| <2(ceC, + IDM N@CIFI+s 


al + s+ 1)! (ceet" 
(B+1)*(s +2)? psi C 


where M and M, are the constants appearing in (6.5). It remains to choose 
C so large that 


lyI 

M 

Be MONE (*) ore (9.1) 
y|21 


Remark 9.1 The choice of C’ gives a lower estimate of the radius of conver- 
gence of the series (6.1) and (6.4). 


9.1 Proof of Lemma 6.1 

Given the inequality (6.3), the proof of the Cauchy—Kowalewski theorem is a 
consequence of the following algebraic lemma 

Lemma 9.1 Let a be a N-dimensional multi-index. Then |a|! < N!al. 
Proof. Let x; for i =1,...,N be given real numbers, and let k& be a positive 


integer. If a denotes an N-dimensional multi-index of size k, by the Leibniz 
version of Newton’s formula (9.2 of the Complements) 


x Ye ae 
> v:) = 3, ee. (9.2) 
e lal=k al Il 
From this, taking x; = 1 for alli =1,...,N 


nlel= yp Jal 
jal=k 
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10 Holmgren’s Uniqueness Theorem 


As we have seen in Section 5, if I is noncharacteristic and analytic about one of 
its points 2, the Cauchy data (4.2) satisfy the compatibility conditions (4.3) 
and are analytic at 2, the coefficients Aq and the free term F are analytic 
about the point (ao, u(%o), D™~u(ao)), then the Cauchy—Kowalewski theo- 
rem ensures that the Cauchy problem (4.1)—(4.2) has a solution u, analytic at 
Zo. Moreover, the solution is unique within the class of analytic solutions at 
Xo. However, the possibility that a non-analytic solution to (4.1)—(4.2) exists 
is left open. 

For linear equations, Holmgren’s theorem denies this possibility. We shall 
use this result in Chapter 15, and therefore, we are going to present a fairly 
general version of it. 

Before stating the theorem, and giving its full proof, let us briefly discuss 
the heuristic idea behind it. Let 


L= 5° A.(z)D* x ER, (10.1) 


ja|<m 


where the coefficients Ag are N x N matrices, having C™*+? entries (we will be 
more precise about the regularity of these elements later on). Extending what 
we have already seen in Section 4, we associate with (10.1) the characteristic 


matrix 
=" Axl 


ja|=m 


where € = (&1,...,€n) and €* = €7" ----- €4%, and the characteristic form 
L(x, €) = det P(x, £), 


which is a form of degree Nm. 

The extension of the notion of characteristic surface to the vector-valued 
framework is quite straightforward. Indeed, a surface I’, which is the zero- 
level set of a function = @(z), is called characteristic with respect to L at 
to ET, if 

L(%o, DP(x_)) = 0. 


Moreover, we say that I” is characteristic with respect to L, if it is characteris- 
tic at each single point. For a scalar operator, it is apparent that the previous 
condition reduces to (4.5). 

Now consider G C R® with boundary 0G = I, Ur», and let u, v be two 
vectors such that 


Du=0 on Ii, |B] <m-—1, (10.2) 
Dov =0 on I, |8)<m—1. (10.3) 


We are interested in the uniqueness of the solutions to the problem 
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Iu= i 
u=0 in G, (10.4) 


D?u=0 on Ty, |B] <m-1. 


In particular, we would like to conclude that u = 0 in G. If we integrate the 
first one of (10.4) by parts, we have 


|v S >A Dude fu > (-1)!e!D*(vAq) dx (10.5) 


|a|<m ja|<m 


We let Mv be given by S- (—1)!*!D°*(vA,). Let us now assume that for 


|a|<m 
any w the problem 
Mv = in G 
v=w in G, (10.6) 
D'v =0 on Ip, |8|<m-—1, 


has a solution. In such a case, relying on (10.5) yields 


[waders [ aryuar= [ v(tu ar =o. 


whence we conclude that u = 0 in G. Therefore, if (10.6) has a solution for 
any w, we conclude that the solution of (10.4) is uniquely determined and 
identically vanishes. 
As a matter of fact, we do not need to have existence for any function 
w; assuming that w € C°(RY), it suffices to show that we have existence for 
each element wz of a sequence {w;,}, which converges uniformly to w. 
Indeed, if the problem 


(10.7) 


Mvz, = wr in G, 
D®v;,=0 on Ig, |B| <m-—1, 


has a solution v;, then 


[awa = lim uw; dx = 0, 
G 


k- oo G 


and we conclude as we want. 

The set of function {w}, dense in the set of continuous functions has 
been left unspecified here. In the proof, the approximating functions will be 
assumed to be analytic, so that it will be possible to apply Theorem 5.1. 


Theorem 10.1 (Holmgren). The equation 


iis Sy Al x)D°u = f(x), zeR, 


Ja|<m 
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with analytic coefficients A, and data 
D’u=ge on I, |B|<m-1, 


on an analytic, noncharacteristic surface I has at most one solution in a 
neighborhood of I’. 


Remark 10.1 As we have already discussed above, owing to the linearity of 
the equation, it suffices to show that for f = g = 0, the only solution is u = 0. 


Remark 10.2 The theorem was originally proved by Holmgren (see [121]) in 
1901; here, we follow a modern presentation of the original argument as given, 
for example, in Smoller [239]. 


Remark 10.3 Notice that we are not assuming f or g to be analytic. 


Remark 10.4 It is not difficult to see that I is characteristic for the operator 
L if and only if I is characteristic for the operator M. 


Remark 10.5 As already hinted at before, the analyticity of the coefficients 
Aq suggest taking w analytic as well, so that we can apply Theorem 5.1. 
However, this raises a problem: the Cauchy—Kowalewski theorem ensures that 
for w analytic, the problem 


D'v =0 on I, |6| <m-1, 


has a local solution on I’ if such a surface is analytic, but the region where v is 
defined, depends on w. Therefore, we need to determine a region of existence, 
which is independent of w. 


11 Proof of the Holmgren Uniqueness Theorem 


Let 
P={reR®: (x) =0} 


be a noncharacteristic surface with respect to L, and denote by I, a compact 
subset. We now deform I, by an analytic homotopy, keeping its boundary 
OT, fixed. 

In order to do that, we consider a family of surfaces 


Ty = {x €R": G(x, r) = 0} 


with \ € [0, X], all having the same boundary and such that all the functions 
@ are analytic with respect to both x and A. 

We choose Aj, Az such that 0 < Ay < Ao < and we let FE), r,. be the 
region determined by I), and I, as in Figure 11.1. 
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TP, 


Fig. 11.1 


If we let 
Oly = {x © R™ : O(a) =0}N {xe R™: a(x) = 0}, 


where qa is a proper analytic function, then the family of surfaces I, can be 
built by 

B(x, d) S( 
It is apparent that for A = 0, we have precisely I; the issue at hand here is 
the choice of A. Provided X is taken sufficiently small, we have that 


1— A) (x) + Aa(z). 


L(x, D®(x, r)) #0 for cE), 
if 
L(x, D&(x,r)) £0 for «EI. 
Hence, \ is chosen in such a way that for any  € [0, A] all the surfaces I, are 


noncharacteristic. We also let E 4 Fox. What we want to show is that the 
problem 
Lu=f in 


is uniquely determined by its data on I. 
Let us first state the following auxiliary result. 


Lemma 11.1 There exists « > 0 such that for , u satisfying 
CHAK PA, pb<At+e, 
the problem 


i = Ww in Ey, (11.1) 


D§y =0 on Ty, |B] <m-1, 


has solutions v for w in a dense set of C°(E),,). 


42 1 QUASI-LINEAR EQUATIONS AND ANALYTIC DATA 


We postpone the proof of the lemma, and we first show how it allows us to 
conclude. 
Suppose that u is a solution of the problem 


iu == in E, 
Dou =0 on Iy, |B|<m-1. 


Since \ > 0 is given, once we fix € > 0, we can find a finite set 
S={0<A <Ag<+++ << AZ =A} 


such that Aj41 — Ay < € for 7 = 1,...,7 — 1. If € is the value given by 
Lemma 11.1, we know that for w in a dense set of C°(E,,) the problem 


has solutions. Since 0Fo,, = I UTI),, u vanishes with its derivatives on 
I, and v vanishes with its derivatives on [,,, working as in the heuristic 
argument, we conclude that u = 0 in £po,,. We can now repeat the previous 
argument finitely many times, to conclude that u = 0 in E. a. 


The proof has an intrinsic local feature, since u = 0 in a small region 
around I. It might be interesting to study conditions, that ensure that u 
vanishes in a prescribed region, but this goes beyond the scope of these notes. 

On the other hand, we have shown that the solution of the initial value 
problem vanishes in a region, which is obtained by holomorphic deformation of 
I,; therefore, the region of uniqueness is determined by the noncharacteristic 
surface. 


11.1 Proof of Lemma 11.1 


We consider an entire function w = w(xz,), where € = (&,...,€n) isa 
parameter. 

As above, I is a family of noncharacteristic surfaces, with \ € [0, A]. For 
any parameter € with |€| < 1 and any p € [0, \] we want to solve the problem 


y _ . QN+1 
ee = w(z, d) in R ; (11.2) 


Dey =0 on I), |B] <m-1. 


We can consider Mv = w as a system for the unknown v, where v is a 


function of 2N + 1 variables, namely 2,...,%N,&1,...,€n, and there are 
no derivatives with respect to the N + 1 variables €,,..., En, p. 
Since 


Sea{@e per": eer, 0S ms Ay <1} 
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is a compact, noncharacteristic, analytic surface in the variables (2, €, 1), by 
the Cauchy—Kowalewski theorem there exists an analytic solution to (11.2) in 
a neighborhood of S. In other words, there exists 6 > 0 such that a solution 
v =v(a,€,) with |€| < 1 and p € [0, A] is defined with x in a neighborhood 
of width 6 of the surface I. 

Provided we choose jz sufficiently close to A such that the neighborhoods 
of I and Ij, intersect each other, we conclude that v(x, &,j) is defined in 
E),, for all |€| < 1. The closeness of ys and A is precisely quantified by e, that 
is, O<p—-A<e. 

Altogether, we have found a solution v of 

ee =Ww in E),, (11.3) 
D?y =0 on I, |B] <m-—-1, 


with «— A < € and |A| < 1. In particular, € is still completely arbitrary. If 
we can choose |€| < 1 in such a way that the corresponding data w = w(z, €) 
give linear combinations that are dense in C°, then the problem (11.3) has 
a solution for a set of w that is dense in C°(F),,), and this would finish the 
proof. 

In order to achieve this, we pick 


w(a,€) =e". 


This allows us to uniformly approximate every monomial x® = af! ----- Fd 
in every bounded set by linear combinations of such functions w(a,€) with 
|| < 1. Indeed, 


Moreover, since the linear combinations are dense in the space of continuous 
functions, the same occurs for linear combinations of our w(a,€) with |é| < 1. 
| 


Problems and Complements 


1c Quasi-Linear Second-Order Equations in Two 
Variables 


1.1. Assume that the functions A, B,C, D in (1.1) are of class C. Assume 
also that I’ is of class C®. Prove that all the derivatives 
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k, heen aT 
rae | = ’ Oxh Oy?’ 


can be computed on I" provided (1.4) holds. 

1.2. Assume that in (1.1), A,B,C are constants and D = 0. Introduce an 
affine transformation of the coordinate variables that transforms (1.1) into 
either the Laplace equation, the heat equation, or the wave equation. 

1.3. Prove the last statement of Section 2.1. Discuss the case of constant 
coefficients. 

1.4 Consider the equation 


(y —1)? ure — y?Uyy = 0. 
a) Classify the equation and determine its characteristics. 
b) Show that if data are prescribed on the line y = 2, the Cauchy problem 


(1.2) can be solved. 
1.5 Consider the equation 


LUce + 2/e(14+ y) tay + Y Uyy = 0 


in the open set EF = {(x,y) € R?: x(1+y) > O}. Classify the equation 
and determine its characteristics in the hyperbolic region. 
1.6 Consider the equation 


ay Une — Ary? Uyy = 0. 


a) Classify the equation and determine its characteristics. 
b) Show that if data are prescribed on the half-line y = i, x > 0, the 
Cauchy problem (1.2) can be solved. 
1.7 Consider the equation 


L Ue + 4y Ury + (4y? — og? +22 —1) Uyy = 0. 


a) Classify the equation and determine its characteristics. 
b) Show that if data are prescribed on the line x = i, the Cauchy problem 
(1.2) can be solved. 


5c Analytic Data and the Cauchy—Kowalewski Theorem 


5.1. Denote points in RN++ by (2,t) where « € RN andt € R. Let y and 
be analytic in R. Find an analytic solution, about t = 0 of 


Au=0, u(x,0)=y(a), ur(x,0) = w(a). 


5.2. Let f; and fz be analytic and periodic of period 27 in R. Solve the 
problem 


Au=0 in l-e<|al|<l+e 
Ou 
? |e}=1= fi(9), dla] le}=1= fa(9) 


for some € € (0,1). Compare with the Poisson integral (3.11) of Chapter 2. 
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6c Proof of the Cauchy—Kowalewski Theorem 


6.1. Prove that (6.2) ensures the convergence of the series (6.1) and give an 
estimate of the radius of convergence. 

6.2. Let 6 be a N—dimensional multi-index of size ||. Prove that the number 
of derivatives D® of order |3| does not exceed |3|%. 

6.3. Let u: RY > R° be analytic at some point 2, € R%. Prove that there 
exist constants C, and C' such that for all N—dimensional multi-indices 
B 

|D®u(2o)| < c,ciei-1_1Blt 
7 (8B +0)? 
6.4. Prove (6.4)—(6.4). 


8c The Generalized Leibniz Rule 


8.1. Let u,v € C™(R) be real-valued. The Leibniz rule states that for every 
neN 


n 


Dur) = 5 ( 


i=0 


") Dy Dy. 
In particular if u,v € C°(R), then 
n 2 n n—-t a 
Dz (uv) = Vo (") Dy *uDyv- 
i=0 
Prove, by induction, the generalized Leibniz rule 


D* (uv) = () DP-7 uD? v. 


o<p \? 


9c Proof of the Cauchy—Kowalewski Theorem Concluded 


9.1. Prove that C can be chosen such that (9.1) holds. 
9.2. Prove (9.2) by induction, starting from the binomial formula 


ro Sl kG kd 
(a1 +22)" => —_ Lio 3 


j=0 


Check for 


2 updates 
THE LAPLACE EQUATION 


1 Preliminaries 


Let E be a domain in R% for some N > 2, with boundary OE of class C!. 
Points in E are denoted by x = (21,...,2y). A function u € C?(E) is har- 
monic in E if 
N 92 
Au =divVu= >> art = 9 in EL. (1.1) 


i=1 OF; 


The formal operator A is called the Laplacean.' The interest in this equation 
stems from its connection to physical phenomena such as 


1. Steady-state heat conduction in a homogeneous body with constant heat 
capacity and constant conductivity. 

2. Steady-state potential flow of an incompressible fluid in a porous medium 
with constant permeability. 

3. Gravitational potential in R% generated by a uniform distribution of 
masses. 


The interest is also of pure mathematical nature in view of the rich structure 
exhibited by (1.1). The formal operator in (1.1) is invariant under rotations or 
translations of the coordinate axes. Precisely, if A is a (unitary, orthonormal) 
rotation matrix and y = A(x — €) for some fixed € € R%, then formally 


Pea 5 ne se aie, 
*~ 2 ek 2 


This property is also called spherical symmetry of the Laplacean in R™. 


‘Pierre Simon, Marquis de Laplace, 1749-1827. Author of Traité de Mécanique 
Céleste (1799-1825). Also known for the frequent use of the phrase il est aisé de voir 
which has unfortunately become all too popular in modern mathematical writings. 
The same equation had been introduced, in the context of potential fluids, by Joseph 
Louis, Compte de Lagrange, 1736-1813, author of Traité de Mécanique Analytique 
(1788). 
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1.1 The Dirichlet and Neumann Problems 


Given y € C(OE), the Dirichlet problem for the operator A in E consists in 
finding a function u € C?(E) 0 C(E) satisfying 


Au=0 in FE, and til og =~. (1.2) 


Given ~ € C(OE), the Neumann problem consists in finding a function u € 
C?(E)NC'(E) satisfying 


Au=0 in FE, and Fu=Vun=~ on OF (1.3) 


where n denotes the outward unit normal to OE. The Neumann datum w is 
also called variational. 

We will prove that if E is bounded, the Dirichlet problem is always 
uniquely solvable. The Neumann problem, on the other hand, is not always 
solvable. Indeed, integrating the first of (1.3) in E, we arrive at the necessary 
condition 

pda =0 (1.4) 
OE 
where do denotes the surface measure on OF. Thus w cannot be assigned 
arbitrarily. 


Lemma 1.1 Let E be a bounded open set with boundary OE of class C! and 
assume that (1.2) and (1.3) can both be solved within the class C?(E). Then 
the solution of (1.2) is uniquely determined by y, and the solution of (1.3) is 
uniquely determined by w up to a constant. 


Proof. We prove only the statement regarding the Dirichlet problem. If u; for 
i = 1,2, are two solutions of (1.2), the difference w = wu; — ug is a solution of 
the Dirichlet problem with homogeneous data 


Aw=0 in B, =0. 


lop 
Multiplying the first of these by w and integrating over EF gives 


Vwl?dx = 0. | 
| | 
E 


Remark 1.1 Arguments of this kind are referred to as energy methods. The 
assumption w € C?(£) is used to justify the various calculations in the in- 
tegration by parts. The lemma continues to hold for solutions in the class 
C?(E)C'(E). Indeed, one might first carry the integration over an open, 
proper subset E’ C E, with boundary QE’ of class C1, and then let E’ ex- 
pand to E. We will show later that uniqueness for the Dirichlet problem holds 
within the class C?(E) M C(E), required by the formulation (1.2). 


Remark 1.2 A consequence of the lemma is that the problem 
Au=0O0in EF and 8 gs V-n=wv 


in general is not solvable. 
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1.2 The Cauchy Problem 


Let I’ be an (N — 1)-dimensional surface of class C+ contained in E and 
prescribe N +1 functions 7); € C?(I), fori = 0,1,...,.N. The Cauchy problem 
consists in finding u € C?(E) satisfying 


Au=0in EF and u=%W%o, Us, =WVi, i=1,...,N on LI. (1.5) 


The Cauchy problem is not always solvable. First the data ;, must be com- 
patible, i.e., derivatives of u along I computed using w, and computed using 
y,;, raust coincide. Even so, in general, the solution, if any, can only be found 
near I’. The Cauchy—Kowalewski theorem gives some sufficient conditions to 
ensure local solvabilty of (1.5). 


1.3 Well-Posedness and a Counterexample of Hadamard 


A boundary value problem for the Laplacean, say the Dirichlet, Neumann or 
Cauchy problem, is well posed in the sense of Hadamard if one can identify 
a class of boundary data, say C, such that each datum in C yields a unique 
solution, and small variations of the data within C yield small variations on 
the corresponding solutions. The meaning of small variation is made precise 
in terms of the topology suggested by the problem. This is referred to as the 
problem of stability. A problem that does not meet any one of these criteria 
is called ill posed. 

Consider the problem of finding a harmonic function in F taking either 
Dirichlet data or Neumann data on a portion 7, of OF and both Dirichlet 
and variational data on the remaining part 1%) = OF — 3,. Such a problem is 
ill posed. Even if a solution exists, in general it is not stable in any reasonable 
topology, as shown by the following example due to Hadamard ([111]). 

The boundary value problem 


Ure + Uyy = 0 in (-$ <2 < $) x (y>0) 
u(tZ,y) = for y>0 

u(a#,0) =0 for =F <2< 5 

Uy(x,0) =e"V" cosnz for —3<a<% 


admits the family of solutions 
Lt age : : : 
Un(x,y) = —e cosnasinhny, where n is an odd integer. 
n 
One verifies that 
IlUn,y(-s 0) Iloo,(— 2,2) >0 as noo 
and that for all y > 0 


[nls Wlloo(—£,2) I|un(-, ¥)lle,(—z,8) > CO as N+ OO. 
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1.4 Radial Solutions 


The invariance of A under orthonormal linear transformations suggests that 
we look for solutions of (1.1) in R“ depending only on p = |x — y|, for any 
fixed y € R%. Any such solution p + V(p;y) must satisfy 


Nei 
Co =0, y € R fixed 


where the derivatives are meant with respect to p. By integration this gives, 
up to additive and multiplicative constants 


il 


RN —{y}aa7 (1.6) 


In|x — y| if N=2. 


These are the potentials of the Laplacean in R% with a pole at y. Consider a 
finite distribution {(e;,y;)} for 7 = 1,...,n, of electrical charges e;, concen- 
trated at the points y;. The function 


n 
RY —{y,...,y p2e> 
is harmonic, and it represents the potential generated by the charges (e;, y;) 
outside them. - 
Let E be a bounded, Lebesgue measurable set in RY, and let yp € C(E). 
The function 


ej ; 
Wo? Ay; 1=1,2)..0,n 


RY B30 [ MY ay, N>3 
gp \e—y|N~? 

is harmonic in RN — EF, and it represents the Newtonian potential generated 
outside EF, by the distribution of masses (or charges) j(y)dy in E. Let Y be an 
(N — 1)-dimensional bounded surface of class C1 in R%, for some N > 3, and 
let n(y) denote the unit normal at y € X’. The orientation of n(y) is arbitrary 
but fixed, so that y + n(y) is continuous on XY’. Given y, w € C(2’) the two 


functions wy) 
PY 
———___ a 
[ oe | ais 


[ a ~ 4) -n(y)do 


are harmonic in RN — 3’. The first is called single-layer potential, and it gives 
the potential generated, outside 5’, by a distribution of charges (or masses) on 
+’, of density y(-). The second is called double-layer potential and it represents 
the electrical potential generated, outside »’, by a distribution of dipoles on 
+’, with density ~(-). 

Analogous harmonic functions can be constructed for N = 2, by using the 
second of (1.6). These would be called logarithmic potentials. 


Ry = Tee 
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2 The Green and Stokes Identities 


Let & be a bounded open set in RN with boundary QE of class C!, and let 
u,v € C?(E). By the divergence theorem we obtain the Green’s identities 


| vAudz = -| Vu: Vudaz +f gee do (2.1) 
E E az On 

Ou Ov 
[eau — uAv) dx = ys G - use do (2.2) 


Remark 2.1 By approximation, (2.1)—(2.2) continue to hold for functions 
u,v € C?(E)NC1(E) such that Au and Av are essentially bounded in E. 


Remark 2.2 If u is harmonic in EF, then 


| DE it and [ lvuPax = f ie 
OE on E OE On 


2.1 The Stokes Identities 


Let u € C?(E£) and let wy denote the area of the unit sphere in RN for N > 3. 
Then for all  € E 


= 1 an Ou dla—egP 
ue) em (le PSE — uy) a os 
1 2—N , 
- = d 
SINT | eo uP Andy 
oe 1 dln |x — y| a 
ae. Ni|v— y = = pac 
u(x Pe Coenen In |x Ws) da 


i (2.4) 
+o / In|x — y|Au dy. 
20 E 


Remark 2.3 These are implicit representation formulas of smooth functions 
in E. 


Proof. We prove only (2.3). Fix x € E and let B-(x) be the ball of radius ¢ 
centered at x. Assume that ¢ is so small that B-(#) C E, and apply (2.2) in 
E — B-(x) for y > v(y) equal to the potential with pole at 2 introduced in 
(1.6). Since V(-;x) is harmonic in EF — B,(x), (2.2) yields 


N-2 = | —-n Ou Ole — alr” 
NZI [, wow= f (10 y| an an do 


(2.5) 
+ern f Vu: ——4 ao ~ | |ja — y|?-% Audy. 
|ja—yl=e |x — y| E-B.-(2) 
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Ase>0 


| In—yP-*Audy — | la — y|?-% Au dx 
B-B.(a) B 


en f Vi 
|jx—y|=e |x i y| 


As for the left-hand side of (2.5) 
1 1 
=| u(y)do = wyu(x) + =| [u(y) — u(a)]do. 
# |a—y|=e = |a—yl=e 
The last integral tends to zero as e — 0, since 


|Vullo.p 
arf) —ue)lde s NSE fle ldo 


< ewy||Vulloo,z- 
These remarks in (2.5) prove (2.3) after we let ¢ > 0. 


Motivated by the Stokes identities, set 


il 1 
———— ae | ae 
wn(N—2)la—y)82 
F(a:y) = (2.6) 
—1 
—In|x—y| if N =2. 


27 


The function F(-;y) is called the fundamental solution of the Laplacean with 
pole at y. 


Corollary 2.1 Let EF be a bounded open set in RY with boundary OE of class 
C! and let u € C?(E) be harmonic in E. Then for allaz € E 


u(a) = oe (Fee you es ie) do. (2.7) 


A consequence of this corollary, and the structure of the fundamental solution 
F(-,y) is the following 


Proposition 2.1 Let E be an open set in R™ and let u € C?(E) be harmonic 
in E. Then u € C®(E), and for every multi-indez a, the function Du is 
harmonic in E. 


Proof. If E is bounded, OE is of class C', and u € C?(E), the statement 
follows from the representation (2.7). Otherwise, apply (2.7) to any bounded 
open subset E’ C E with boundary of class C?. oO 


Corollary 2.2 u € C2(E£) = u(z) = — f,, F(a;y)Audy for alla € E. 
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3 Green’s Function and the Dirichlet Problem for a Ball 


Given a bounded open set E C R% with boundary OE of class C', consider 
the problem of finding, for each fixed x € E, a function y + ®(a; y) € C?(E) 
satisfying 


A,@(z;-)=0 in E, and Pax F'(a;-) (3.1) 


Now = 


where F(a;y) is the fundamental solution of the Laplacean introduced in 
(2.6). Assume for the moment that (3.1) has a solution. Assume also that the 
Dirichlet problem (1.2) has a solution u € C?(E). Then the second Green’s 
identity (2.2) written for y > u(y) and y > ®(x; y) gives 


0 = Ce ya = ey) do for all fixed x € E. 


Subtract this from the implicit representation (2.7), to obtain 


ula) =~ f pg (3.2) 


where 
(x,y) > G(z;y) = F(z; y) — O(a; y). (3.3) 


The function G(-;-) is the Green’s function for the Laplacean in E. Its rele- 
vance is in that every solution u € C?(E) of the Dirichlet problem (1.2) admits 
the explicit representation (3.2), through the Dirichlet data » and G(-;-). Its 
relevance is also in that it permits a pointwise representation of a smooth 
function u defined in & and vanishing near OL. 


Corollary 3.1 u € C?(E) => u(« j=-f,G (x;y) Au dy for all x € E. 
Lemma 3.1 The Green’s function is symmetric, t.e., G(a;y) = G(y;2). 
Proof. Fix %1,%2 € FE and let ¢ > 0 be small enough that 

Ble) c E for 4=1,2, and B.(21)N Be(xe) =9. 
Apply Green’s identity (2.2) to the pair of functions G(a;;-) for i = 1,2 in the 


domain E — [B-(#1)U B-(x2)]. Since G(a;;-) are harmonic in such a domain, 
and vanish on 0F 


a a 
_ I, - Co ” aw G(x2;y) — G(x; "ong ot »)| do 
= Con 0 ~G(x2;y) — Clea) pre Glersn) ie 
OBz- (x2) On(y) an(y) 


Let ¢ — 0 and observe that 
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lim G(a1; G(x2;y)do = 0 
£40 JaB. (x1) o ”) on) ai) 
a) 
lim G(x; y) ——~G(a1; y)do = 0 
Pees (v2; 9) 5 wy) (v1; y) 
Therefore 
lim Clea OOD 5, ih Ge 2) 
€0 Jap. (21) On(y) &>0 JaB. (x2) On(y) 


From the definition of G(-;-) 
OG(xisy) _ OF (wiz y) _ OP (x;y) 


dn(y) ny) dn(y) ” 
and observe that 
lim G(21;y) ——~®(22; y)do = 0 
Pan OB. (21) ( 1 ”) Fa) ( 2 y) 
) 
lim G(x2; y) —~®(21; y)do = 0 
€>0 JaB. (x2) (2 Faw) miu) 


since y + ®(x;;y) are regular. This implies that 

; OF (x13) 

im, G(x; yy ——“do = lim G(r1;y) 
60 Jap. (21) On(y) €40 JaB. (x2) On(y) 


Computing the limits as in the the proof of the Stokes identity gives 


OF (x33) 
lim G(aisy A do = G(aj3 2; for «7; 4 2;. 
0 OBe(x;) ( ) On(y) ( i) # J 
Thus G(a#1; 22) = G(a2;21). | 


Corollary 3.2 The functions G(-;y) and OG(-;y)/On(y), for fixed y € OF, 


are harmonic in E. 


To solve the Dirichlet problem (1.2) we may find G(-;-), and write down (3.2). 
This would be a candidate for a solution. By Corollary 3.2 it is harmonic. It 
would remain to show that 

jim u(x) = y(@.) for all x, € OE. (3.4) 
We will show that this is indeed the case if (3.1) has a solution, i.e., if the 
Green’s function for A in F can be determined. Thus solving the Dirichlet 
problem (1.2) reduces to solving the family of Dirichlet problems (3.1). The 
advantage in dealing with the latter is that the boundary datum F'(2;-) is 
specific and given by (2.6). Nevertheless, (3.1) can be solved explicitly only 
for domains F’ exhibiting a simple geometry. 
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3.1 Green’s Function for a Ball 
Let Br be the ball of radius R centered at the origin of RY. The map? 
R? 


transforms Br—{0} into RN —Br, and OB, into itself. Referring to Figure 3.1, 
the two triangles A(y,0,€) and A(a,0,y), are similar whenever y € OBp. 
Indeed, they have in common the angle 6, and in view of (3.5), the ratios 
|x|/|y| and |y|/|€| are equal, provided |y| = R. Therefore 


Fig. 3.1 
|| R 
Ivy = Ib ol = [6 —alie «€ Br and y € OBR. (3.6) 
Then for each fixed x € Br — {0}, the solution of (3.1) is given by 
N-2 
1 

wy (N — 2) \ |x| If — y| 
F(a; y) = (3.7) 

—1 |x| ; 

== =y (= f N=2. 

5, mlg— lp i 


While constructed for « 4 0, the function @(2; -) is well defined also for x = 0, 
modulo taking the limit as |z| — 0. For all « € Br, the function ®(2;-) is 
harmonic in Bp since its pole € lies outside Br. Moreover, by virtue of (3.6), 
the boundary conditions in (3.1) are satisfied. Thus the Green’s function for 
the ball Br is 


G(x:y) = ——— eH ( = ) os] (3.8)v>3 


wx (N —2)|]Je—y[%-? Ua] aol 


?called also the Kelvin transform ([257]). 
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for N > 3, and 
1 |x| 
G(a;y) = —|m|é — y|= —In|a—-y| for N = 2. (3.8) v=2 
27 R 
The derivative of G(x;-), normal to the sphere |y| = R, is computed from 


to) 
Aly| G(a; re 
From Figure 3.1, by elementary trigonometry 
Jz — yl? = lyl? + |x|? — 2lyl|x] cosd 


R4 R? 
|€ — yl? = |yl/? + Ee aula cos 6. 


Therefore for @ fixed and y € OBR 


R?2 
— — cos 
dle vl _ |l=laloosa alg) _ "Ty 


ly| ljz—y) Oly| IE - yl 


First let N > 3. Computing from (3.8)y=2 and (3.8)y>3, and using (3.6), 
gives 


1 R?—|2|? 


Rwy |x —y|N ° 


ay Oe Mlucows = 


Such a formula also holds for N = 2 with w2 = 27. Put this in (3.3) to derive 
the following Poisson representation. 


Lemma 3.2 Let u € C?(E) be a solution of the Dirichlet problem (1.2) in 
the ball Br. Then 


1 a 2 
ua) =f ey eas, D2, (3.9) 
ww Jon, eel 


Setting u = 1 in (3.9) gives 


1 R? — |x|? 
ei, ee ees (3.10) 
wnR Jop, |t— yl 
Even though the representation (3.9) has been derived for solutions of (1.2) 
of class C?(Br), it actually gives the unique solution of the Dirichlet problem 
for the sphere, as shown by the following existence theorem. 


Theorem 3.1. The Dirichlet problem (1.2) for E = Br has a unique solution 
given by (3.9). 
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Proof (existence). By Corollary 3.2, the function u given by (3.9) is harmonic 
in Br. To prove (3.4), fix x, € OBR, choose an arbitrarily small positive 
number e, and let 6 € (0,1) be so small that 


lo(y) — y(a.)| <e for all ye Sy = {y € OBR | |y—as| <5}. (3.11) 


By (3.10) 
(t+) = me a ee) da. 
Therefore 
u(e)~ ve.) = gee fol) ~ 92) Ea ta 
= ao fee) - eae 
x I, — ee a 


- I (x, 05) o 1) (a, ax). 
For 6 fixed, 1) (x, 24) — 0 as 7 > 2,. Moreover, in view of (3.10) and (3.11), 
[\” (x, r«)| <e. Therefore lim,_,,, |u(@) — y(as)| < € for alle > 0. Oo 


Remark 3.1 By Lemma 1.1 and the Remark 1.1, such a solution is unique 
in the class C?(Br) M C*(Br). It will be shown in the next section that 
uniqueness holds for solutions u € C?(Br)N C(Br). 


4 Sub-Harmonic Functions and the Mean Value 
Property 

Let £ be a bounded open set in RY with boundary OF of class C!. Let 
u € O?(E£), and assume that the solution @(x;-) of (3.1) exists for all x € E. 


Subtracting the second Green’s identity (2.2) for u and ®(a;-) from the Stokes 
identity (2.3) gives 


u(e)=- f PEW tg - | ceinau) dy forall ce #. 
dE 


In particular, if E is a ball Br(a,) of radius R centered at 2, by setting 
LZ = Xo, we obtain 


u(ao) =f udo — | G(0; y — %)Au(y)dy (4.1) 
OBrR(ao) Br(o) 


where for a measurable set D C R% of finite measure and f € L1(D) 
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a 
j fdy= af f dy, |D| = meas (D). 
D |D| Jp 
Let EC RY be open. A function u € C(E) is sub-harmonic in E if 
u(ao) <f udo for all Br(x_) C E. (4.2) 
OBR(«o) 


This implies that if u € C(£) is sub-harmonic in E, then (4.1 of the Comple- 
ments) 


U(2o) <f udy for all Br(ao) C E. (4.3) 
Brite) 


A function u € C(E) is super-harmonic if —u is sub-harmonic in EL. 

The Green’s function G(-;-) for a ball, as defined in (3.8) y=2 and (3.8) v>3, 
is non-negative. A consequence is that if u € C?(E) is such that Au > (<)0 
in E, then, by (4.1), u is sub(super)-harmonic in E. Conversely if u € C?(E) 
is sub(super)-harmonic, then Au > (<)0 in E. Indeed, (4.1) implies 


: G(0;y — x) Au(y)dy > 0 for all Br(xo) C E. 
BR(#o) 
From this 
Au(ts) | G0iy-ae)dy> f— Gl0;y ~ a9)[Au(e) ~ Au(y)}dy 
Br(#o) Br(®o) 


and the assertion follows upon dividing by the coefficient of Au(x,), and 
letting R—- 0. 


Lemma 4.1 Let E be a bounded, connected, open set in RN. If u € C(E) is 
sub-harmonic in E, then either u is constant, or 


u(a) < sup u for all cE E. 
OE 


Proof. Let xo € E be a point where u(x.) = sup u, and assume that u is not 
identically equal to u(x). If x € EF, for every ball Br(x.) C E 


u(y) < u(ao) for all y € Br(xo) 
which implies 


f [u(y) — u(a)|do < 0. 
OBR(Zo) 


On the other hand, since u is sub-harmonic, this same integral must be non- 
negative. Therefore 


f [u(y) — u(a.)|do =O and w(y) < ula). 
OBR(Zo) 
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Thus there exists a ball B(x.) for some r > 0 such that u(y) = u(a#~) for 
all y € B,(x,). Consider the set €5 = {y € Elu(y) = u(a#,)}. The previous 
remarks prove that €, is open. By the continuity of u, it is closed in the relative 
topology of E. Therefore, since EF’ is connected, € = E and u = u(x). The 
contradiction implies that 7, € OE. a 


A function u € C(E) satisfies the mean value property in E if 
u(2o) -f udo for all Br(x_) C EB, (4.4) 
OBR(xo) 
equivalently if (4.2 of the Complements) 
u(Xo) =f udy for all Br(ao) C E. (4.5) 
Br(xo) 


Functions satisfying such a property are both sub- and super-harmonic. By 
(4.1), harmonic functions in E satisfy the mean value property. 


Lemma 4.2 Let E be a bounded, connected, open set in RN. If u € C(E) 
satisfies the mean value property in E, then either it is constant or 


sup |u| = sup |w|. 
B aB 


Proof (Theorem 3.1, uniqueness). If u,v are two solutions of the Dirichlet 
problem (1.2) for E = Br, the difference w = u— v is harmonic in Br and 
vanishes on 0Br. Thus w = 0 by Lemma 4.2. a 


Lemma 4.3 The following are equivalent: 


u€C(E) satisfies the mean value property (i) 
u€éC*(E)and Au=0. (ii) 


Proof. We have only to prove (i)==+(ii). Having fixed Br(z) C E, let v € 
C?(Br(2o)) N C(Br(ao) be the unique solution of the Dirichlet problem 


Av =0 in Br(x) and 


LaBates) als 


Such a solution is given by the Poisson formula (3.9) up to a change of variables 
that maps 2, into the origin. The difference w = u—v satisfies the mean value 
property in Br(a,), and by Lemma 4.2, w = 0. Oo 


4.1 The Maximum Principle 


We restate some of these properties in a commonly used form. Let FE be a 
bounded, connected, open set in RN with boundary QE of class C!, and let 
u € C?(E) 1 C(E) be nonconstant in E. Then 


Au>0 in EF => u(x) < supgpu Vee EB 
Au<0 in FE => u(x) > infapu Vee EB 
Au=0 in EF => |u(x)| <supggl|ul Va € LE. 
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Remark 4.1 The assumption that OF is of class C! can be removed by 
applying the maximum principle to a family of expanding connected open 
sets with smooth boundary, exhausting E. 


Remark 4.2 The assumption of E being bounded cannot be removed, as 
shown by the following counterexample. Let E be the sector x2 > || in R?. 
The function u(x) = x23 — x? is harmonic in E, vanishes on OF, and takes 


arbitrarily large values in E. 


4.2 Structure of Sub-Harmonic Functions 


Set 
o(E) = {v € C(E) | v is sub-harmonic in E} (4.6) 
3(E) = {v € C(E) | v is super-harmonic in EF}. 
Proposition 4.1 Let v,v; € o(E) and ¢, € R* fori=1,...,n. Then 
v €o(E’) for every open subset E' C E (i) 
ye CU; € o(E) (ii) 
i=1 
max{v1,V2,-.-,Un} € o(E£) (iii) 
For every nondecreasing convex function f(-) in R (iv) 


v € o(E) => fv) € o(E). 
Proof. The statements (i)—(ii) are obvious. To prove (iii), observe that having 


fixed Br(x,) C E, for some 1 <i<n 


max{v1(%o),---,Un(®o)} = Ui(Lo) < f vu; do 


OBR(Zo) 
< f max{v1,...,Un}do. 
OBR(“o) 


To prove (iv), write (4.2) for v and apply f(-) to both sides. By Jensen’s 
inequality 


Remark 4.3 For simplicity, (iii) and (iv) have been stated separately. In fact 
(iv) implies (iii). 


An important subclass of o(£) is that of the sub-harmonic functions in E 
that actually are harmonic in some sphere contained in E. Given v € o(F), 
fix B,(€) C E and solve the Dirichlet problem 


AH, =0 in B,(€) and Hy |yp (= 2- 
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The unique solution H, is the harmonic extension of v| aB,(é) into B,(€). The 
p 


function that coincides with v in E — B,(€) and that equals H, in B,(€) is 
denoted by v¢,p, ie., 


_ foe) if ce b-B,() 
Us ot) = ae if re B,(€). 


Since v € o(B,(€)) and H, is harmonic in B,(€), we have v— H, € o(B,(§)). 
Therefore v < H, in B,(€). The definition of ve, then implies 


(4.7) 


u<v~e, in EL. (4.8) 
Proposition 4.2 Let v € o(E£). Then ve) € o(£). 


Proof. One needs to verify that v¢,, satisfies (4.2) for all Br(x.) C E. This is 
obvious for z, € E — B,(€) in view of (4.8). Fix x, € B,(€) and assume, by 
contradiction, that there is a ball Br(a,) C E such that 


VE,p(Zo) >f Ve,p dd. 
OBR(o) 


Construct the function 


_ _ VE, in EB = Br(Xo) 
w = (v6,0)e0,R = ‘e in Br(2o). 


VE,p 
Since ve, > v, by the maximum principle w > vz,,R. Since w satisfies the 
mean value property in Br(x,), the contradiction assumption implies that 


Ve,p(Lo) — W(Lo) > 0. (4.9) 


The difference ve, — w is harmonic in Br(xz_.)M B,(€). The boundary of such 
a set is the union of 0; and 02, where 


3, = OBr(t.)NB,(€) and 0d =OB,(£)N Br(ao). 


Because of (4.9), the function x + (ve,, — w) (x), restricted to Br(«,.)N B,(€), 
must take its positive maximum at some point 7, € 0; U 02. Since it vanishes 
on Oj, there exists some x, € 02 such that v¢ p(x.) > w(z.). By construction, 
Ve,p = V On Og. Therefore v(x.) > w(x.). Since w > vz,.R, we conclude that 
v(&) > Vz,,R (a). This contradicts (4.8) and proves the proposition. | 


Remark 4.4 Analogous facts hold for super-harmonic functions. 


5 Estimating Harmonic Functions and Their Derivatives 


We will prove that if u is harmonic and is non-negative in FE, then in any 
compact subset K C E, its maximum and minimum value are comparable. 
We also establish sharp estimates for the derivatives of u in the interior of E. 
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5.1 The Harnack Inequality and the Liouville Theorem 


Theorem 5.1 (Harnack ([{118])). Let u be a non-negative harmonic func- 
tion in E. Then for all x € B,(xo) C Br(to) CE 


(geo) Ee 2ntes) curs (GE) B20). 


Proof. Modulo a translation, we may assume that x, = 0. By the Poisson 
formula (3.9) and the mean value property (4.7), for all « € Br 


wey Boke fag Molt fa 


Run Jos, @—y ~ Run Jos, (yl — la) 
R? - |x? = & ; = 

= Re udo = u(0). 
(R=|a))¥ OBn R-|z|/ R=|a] 


This proves the estimate above in (5.1). For the estimate below, observe that 


_ Ree? uy) 5 Re=le? at 
uOy= [ ine 3 


—_——— da 
Rwn Joy |e — y|% Rww [yl + |al)% 


and conclude as above. fe] 


Corollary 5.1 (Harnack Inequality ([118])) For every compact and con- 
nected subset K C E, there exists a constant C depending only on N and 
dist(K;0F), such that 
Cminu > max u. (5.2) 
K K 


Proof. Let 71,%2 € K be such that ming u = u(x,) and maxx u = u(x). Fix 
a path I’ in K connecting x, and x2, and cover I’ with finitely many spheres 
for each of which (5.1) holds. | 


Corollary 5.2 (Liouville Theorem) A non-negative harmonic function in 
RY is constant. 


Proof. In (5.1) fix ao € R% and p > 0. Letting R > 00 gives u(x) = u(x) for 
all z € B,(x,). Since x, and p > 0 are arbitrary, u = const in RY. a 


Corollary 5.3 Let u be harmonic in RX and such thatu > k for some 
constant k. Then u is constant. 


Proof. The function u— k is harmonic and non-negative in R%. o 
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Remark 5.1 The proof of Theorem 5.1 shows that in (5.1), for « € Br(x) 
fixed, the number p can be taken to be |x|. This permits us to estimate from 
below the normal derivative of any harmonic function wu in Br(x,) at points 
x. € OBr(xo) where u attains its minimum. 

Proposition 5.1 Let u € C?(Br(xto)) VC(Br(ao)) be harmonic in Br(zo), 


let x, € OBR(a_) be a minimum point of u in Br(xo), and set 


u(t.) = min u and n= a. 
Br(ao) |x — Lo| 
Then A 
eS jee (5.3) 


Proof. The function u—wu(a,.) is harmonic and non-negative in Br(a%,.). Apply 
(5.1) to such a function, with p = |a|, to get 


ule) — ules) 1 y ulee) — ules) 
aoe 


Letting now x > x, along n proves (5.3). Oo 


5.2 Analyticity of Harmonic Functions 


If u is harmonic in FE, by Proposition 2.1, D“wu is also harmonic in E, for every 
multi-index a. Therefore Du satisfies the mean value property (4.5) for all 
multi-indices a. In particular, for all i = 1,...,N and all Br(a,) C E 


Ou N (y = Lo)i 
Salt) =f uo(u)dy = Ty Pea 
Ox; Br(2o) wn RN OBR(ao) ly — 2o| 
From this 9 N 
U 
z—(®o)| S S sup ful. 5.4 


This estimate is a particular case of the following 


Theorem 5.2. Let u be harmonic in E. Then for all Br(xo) C E, and for 
all multi-indices a 


|| 

N | 

|D%u(ao)| < (=) Le (5.5) 
R E€  Br(ao) 

Proof. By (5.4) the estimate holds for multi-indices of size 1. It will be shown 

by induction that if (5.5) holds for multi-indices of size |a|, it continues to 

hold for multi-indices § of size |6| = |a| +1. For any such ' 


0 


Dou= 
“ Ox; 


D°u forsome 1<i<N. 
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Fix 7 € (0,1) and apply (4.5) to D®u in the ball B- r(x). This gives 


DP u(x) =f z Du dy 
B-R(%o) vi 


N ; (y — Lo)i 
= D°u(y)-——— do. 
wnTN RN OB-R(ao) ly — Zo| 


By (5.5) applied over balls centered at y € 0OB-r(x_) and radius (1—7)R 


|| 
Ne ja! 
D&uly)| < (3) — sup |u| forall y € OB; R(2,Q). 
|D°uly)| ink eee 
Therefore 
|o|+1 
Ne 1 la! 
D8 u(x,)| < {= ee 
| u(x )| = ( R ) (1 _ qylalz e2 Seen |u| 
To prove the theorem, choose 
1 1 1 \ lel 
T = —— = — po that (Q-r)W< (4+) <e. | 
laJ+1 [AI la| 


Corollary 5.4 Let u be harmonic in E. Then u is locally analytic in E. 


Proof. Let k be a positive number to be chosen, and having fixed x, € E, let 
R be so small that Bi.41)r(@o) C E. The Taylor expansion of u in Br(ao) 
about Zp is 


Du(€) 


jal<n al |@|=n41 Bp} 


B 


(a — ao) 


for some € € Br(x,). Estimate the terms of the remainder by applying (5.5) 
to the ball centered at € and radius kR. This gives 


Doulé Ne\!*! al! RIAI 
Pele als (Fe) BERS sup ta 
p! ple Bor+1)R (£0) 


NeN+1\ !8! 
<( - ) sip fal 


Bor +1) R(Lo) 


where we have also used the inequality ||! < e%!*!6!. Set 


N N+1 
. =6 and sup jul = M. 
k Ber+1)R(®o) 
Choose k& so that 6 < 1, and majorize the remainder of the Taylor series by 
DP 
Deu) g —2))<M > oll < mipNol4l. 
sisn41 \s|=n41 


Since this tends to zero as || — co, the Taylor series of u about x, converges 
to wu uniformly in Br(x). | 
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6 The Dirichlet Problem 


We will establish that the boundary value problem (1.2) has a unique solution 
for any given y € C(0E). In the statement of the Dirichlet problem (1.2), the 
boundary OE was assumed to be of class C'. In particular OE satisfies the 
exterior sphere condition, i.e., 


for all x, € OE there exists an exterior ball 


Br(ao) C RN—E such that OBR(x.) NOE = az. Ot) 


The ball Br(#,) is exterior to E, and its boundary OBr(a,) touches 0E 
only at x,. Such a property is shared by domains whose boundary could be 
irregular. For example, it is satisfied if OF exhibits corners or even spikes 
pointing outside EF. 


Theorem 6.1. Let E be a bounded domain in RN whose boundary OE sat- 
isfies the exterior sphere condition (6.1). Then for every py € C(OE) there 
exists a unique solution to the Dirichlet problem 


uEC*(E)NC(E), Au=0 in E, and Ul ag = (6.2) 
Proof (Perron ([201])). Recall the definition (4.6) of the classes o(£) and 
©(£) and for a fixed y € C(OE), consider the two classes 
a(y; E) = {v € o(E) NC(E) and v laa yp} 
X(y; E) = {v € S(E)NC(E) and v Fees y}. 


Any constant k < mingg ¢ is in o(y; £), and any constant h > maxggz ¢ is 
in L(y; E). Therefore o(y; E) and »'(y; E) are not empty. If a solution u to 
(6.2) exists, it must satisfy 


vu<u<w forall v€o(y;F) and for all w € Dy; £). 


This suggests to look for u as the unique element of separation of the two 
classes o(y; EF) and ¥'(y; EF), i-e., 


sup v(x) = u(#) = inf w(2), Va € E. (6.3) 
vea(p;E) wed (y;E) 


To prove the theorem we have to prove the following two facts. 
Lemma 6.1 The function u defined by (6.3) is harmonic in E. 


Lemma 6.2 u € C(E£) and ular = ¢. 
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Proof (of Lemma 6.1). Fix x € E and select a sequence {v,} C o(y; E) such 
that vp (%o) > u(x). The functions 


Va = max{v1,v2,---,Un} (6.4) 
belong to o(y; £), and the sequence {V,,} satisfies 


Vn <Vn+1 and lim Vn(Lo) = U(X). 


Let B,(€) C E be a ball containing x,, and construct the functions Vy.¢,) as 
described in (4.7). By Proposition 4.2, Vie € o(y; E), and by the previous 
remarks 

Vniée S Vntiseyo and Vne,p(Lo) 4 u(2o). 


Thus {Vn:¢,)} converges monotonically to some function z(-), which we claim 
is harmonic in B,(€). Indeed, Vy;¢,) — Vi.¢,9 are all harmonic and non-negative 
in B,(&), and the sequence {Vn:¢,5(%0)—Vi;¢,9(%o)} is equi-bounded. Therefore 
by the Harnack inequality (5.1), {Vn.e,o — Vise,p} is equi-bounded on compact 
subsets of B,(€). By Theorem 5.2, also all the derivatives D°(Vn:¢,. — Vi:e,p) 
are equi-bounded on compact subsets of B,(€). Therefore, by possibly passing 
to a subsequence, {D°(Vn:¢,p— Vise,p)} converge uniformly on compact subsets 
of B,(€), for all multi-indices a. Thus z(-) is infinitely differentiable in B,(£) 
and {D°V,:¢,,} + Dz uniformly on compact subsets of B,(€), for all multi- 
indices a. Since all V;,,¢,) are harmonic in B,(£), also z is harmonic in B,(&). 

By construction, z(%_) = u(x). To prove that z(x) = u(x) for all x € 


B,(€), fix  € B,(€) and construct sequences {v,,} and {V,,} as follows: 
tn €o(y;E) and %,(%) > u(z) 
Vn(z) = max{Vp (2x); 61(x), G2(z),...,5n(x)} Vee E 


where V,, are defined in (6.4). Starting from Vp, construct the corresponding 
functions V,,,¢,) as indicated in (4.7). Arguing as before, these satisfy 


Vn S Vastsor Vastse = Vastieg: Vniép(£) > u(2). 
Moreover, {Vn.¢,9} converges monotonically in B,(€) to a harmonic function 
2(-) satisfying 

Z(a)>2z(a) forall re B,(€) and 2(%) =u(Z). 
By the construction (6.3) of u 
U(Xo) = 2(Xo) < Z(Lo) = u(Lo). 


Thus the function Z—z is non-negative and harmonic in B,(€), and it vanishes 
in an interior point x, of B,(€). This is impossible unless Z(x) = z(x) for all 
x € B,(€). In particular 

Since @ € B,(€) is arbitrary, we conclude that u is harmonic in a neighborhood 
of x, and hence in the whole of E, since x, is an arbitrary point of E. | 
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Proof (of Lemma 6.2). Fix x, € OF and let Br(x_) be the ball exterior to E 
and touching OF only at x, claimed by (6.1). The function 


1 1 
RNA — fon = ZolY=2 if N>3 

H(a) = (6.5) 
In pool if N=2 


is harmonic in a neighborhood of FE and positive on OF except at x,, where it 
vanishes. Fix an arbitrarily small positive number ¢ and determine 6 = 6(€) € 
(0, 1) so that 


lp(z) — p(zs)| Se  V[|z — 2, | < 6] NOE. 


We claim that for all ¢ > 0 there exists a constant Cz, depending only on 
lly|l0o,an, R, N, and d(e), such that 


\p(x) — v(as)| <¢€+C2H(x) Va € OF. (6.6) 
This is obvious if |a — 2,| < 6. If x € OF and |x —2,| > 6 


A(x 
lole) — o(e.)] <2liploon, where Hs = 


min 
[|t—2|>5]NOE 


To prove (6.6), we have only to observe that Hs > 0. It follows from (6.6) 
that for all z € OF 


p(t.) —¢—C_,H(x) < v(x) < o(a,) +e + C.H(2). 


This implies that 
y(t+) —€-— Ce € o(y; E) 


and 
p(t.) +e +C.H € X'(y; E). 


Therefore for all x € E 
p(t») —e— C,H(x) < u(x) < pla.) +e+ Ce H(z). 
This in turn implies 
|u(a) — y(as)| <¢+CzH(a) Va € EB. 
We now let « — 2, for ¢ € (0,1) fixed. Since H € C(E) and H(a,) =0 


lim sup |u(x) — y(a)| <e = Ve € (0,1). | 


LOLs 
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7 About the Exterior Sphere Condition 


The existence theorem is based on an interior statement (Lemma 6.1) and a 
boundary statement concerning the behavior of u near OF (Lemma 6.2). The 
first can be established regardless of the structure of OF. The second relies 
on the construction of the function H(-) in (6.5). Such a construction is made 
possible by the exterior sphere condition (6.1). Indeed, this is the only role 
played by (6.1). Keeping this in mind, we might impose on OF the 


Barrier Postulate: Vz, ¢ OF, JH(a,;-) € C(E) satisfying 


H(2x,;+) is super-harmonic in a neighborhood of E 


H(a,.;2)>0 Vae E—f{a,}, and A(a,;2,) =0. ea) 


Any such function H(a,;-) is a barrier for the Dirichlet problem (6.2) at x.. 
Assume that OF satisfies the barrier postulate. Arguing as in the proof of 
Lemma 6.2, having fixed x, € OF, for all ¢ > 0 there exists a constant 


Ce = Cz(||¥¢lloo,an, N, A(x; ),€) 


such that 
|p(x) — p(a)| < e+ CL H(a,; 2) Va € OE. 


Therefore, for all « € OE 
p(t») —€ — CoH (#4;@) S p(a) < pla) +E + CoH (@x5 2). 
Since H(x.;-) is super-harmonic 
p(x») —€ — CH (as;2) € o(y; E) 


and 
p(t.) +e + C,H (r.;2) € Up; £). 


Therefore for all 2 € E 
p(t.) —€ — CzH(a.;2) < u(x) < pla.) te + ClH(a,; 2) 
and _ 
|ju(a) — y(a)| <<¢€+ C,H (xx; 2) Va € B. 


This proves Lemma 6.2 if the exterior sphere condition (6.1) is replaced by 
the barrier postulate (7.1). We conclude that the Dirichlet problem (6.2) is 
uniquely solvable for every domain EF satisfying the barrier postulate. 
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7.1 The Case N = 2 and OE Piecewise Smooth 


Let E be a bounded domain in R? whose boundary QE is the finite union 
of portions of curves of class C'. Domains of this kind permit corners and 
even spikes pointing outside or inside F. Fix x, € OF and assume, modulo 
a translation, that x, coincides with the origin. We may also assume, up to 
a homothetic transformation, that E is contained in the unit disc about the 
origin. Identifying R? with the complex plane C, points z = pe’ of E, are 
determined by a unique value of the argument 6 € (—z,7). Therefore In z is 
uniquely defined in &. A barrier at the origin is 


7.2 A Counterexample of Lebesgue for N = 3 ([163]) 


If N > 3, spikes pointing outside FE are permitted, since any such point would 

satisfy the exterior sphere condition (6.1). Spikes pointing inside EF are, in 

general, not permitted as shown by the following example of Lebesgue. 
Denote points in R® by (a, z), where x = (11,2) and z € R. The function 


1 
d 
v(e,z)= | ——== (7.2) 
0 vial? + (s— z)* 
is harmonic outside [|z| = 0] [0 < z < 1]. By integration by parts one 


computes 


u(@, z) =V|a2|? + (1 — 2)? — V|al? + 2? 
+ zIn|[(1 — z)+ V lal? + (1— 2)?] [2+ |x|? + 2?]| 


—2zIn|a\. 


As (%,z) > 0, the sum of the first three terms on the right-hand tends to 1, 
whereas the last term is discontinuous at zero. It tends to zero if (x, z) > 0 
along the curve |z|? = |z| for all 8 > 0. However, if (x,z) > 0 along |z| = 
e— 1/27, for z > 0 and y > 0, it converges to y. We conclude that 

lim v(a“,z) =1+74. 


(2,z)—+0 
along |a|=e— 7/22 


Therefore, all the level surfaces [v = 1+] for all y > 0 go through the origin, 
and as a consequence, v is not continuous at the origin. 


Fix c > 0 and consider the domain 


E= |v <1+en|lz,z| < 1]. 
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R2 


w-l1+e 


Fig. 7.1 


There exists no solution to the Dirichlet problem 


u€C(E)NC(E), Au=0 in E, and (7.3) 


Ulan = law: 
Notice that even though v is not continuous in EF, the restriction vlag is 
continuous on OF. The idea of the counterexample is based on showing that 
any solution of (7.3) must coincide with v, which itself is not a solution. 

Fix any € > 0, and consider the domain E; = EM ||x, z| > ¢]. Assume that 
u is a solution of (7.3) and let C be a constant such that |u —v| < C in E. 


The functions P 


= C— + _ 
aid eal, 
are harmonic in £ and non-negative on OF. Thus by the maximum principle 
€ 
lu(x,z) —v(x,z)|<C in Eg. 
|x, 2| 


8 The Poisson Integral for the Half Space 


Denote points in R%+? by (x,t), where x € R™ and t € R. Consider the 
Dirichlet problem 


u € C?(RN x R+)NC(RN x Rt) 
Au=0 in RN x Rt (8.1) 
u(x,0) = p(x) € C(RX)N L@(RY). 

A solution to (8.1) is called the harmonic extension of y in the upper half- 


space RN x R+. Consider the fundamental solution (2.6) of the Laplacean in 
R+! with pole at (y, 0) 
1 1 
a ea 
(N — l)wn4i [|e — yl2 + #2] = 
F(a,tyy) = 


1 
=< In [je - yl? +2] if N=1. 
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The Poisson kernel for the half-space is defined for all N > 1 by 


wn41|le— yl? +t?) 2 


Theorem 8.1. Every y € C(RY)NL® (RY) has a unique bounded harmonic 
extension H, in RY x R*, given by 


2t 
Hole.t) =f 2 ay, (8.3) 
wnat Jae [fx — yl? + 22] 


Proof (Uniqueness). If u and v are both bounded solutions of (8.1), the differ- 
ence w = u—v is harmonic in RN x R* and vanishes for t = 0. By reflection 
about the hyperplane t = 0, the function 


e _ w(a,t) if t>0 
wea ee =i) #9 <0 


is bounded and harmonic in R“*!. Therefore, by Liouville’s theorem (Corol- 
lary 5.3), it is constant. Since w(-,0) = 0, it vanishes identically. | 


Remark 8.1 The statement of uniqueness in Theorem 8.1 holds only within 
the class of bounded solutions. Indeed, the two functions u = 0 and v = t are 
both harmonic extensions of y = 0. 


Proof (Existence). The function Hy defined in (8.3) is harmonic in RY x Rt. 
The boundedness of H, follows from the boundedness of y and the following 
lemma. 


Lemma 8.1 For all ¢ > 0 and all x € RN 


2€ dy 
| ca =i. (8.4) 
wnt Jas [ln — yl? +22] 


Proof. Assume N > 2. The change of variables y — x = e€ transforms the 
integral in (8.4) into 


2 d oe) N-1 
— | a =2—% i —_" __dp =t (8.5) 
WN+1 JRN (1+ |€|?)2 Wn+iJo (1+ p?)"? 


The case N = 1 is treated analogously (8.1 of the Complements). a 


To conclude the proof of Theorem 8.1, it remains to show that for all x, € R% 


lm Hy,(2,t) = y(a.). 


(x,t)ov. 


This is established as in Theorem 3.1 by making use of (8.4). a 
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9 Schauder Estimates of Newtonian Potentials 


Let E be a bounded open set in R% and continue to denote by F(-;-) the 
fundamental solution of the Laplacean, introduced in (2.6). The Newtonian 
potential generated in R% by a density distribution f € L?(E) for some p > 1 
is defined by 


Arf =f Foinfdy (9.1) 
provided the right-hand side is finite. If f € L°(E) 
|Arfllory + ||VArf lore S Vlflloo.z (9.2) 


where 7 is a constant depending only on N and diam(F). Further regularity 
of Arf can be established if f is Hélder continuous and compactly supported 
in E. For m € NU {0}, 7 € (0,1), and y € C™(E), set 


def 


lellmme = 2 (|D*¢lloe+ D7 sup 


ja|<m jalj=m z,yeE |x ~ y|" 


Denote by C'™"(E) the space of functions gy € C™(F) with finite norm 
lPllmin;z and by C7"-"(E) the space of functions y € C’"(E) compactly 
supported in EF. If m = 0, we let C°"(E) = O"(E) and ||¢vllo,.2 = ll¢lly;z- 


Proposition 9.1 Let f € C’™"(E). Then Arf € C™*?"(E), and there ex- 
ists a constant y depending upon N, m,n, and diam(F), such that 


Ar fllm+2n;2 S UNF llm.ns- (9.4) 


Proof. It suffices to prove (9.4) for m = 0 and for f € CS°(E). Assume N > 3, 
the proof for N = 2 being analogous, and rewrite (9.1) as 


uy(N = 2)Arf =o) = fle AC + Og 


and compute 
Vick. = aON Fee Ae dé = — 2) fale d 
wos(t) = fF NEP Feasle + a6 =— f(gP eg feule + 806 
--f (IEP )e, fes(aw + de 
ae (EP )e LFle +) — Fale, a 
Bet (9.5) 
= [... (le? eve, Fla + ae 
+f, (IEP-™ ese, (Fa + €) — F(a))aé 


+ fla) [. (leP-™)e, Sao. 
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In this representation, r is any positive number, do is the surface measure 
over the sphere 0B,., and the integral extended over the ball |€| < r is meant 
in the sense of the limit 


[. (IEP-® Jee, Fe +8) — F(a) 


cc lim (EP deve, (F(@ +8) — f(@))dé. 


&90 Jeclélcr 


Such a limit exists, since f is Hdélder continuous. From (9.5), by taking r = 
diam(F), we estimate 


> ||D* lor < VMN flloo,z (: +/ Nae) 
ja|=2 r<|€|<2r 
-ninlf(e+9 —f@) , (9.6) 
+7 Fees je Ne as 
< 7(1+ diam(£)) || flln;z- 


Next we fix y € R‘ and represent vz,2,(y). By calculations analogous to those 
leading to (9.5) 


Veie, (Y) =[, EP? fee; (y + €)d& 
=[, l(a —y) + €)?-% fee; (a + O)dé 
- ((@—y) ae eve, f(a + €)dé (9.7) 
2—-N _ 
i I. (Mey) +P") eg, [P(e + &) — Fw)]aé 
oa aN de 
+0) f (\ wtsl ) j 


From the representations (9.5) and (9.7), we obtain by difference 
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Vajary (x)—Ve,2, (y) 


=. (\e?-% —|(@—y)+ a ee [f(a + €) — f(y) |dé 
+f Ue eelie +8) - feldg 
|E|<r 


- de (Iw) +P )e.g, [Fle + &) — F(yylag 


7 iy, tg, 

+ L(@) — FI [« eed 
2-N _ |p — any Si - 
+f) f (gP —1@— 0) +6?) 4 


+ flu) [... (lg? — |@—y) +E"). €. 


The sum of the last two integrals is zero, and the integral extended over the 
shell || = r is majorized by 


WF llnszle — yl” 


where ¥ is a constant depending only upon the dimension NV. In the estimates 
below we denote by y a constant that can be different in different contexts, 
and it can be computed quantitatively a priori in terms of N alone. Estimating 
the first integral extended over the ball |€| < r we have 


Lf de? ee le +8) — sa@)lae| < VIF Ihne f 
ll<r 


Jel Pde 
lél<r 


< Vf llyer"- 
Analogously 
| ie. (@—y) +EP™) ge [Fle +8) — F(y)lag| 
<aMlne flew era 


<All fllne | lel Nae 
|z|<r+|z—y| 


<Vlfllne(r" + |e — yl”). 


Combining these estimates, we conclude that there is a constant y depending 
only upon N, such that for every r > 0 


oie; () — Veins (Y)] S UMN llne(r” + le — yl”) 


[L (6P* lee) gg, e+e) — Feng], O° 


1) 
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Choose r = 2|x” — y| so that over the set |&] > r 
1 
ale| > \(w—v) + El > Sel 


Then by direct calculation and the mean value theorem 


aay 2-N bij Oig 
(el =e er ie: <ljgn ~ [eng +e¥ 
+ ij ((w—y) + ley) +4 
ce l(e=—g ee 


Therefore the last integral in (9.8) can be majorized by 


vey fel [fle 9 = 10) 
geeke™ eau) +elr 


< Vlf loz | [eerie = lf lle". 


[g|>r 


dg 


Combining this with (9.2) and (9.6) proves the proposition. Oo 


Remark 9.1 The proof shows that 
eer (x) ~~ Uz; x5 (y)| | f (x) 7 f(y)| 


sup = <y sup 
x,yERN |e —y|” x,ycEk |x — yl” 


where the constant 7 depends only on N and 7 and is independent of |E}. 


Remark 9.2 The dependence on diam(Z) on the right-hand side of (9.3) 
enters only through (9.2) and (9.6). Therefore the constant y in (9.4) depends 
on diam(£) as 


¥=%7(1+diam(£)) for some Yo = Yo(N,m,7). 


10 Potential Estimates in L?(E) 


The estimate (9.2) implies that A, as defined by (9.1), is a map from L°(£) 
into L*(F). More precisely, it maps L°(F) into the subspace of the Lipschitz 
continuous functions defined in £. It is natural to ask whether f € L?(E) for 
some p > 1 would imply that Arf € L4(F) for some q > 1, and what is the 
relation between p and q. 

If f € C”(E), then Arf, as defined by (9.1), is differentiable and 


Ania | MY sayy, 


wy Jp |e — yl 
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If however f € L?(E) for some p > 1, the symbol VArf does not have 
the classical meaning of derivative, and it is simply defined by its right-hand 
side. If this is finite a.e. in F, we say that VArf is the weak gradient of the 
potential Arf. We will give sufficient integrability conditions on f to ensure 
that the weak gradient VArf is in L7(£) for some q > 1. 

Both issues are addressed by investigating the integrability of the Riesz 
potential 


E22 We(« =-[ for some a > 0. (10.1) 
pas 


Proposition 10.1 Let f © L?(E) for some p> 1. Then 


N N 
E z ) if p< — 
a 


N—ap 
q : N 
|Wa| € LY(E) where qe [1, 00) if p= — (10.2) 
a 
N 
[1, 00] if Ra 
ae 


Moreover, there exists a constant y that can be determined a priori only in 
terms of N, p, q, a, and diam(E), such that 


IWollae S VIfillp.z- (10.3) 
The constant y + oo as either p+ N/a or as diam(E) > oo. 
Proof. Assume first p < N/a, and choose s > 1 from 


i}, 1 1 
—-=14+--.-, l<s< ; 
s qd Pp -—a 


By Holder’s inequality 
q-1 


Z 
jute) = f (lel L4P)* [APF — oO Day 
E 


1 
< (f be-ule"*1sPay) (/ je — oH Fay) 


i 


= Ss 1-4) a— & 7 
=i [ie-ue™ Pay) lee a [ie-ule™ av) 
E E 


The last integral involving |x — y|(¢—%)* is estimated above by extending the 
domain of integration to the ball of center x and radius diam(£). It gives 


i 
q 


10 Potential Estimates in L? (EF) 77 


diam(£E) 
| |e — y|°-)8dy < uv f prune als da 
E 0 


wy diam(E)NG-s*x*) 


orn = YN 8) 
N (1— s*¥*) 
provided 
1 1 
l<s< i.e., ate 
N-a p q N 


This determines the range of q in (10.1). In the estimates below, denote by 7 
a generic positive constant that can be determined a priori only in terms of 
N,p,q, and diam(£). To proceed, carry this estimate into the right-hand side 
of the estimation of |wa(x)|, take the gth power of both sides and integrate 
over E. Interchanging the order of integration with the aid of Fubini’s theorem 


a—N)s 1-5 
i: jualtae <o( f fe-vie-™ fu) lPayae sess 
E EJE 


: il ver f, a ulto-* a ay| ips 


<Ilfllpe- 
Let now p > N/a. Then by Hélder’s inequality 


p-1 


Pp 


ei Iflhne( [ je yl ray) : 


Corollary 10.1 Let f € L?(E) for some p > N. There exists a constant y 
depending only upon N,p and diam(E), such that 


Ilollo0,2 + Velloo,e < VIfilly.z- 


The constant y + co asp—> N. 


Let E a bounded open set in RN with boundary OE of class C!. For f € 


L? (OE) set 
_ [ _fydo(y) fa 
Va(x) = i. ie —yfV1-= fo >0 (10.4) 


where do is the Lebesgue surface measure on OF. 


Corollary 10.2 Let f € L?(OE) for some p> 1. Then 


(N —1)p N-1 
p. m5) OES 
lua| € L°(F), where qe [1, 00) if p= N-1 (10.5) 
a 
[1,00] if p> —. 
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Moreover, there exists a constant y that can be determined a priori in terms 
of N, p, q, a, and |OE| only, such that 


IlYallaaz S Vlfllp.az- (10.6) 


The constant y + co as either p + (N —1)/a or as |OE| > ov. 


11 Local Solutions 


Consider formally local solutions of the Poisson equation 
Au=f, in FE (11.1) 


with no reference to possible boundary data on OF. Thus we assume that 
u € C?(E) and f € Cy"'"(E) for some non-negative integer m and some 
n € [0,1). This means that || fllmj;« < co for every compact set K C LE. Let 
KC K'C E be such that dist(K;0K’) > 0. We will derive estimates of the 


norm C™+"(4<) for u in terms of the norms ||ulloo,«7 and || fll m4n;K’- 
Proposition 11.1 There exists a constant y depending only upon N,m, and 
dist(K; 0K’) such that 


Lellm+ensac SY (MF llmnsact + [ttlloo, a) - 


Proof. It suffices to prove the proposition for m = 0, and for K Cc K" two 
concentric balls Bo,(%») C B,(xo) C E, for some o € (0,1). In such a case 
the statement takes the following form. 


Lemma 11.1 There exists a constant y depending only upon N such that for 
all Bop(%o) C By(to) C E 


1 
Julaseente) 291+ Slt) 


1 
+ (1 eg SSRs) Ill] 00,B (to) 


Proof (of Lemma 11.1). The point x, € E being fixed, we may assume after a 
translation that it coincides with the origin and write B,(0) = B,. Construct 
a smooth non-negative cutoff function ¢ € CS°(F) such that 


|| 
—— 1 in Bata, and |D%¢| = a 
° [A — op] 


for all multi-indices a of size |a| < 2 and for some constant C. Multiplying 
(11.1) by ¢ and setting v = ud, we find that v satisfies 


(11.2) 


Av = fO+uAc + 2Vu- VC, v € C?(B,). 
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Let N > 3, the case N = 2 being similar. By the Stokes identity (2.3), we 
may represent v as the superposition of the two Newtonian potentials 


Mile) =-sayay ff le a Oey 
Vale) = pe PN ude + 200. VO) ud 


By virtue of Proposition 9.1 and Remark 9.2 


IMilloory SYA+ eSClln:s, SV¥d+ e+e )ilFllnz, - 
We estimate V2(-) within the ball B,, by rewriting it as 


_ 1 2—N 
Valo) =a ff, wlu)le— wl AC ay 
2 2-N 
+ cy ff, MOV le PY VC dy. 


Since V¢ = 0 within the ball of radius (re) p, these integrals are not singular 
for z € Bop, and we estimate 


1 
VallonBop S (1 + sae) Il] 00, Bp: o 


11.1 Local Weak Solutions 


The previous remarks imply that if f € Cj!.(E), the classical local solution 
of the Poisson equation (11.1) can be implicitly represented about any point 
to € Eas 


u(x) = — | F(a; y)f¢dy 

Balto} (11.3) 

e i u(y) (Fa; y)AC + 2VF(a;y) VO) dy 
Bp(Xo) 


where F'(-;-) is the fundamental solution of the Laplace equation, introduced 
n (2.6), and ¢ satisfies (11.2). Consider now the various integrals in (11.3), 
regardless of their derivation. The second is well defined for all zc € Bzp(xo) 
if u € Li. (£). The first defines a function 
= F(a;y)fCdy € Li,(E) 
Bp (xo) 

provided f € L? (E) for some p > 1. Since B,(x.) C E is arbitrary, this 
suggests the following 


Definition: Let f € L? (EF) for some p > 1. A function u € Li(E) is a 


loc loc 


weak solution to the Poisson equation (11.1) in E if it satisfies (11.3). 
The estimates of Section 10 imply: 


80 2 THE LAPLACE EQUATION 


Proposition 11.2 Let f € L? (E) for p> 1 and let u € Li (EB) be a local 


loc loc 


weak solution of (11.1) in E. There exists a constant y depending only on N 
and p such that for all Bop(%o) C Bp(to) C E 


IVulla,Bep(co) < UM llp,B,(e.) +A — o)el- 8 p* lulls, (x0) 
where 
E x) if l1<p<N 
qe [1, 00) if p=N 
[1, co] if p>N. 


Ifp € [1, N], the constant y > co as g—> Np/(N —p). Moreover, if p > N/2 


_X = 
llelloo,Bep(eo) SYP”? Ilflly,B,(eo) + 11 — oA Mlell,5,020)- 


The constant y + co as p— N/2. 


12 Inhomogeneous Problems 


12.1 On the Notion of Green’s Function 


Let E be a bounded domain in R* with boundary OF of class C1. The 
construction of the Green’s function for FE, introduced in (3.3), hinges on 
solving the family of Dirichlet problems (3.1). These solutions y > &(a; y) 
were required to be of class C?(). Such a regularity has been used to justify 
intermediate calculations, and it appears naturally in the explicit construction 
of Green’s function for a ball. 

However for each fixed « € E, the Dirichlet problem (3.1) has a unique 
solution if one merely requires that OF satisfies the barrier postulate and that 


B(a;-) € C?(E)NC(E) for all fixed x € E. 
This is the content of Theorem 6.1 and the remarks of Section 7. 


Proposition 12.1 Every bounded open set E C R™ with boundary OE satis- 
fying the barrier postulate admits a Green’s function G(-;-). Moreover, for all 
(c:y) € EXE, 


0< G(x;y) < F(z;y) for N>3 
(12.1) 
0< G(a;y) < a4 a’) for N =2. 
an Te ul 
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Proof. For fixed « € EF, let ¢ > 0 be so small that B-(#) C E. The function 
G(a;-) is harmonic in B — B-(a), and it vanishes on OF. The number ¢ can be 
chosen to be so small that G(z;-) > 0 on OB,(x). Therefore, by the maximum 
principle, G(z;-) > 0 in E — B-(a) and hence in F since ¢ is arbitrary. The 
function ®(a;-) is harmonic in FE, and by the maximum principle, it takes its 
maximum and minimum values on OF. If N > 3 it is positive on OF and thus 
P(-;-) > 0 in E. This proves the first of (12.1). If N = 2 rewrite the Green’s 
function as 


1 di E 1 
G(z;y) = a In ee — |@(a;y) + a. Indiam(£)|. 
For fixed x € E, the function of y in [---] is harmonic in E and non-negative 
on OE. a 


Remark 12.1 The estimate roughly asserts that the singularity of G(-;-) is 
of the same nature as the singularity of the fundamental solution F‘(-;-). 


Corollary 12.1 G(z;-) € L?(E) uniformly in x, for all p € [1, 4S). 


12.2 Inhomogeneous Problems 


Given f € C"(E) for some 7 € (0,1), consider the boundary value problem 


ueC(E)NC(E), Au=f in E, and 0. (12.2) 


Ulan = 
Theorem 12.1. The boundary value problem (12.2) has a unique solution. 


Proof (Uniqueness). If u; for i = 1,2 solve (12.2), their difference is harmonic 
in £ and vanishes on OF. Thus it vanishes identically in FE, by the maximum 
principle. @ 


Proof (Existence). Assume momentarily that (12.2) has a solution u € C?(E) 
and that the Green’s function G(z;-) for E is of class C?(E). Then subtracting 
Green’s identity (2.2) written for the pair of functions u and @(x;-) from the 
Stokes identity (2.3)—(2.3) gives 


u(ae) = — i Gla;9) Fly)dy 
(12.3) 


= -{ Flew) fw)ay + D(x; y) f (y)dy. 
BE E 


This is a candidate for a solution of (12.2). To show that it is indeed a solution, 
we have to show that it takes zero boundary data in the sense of continuous 
functions in E, it is of class C?(E), and it satisfies the PDE. Fix 2, € OE and 
write 
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=— jim Gla; y)f(y)dy 
Bors J HOBe (te) 
— lim G(x; y)f(y)dy 


The second integral tends to zero by the property of the Green’s function, 
since y is away from the singularity x = x... The first integral is estimated by 
means of (12.1), and it yields 


| Gla;y)|f(y)|dy < 2sup || IF (a; y)ldy < O(e) 
ENBz-(«x) E ENBe(x«) 


uniformly in a. o 
To establish in what sense the PDE is satisfied, we assume N > 3, the argu- 


ments for N = 2 being similar. 


12.3 The Case f € CS°(E) 


The set K = supp(f) is a compact proper subset of F, and ®(2;-) isin C°(E). 
Therefore by symmetry 


A ih (0; y) f(y)dy = | A, B(x:y)f(y)dy = 0. 


Calculating the Laplacean of the first term on the right-hand side of (12.3) 
gives 


Af je— uP “tenay = fle Agta Og 
= tim f |gP-* Ac flees, 


e0 |él>e 


Perform a double integration by parts on the last integral using that f is 
compactly supported in R%. Taking into account that |€|?~% is harmonic in 
|€| > e, and proceeding as in the proof of the Stokes identity (2.3) gives 


1 2_ 7 
oy fh jz — yl)? fy)dy = f(z). 


WN 


Combining these calculations shows that u defined by (12.3) satisfies the Pois- 
son equation (12.2) in the classical sense. 
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12.4 The Case f € C"(E) 


Let {i} be a family of nested compact subsets of F exhausting E. Construct 
a sequence of functions { f;} C CS°(E£) satisfying 


Fillnsecs S Wllm amd dim If; — films = 0 


for every compact subset K C E. Let u; be the unique classical solution of 


uj CC*U(E)NC(E), Auj=f; in FE, and u,;|,,=0. (12.4) 
From the representation formula (12.3) 
Ilus lo. S Wfillow SVlfilne, VI EN. 


Combining this with Proposition 11.1 gives 


esllensa S Mf, Slfllne  VieN 


where y depends on N and dist{k,;0E} and is independent of 7. By the 
Ascoli—Arzela theorem, we may select a subsequence {u,,} out of {u;} con- 
verging in O?"(K,) to a function u; € C*"(K,). By the same process, we 
may select a subsequence {u;,} out of {u;,} converging in C?"(K2) to a 
function ug € C?"(K), which coincides with u; within K,. Continuing this 
diagonalization process, we obtain a function u € Ce and a subsequence 
{uj} out of the original sequence {u,;} such that {uj} > u in C27(E). Let- 
ting j — oo in (12.4) along such a subsequence proves that u € C?"(E) is a 
classical solution of the PDE. To verify that u € C(£) and that it vanishes 
on OF in the sense of continuous functions, we have only to observe that u 
satisfies (12.2) by the same limiting process. a 


Problems and Complements 


1c Preliminaries 


1.1c Newtonian Potentials on Ellipsoids 


Compute the Newtonian potential generated by a uniform distribution of 
masses, or charges, on the surface of an ellipsoid. Verify that such a potential 
is constant inside the ellipsoid ([136], pages 22 and 193). 


84 2 THE LAPLACE EQUATION 


Theorem 1.1c. Let E be a bounded domain in RN of boundary OE of class 
C?. The Newtonian potential V(-), generated by a uniform distribution of 
masses on OE, is constant in E if and only if FE is an ellipsoid. 


The sufficient part of the theorem is due to Newton. The necessary part in 
dimension N = 2 was established in 1931 by Dive [60]. The necessary part for 
all N > 2 has been recently established in [52]. The assumption of uniform 
distribution cannot be removed as shown in [237]. 


1.2c Invariance Properties 


1.4. Prove that the Laplacean is invariant under a unitary affine transfor- 
mation of coordinates in RY. 
1.5. Find all second-order rotation invariant operators of the type 


N 


L(u) = » AijhkUaxjax; Ven ry: 
i,j,h,k=1 


1.6. Prove that A is the only second-order, linear operator invariant under 
orthogonal linear transformation of the coordinates axes. 

1.7. Find all homogeneous harmonic polynomials of degree n in two and 
three variables ([{120]). 
Hint: For N = 2 attempt z” and z”, where z = 2, + ix and 7 = x1 — ix. 
For N = 3 attempt polynomials of the type z/P,_;(|z|*,v3), where P,_; 
is a polynomial of degree n — j in the variables |z|? = x7 + 23 and x3. 

1.8. Let N = 2, and identify E with a portion of the complex plane C. Then 
the real and imaginary part of a holomorphic function in E are harmonic 
in F ({81], pages 124-125). 


2c The Green and Stokes Identities 


2.1. Prove that if wu € C?(E) 9 C1(E) is harmonic in E, then it is locally 
analytic in E. It will be a consequence of the estimates in Section 5 that 
the hypothesis u € C1(E), can be removed. 

2.2. It follows from the Stokes identity (2.3)—(2.3) that if u ¢ C?(E)NC1(E£) 
is harmonic in E, it can be represented as the sum of a single-layer, and 
a double-layer potential. 

2.3. Let wy denote the surface area of the unit sphere in R™. Prove that for 
N28 eas 


n/2 
WN41 = 2un f (sin t)\~1dt. 
0 
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3c Green’s Function and the Dirichlet Problem for the 
Ball 


3.1. Prove that the Green’s function in (3.3) is non-negative. 
3.2. Verify by direct calculation that the kernel in (3.9) is harmonic. 
Hint: One needs to prove that for all y € OBR 


R?2 = |x|? 
Le ee 
Jz —y|% 
From (3.8) 
el 9 gy Bla 
dees eet a SI _ 6 
So ale vl = ap lal — [a c088) 
_ |e? = [y+ ley? 
Iz —y|* 
and for y € OBR 
ie = |x|? = | = po 2|2| 0 |ja — iPr, 
lz — of N39] 


Therefore it suffices to show that the second term on the right-hand side 
is harmonic. 


3.3. Study the Dirichlet problem 


Au=0 in Br, and ulas, = . ‘ _ . 4 


Examine the behavior of the solution for xy = 0 near OBp. 

3.4. Find Green’s function for the half-space ry > 0. 
Hint: Set & = (a1,...,@n—1) and consider the reflection map analogous 
o (3.5), ie., (x) = (Z,-—ay). 

3.5. Using the results of 3.4, discuss the solvability of the Dirichlet problem 


Au =0 in RN-! x [xy > 0] 
u(z, 0) = y(#) € C(RX—1)N L~(RN-?). 


3.6. Construct Green’s function for the quadrant [xz > 0] [y > 0] in R?. 
3.7. Find Green’s function for the half-ball in RY. 
3.1c Separation of Variables 


3.8. Solve the Dirichlet problem for the rectangle [0 < x < a] x [0 < y < 6] in 
R? by looking for “separated” solutions of the form u(x, y) = X(x)Y(y). 
Enforcing the PDE, derive the ODEs 


X" = (const)X, Y” = —(const)Y. 
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Superpose the families of solutions X,, Y, of these ODEs, by writing 
u= >> An Xn(£)Yn(y), A, €R, n=0,1,2,..., 


Finally, determine the coefficients A, from the prescribed boundary data. 
In the actual calculations, it is convenient to split the problem into the 
sum of Dirichlet problems for each of which the data are zero on three 
sides of the rectangle. For example, the problem 


Au=0 in R=(0<2< 1) x [0<y <1) 
u(0, y) = cos sv u(z,0)=1—a, u(l,y)=u(a,1) =0 
can be solved by superposing the solutions of the two problems 
Au; =0 in R, and w(0,y) =cos sy 
uy (0,0) =u (1,y) = uaa, 1) = 0, 
and 
Auz=0 in R, and ue(xz,0)=1-—2 
ua(1,y) = ue(x, 1) = ue(0,y) = 0. 


Even though the boundary data are not continuous on OR, one might 
solve formally for u;, 7 = 1,2 and verify that u = u, + u2 is indeed the 
unique solution of the given problem. 

3.9. Solve the Dirichlet problem for the disc x? + y? < 1 by separation of 
variables, and show that this produces the same solution as that obtained 
by the Poisson formula (3.9). 

Hint: Write Au in terms of polar coordinates (p,@) to arrive at 


1 1 
as er in [(0<p<1)x[0<0< 2z]. 


To this equation apply the method of separation of variables. 

3.10. Use a modification of this technique to solve the Dirichlet problem for 
the annulus r < |z| < R in R?. 

3.11. Solve the Dirichlet problem for the rectangle with vertices A = (1,0), 
B= (2,1), C = (1,2), D= (0,1). 


4c Sub-Harmonic Functions and the Mean Value 
Property 


4.1. Prove that (4.2) implies (4.3). Hint: (4.2) implies 


wy — lula) < | u(y)do for all B(x) C E. 
OB,(xo0) 


Integrate both sides in dr for r € (0, R). 
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4.2. Prove that (4.4) and (4.5) are equivalent. Hint: Write (4.5) in the form 


WN N 
—r*u(o) = | udy 
N Br(vs) 


and take the derivative of both sides with respect to r. 

4.3. Let u € C?(E) satisfy Au = u in E. Prove that u has neither a positive 
maximum nor a negative minimum in L. 

4.4. Let u be harmonic in E. Prove that |Vu|? is sub-harmonic in E. 


4.1c Reflection and Harmonic Extension 


4.5. Denote points in RN by x = (%, xy) where & = (21,...,2N_1), and let 
u be the unique solution of 


Au=0 in By, and = y € C(OB)). 


Ulan, 
Prove that y(%,xn) = —y(#,—axy) implies u(%, rn) = —u(Z, —xy). 

4.6. Let u be harmonic in Bj = Bi N [xy > OJ, and vanishing for xy = 0. 
Extend it with a harmonic function in the whole of B,. 

4.7. Solve explicitly the Dirichlet problem 


a if rn > 0 


Au =0 in By, and Ulops a . if czy = 0. 


4.2c The Weak Maximum Principle 


Consider the formal differential operator 


oO” 0 


Le = ai; (x) (4.1c) 


OX; 2X; 


where aj;;, b; € C(E) and the matrix (a;;) is symmetric and positive definite 
in E, that is there exists \ > 0 such that ai;(x)&:€; > AlE|? for all € € RY 
and all x € E. 


Theorem 4.1c. Let u € C?(E)N C(E) satisfy Lo(u) > 0 in E. Then 


=< i: 
u(x) < max w forall ce EB 


Proof. Fix y € RN — E, let 7 be a constant to be chosen later, and consider 
the function . 
v=uteele¥l for ¢ > 0. 


It satisfies 
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Lo(v) = 2-E [aizdig + 2yauy(z — y)i(z — y)5] evle—vl? 
+ Qe [bi(a — y)i] evle—vl? 
> dye [NA+ 2yAla — yl? — Bla — yl] ev” 
where B = maxi<i<n maxg |b;|. By the Cauchy inequality 


2 


B 
4NX 


NA+ 2yAe— yf? — Ble ~ yl > NA+ (29d )le- um. 
Therefore y can be chosen a priori dependent only upon B, N, and A, such 
that £,(v) > 0 in E. If x is an interior maximum for v, b;(%o)vz,(%.) = 0 
and 

ij Va,a; lene, >0 and Uz;2; lene. <0. («) 
Next observe that aijv2,2, = trace((aij)(U2;2,)). Using that (ajj) and (vz,2,;) 
are symmetric, and that the trace is invariant under orthogonal linear trans- 
formations, prove that 

aij (Lo) Vasa, (Zo) < 0. 


This and (*) give a contradiction. Therefore 


maxvu < maxv 
E OE 


and the theorem follows on letting « — 0. | 
4.8. Let u € C?(E)N C(E) satisfy 
L(u)=L(u)+c(a)u>0 in EF. 


Prove that if c < 0, then u cannot have a positive maximum in the interior 
of EF. Give a counterexample to show that the assumption c < 0 cannot 
be removed. 


4.3c Sub-Harmonic Functions 


4.9. Prove that v € o(F) if and only if for every open set E’ C FE and every 
harmonic function u such that ul ape =; then v < uin E’. 

4.10. Prove that 2 — In|z| is sub-harmonic in RN — {0}. 

4.11. Give examples of nondifferentiable sub-harmonic functions. 

4.12. Let u € C?(E) NC(E) be a solution of 


Au=-1 in FE, and 0. 


Ulan - 


Prove that for all x, € E 


1 
o) = >> inf — x6|" 
u(%o) 2 2N ae . 
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4.3.1c A More General Notion of Sub-Harmonic Functions 


Certain questions in potential theory require a notion of sub-harmonic func- 
tions that does not assume continuity. First, by a real valued function in E 
is meant u: E — [—oo, +00). Thus wu is defined everywhere in FE and is per- 
mitted to take the “value” —oo. A real-valued function u: E — [—o0, +00) is 
upper semi-continuous if [u < s] is open for all s € R. 


Definition of F. Riesz ([214], see also [209]): Let E be a connected, open 
subset of R’. A real valued function u : E + [—o0, +00), is sub-harmonic in 
FE, if it is upper semi-continuous, and if for every compact subset K C FE and 
for every function H € C(A) and harmonic in the interior of K 


Gp ee, Se ee Be FC 


4.13. Prove that this notion of upper semi-continuity is equivalent to 


lim sup u(#) < u(x) for all a € E. 


LLo 


4.14. Prove that the function 
cia a if « £0 


—0o if ¢=0 


is upper semi-continuous. Such a function is sub-harmonic in the sense of 
F. Riesz, and it is not sub-harmonic in the sense of Section 4. 
4.15. Prove that apart from the continuity requirement, Riesz notion of a 
sub-harmonic function is equivalent to the notion of Section 4. 
4.16. Let {un} be a decreasing sequence of sub-harmonic functions, in the 
sense of F. Riesz and let 
u(v) = lim up,(a) Vanek, 
noo 


Prove that either w= —oo in FE, or u is sub-harmonic in EF, in the sense 
of F. Riesz ([128], page 16). 


5c Estimating Harmonic Functions 


5.1. Let uw be harmonic in FE. Estimate the radius of convergence of its 
Taylor’s series about x, € E. 

5.2. (Unique Continuation) Let wu be harmonic in F and vanishing in 
an open subset of F. Prove that if E is connected, u vanishes identically 
in &. As a consequence, if u and v are harmonic in a connected domain 
FE and coincide in a open subset of EF, then u = v in E. 
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5.3. Find two harmonic functions in the unit ball that coincide on the set 
[lz] < 4] [ew = 0). 

5.4. (Phragmen-—Lindeléf-Type Theorems) Let RY = RY [xy > 0], 
and let u be a non-negative harmonic function in RY . Prove that if u is 
bounded and vanishes on the hyperplane zy = 0, then it is identically 
Zero. 


Remark 5.1c The function u = xy shows that the assumption of u being 
bounded cannot be removed. However, this is in some sense the only coun- 
terexample as shown by the following theorem of Serrin ([232]). 


Theorem 5.1c. Let u be a non-negative harmonic function in RY vanishing 
for tn =0. There exists a constant C' depending only on N, such that 


lim sup a) <C. 


5.1c Harnack-Type Estimates 


5.5. Let u be harmonic in R%, and let G be its graph. If P € G, denote by 
tp be the tangent plane to G at P. Prove that [tp NG] -P#90. 

5.6. Prove that a non-negative harmonic function in a connected open set 
F is either identically zero or strictly positive in EF. 

5.7. Let Q be the rectangle with vertices (0,0), (nr,0), (nr, 2r), (0, 27), for 
some r > 0 andn €N. Let P, = (r,r) and P, = ((n—1)r,r). Prove that 
a non-negative harmonic function u in Q satisfies 


2-7" u(P,) < u(P.) < 2?"u(P,). 


5.8. Assume that the mixed boundary problem 
u € C?(Bi)NC'(Bi), Au=-—1 in By 
u=0 in OB\N [ay > 0], Vu-n=—wu on OB, [an < 0] 


has a unique solution. Prove that u > 0 in By, and that u aeueeastie 0. 


5.2c Ill Posed Problems. An Example of Hadamard 
The following problem is in general ill posed. 
Au=0 in E=[(0<a<1)x[0<y<]j 
u(-,0) = 9,  Uy(-,0) = (x) 
Proposition 5.1c A solution of («) exists if and only if the function 


1 
(0,1) 3 @ > (a) - =f (s) In |x — s|ds 


is analytic. 
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Proof. If u solves (*), write u = v + w, where 


v(ea) = 52 fee) inlle— 5)? + vas 


Then Aw = 0 in E and w,(-,0) = 0. Therefore, by the reflection principle 
(x,y) > w(a, |y|) is harmonic in [0 < a < 1] x [-1<y < 1], and x > w(z,0) 
is analytic. Oo 


5.9. Prove that the following problem is ill posed. 


Au =0 in ||z| <1) x [0<y<] 
u(—1,-) = u(-, 1) = u(1,-) =0 
uy(-,0) =0, u(-,0) =1— 2]. 


5.3c Removable Singularities 


Let 2 € E and let wu be harmonic in £ — {x,}. The function wu is analytic 
in FE — {xo}, and it might be singular at x. An example is the fundamental 
solution F'(-;x,) of the Laplace equation with pole at x. A point x, € E is 
a removable singularity for u if wu can be extended continuously in 7, so that 
the resulting function is harmonic in the whole of EF. 

The pole x, is not a removable singularity for F(-;2,). This suggests that 
for a singularity at x, to be removable, the behavior of u near x, should be 
better than that of F'(-; 2). 


Theorem 5.2c. Assume that 


im Ue) _ a 
ey F(x;20) t ou 


Then xo is a removable singularity. 


Proof. Let v be the harmonic extension in the ball B,(x,) of u lig (0) Such 


an extension can be constructed by the Poisson formula (3.9) and Theorem 3.1. 
The proof consists in showing that u = v in B,(x,). Assume N > 3, the proof 
for N = 2 being similar. Consider the ball B:(x,) C B,(#_) and set 


M: = Iu ad Ul |osOBelas): 


By (*«), for every fixed n > 0, there exists €, € (0, p) such that M_ < e?-Vn 
for all e < €,. The two functions 


wt = M- (a) +(u—v) 


are harmonic in the annulus ¢ < |z—2,| < p and non-negative for |x—2,| = p. 
Moreover, on the sphere |a — %| = € 
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w 


=M,+(u-—v > 0. 


ree ) ene 


Therefore, by the maximum principle, for all e¢ < |a — x,| < p 


MeeN-? n 


eS a= aN * Joma? 


Theorem 5.3c. Assume that 


lim |x — 2.|%~'Vu- aay 
L>Lo |x — Xo| 


Then &o is a removable singularity. 


Proof (Hint:). Let v be the harmonic extension of ulag,(2,) into Bp(xo), and 


for e € (0, p) set 

L—LXLo 

D-= sup |V(u—v)-——}. 
OBp(ao) |Z — 2o| 


Introduce the two functions 


4 eo ( 
wu =O (UU 0 
(N — 2)|2 — xo|N~? 
and prove that a minimum for w* cannot occur on 0B.(x9). | 


5.10. Prove that if 


lim 2 for some cE R 
a2 F(x; Lo) 


then u = cF(-;a_) + v, where v is harmonic in E. 

5.11. The previous statements assume that u has a limit as 7 > 25. Prove 
that if u is a non-negative harmonic function in the punctured ball By — 
{0}, then the limit of u(x) as |x| > 0 exists, finite or infinite ({100]). 


7c About the Exterior Sphere Condition 


The counterexample of Lebesgue leads to a question that can be roughly 
formulated as follows. How wide should the cusp in Figure 7.1 be, to ensure 
the existence of solutions? The correct way of measuring “how wide” a cusp 
should be is by means of the concept of capacity introduced by Wiener ({277]). 
The capacity of a compact set K C RY is defined by 


cap(K) = inf |Vo|?dz. 
vecgo(RN) Jpn 
v>1 on K 


8c Problems in Unbounded Domains 93 


Such a definition can be extended to Borel sets. Now consider a domain E 
whose boundary has a cusp pointing inside FE as in Figure 7.1. Let x, be the 
“vertex” of the cusp, and consider the compact sets 


Ky = (RX = E) M Dien (x) ne N 


obtained by intersecting the region enclosed by the cusp, outside E, with balls 
centered at x, and radius 2~”. 


Theorem 7.1c (Wiener [278]). The following are equivalent: 


(i). There exists a barrier H(a.;-) for the Dirichlet problem (6.2) at x» 
(ii). The series \~ cap(K,y) is divergent. 


For a theory of capacity and capacitable sets, see [136, 181, 154]. 


8c Problems in Unbounded Domains 


8.1. Compute (8.5) for N = 2,3 first. Then proceed by induction for all N. 


Use 2.3 and 
ee) pN-2 F m/2 Pe 24 
——————— — sint)*~ “dt. 
fo weapnen [nd 


8.2. Having in mind 3.7 and the representation formula (3.2), justify the 
definition (8.2) of the Poisson kernel for the half-space. 

8.3. Give a solution formula for the Neumann problem in the half-space. 
Discuss uniqueness. 

8.4. Let E C R® be bounded, connected, and with boundary OE of class 
C!. Prove that there exists at most one solution to the boundary value 
problem in the exterior of EF 

ue C?(RN — E)NC(RN—E), Au=0 in RN-E 


Glas =p € C(0E), , ae u(x) = 
x|—>0o 
for a given constant y. 


8.1c The Dirichlet Problem Exterior to a Ball 
Let N > 3, set E = |x| > R for some R > 0, and consider the exterior problem 


uEC(E)NC(E), Au=0 in E 


=y € C(OE), | ne u(x) = ¥ (8.1¢) 
x\|—>-0o 


Ul ol=R 


for a given constant y. 
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Step 1. First apply the Kelvin transform to map EF into Br — {0}. Then 
introduce the new unknown function 


2 
oly) = [yu (=) p20 


With the aid of Theorem 5.2c, verify that the singularity y = 0 is remov- 
able. Then, in terms of the new coordinates, (8.1¢) becomes 


v€C?(Br)NC(Br), Av=0 in Br (8.2c) 


lop, = R?-N € C(OBp). (8.3c) 


Step 2. Solve (8.2c) by means of Poisson formula (3.9). Return to the orig- 
inal coordinates « by inverting the Kelvin transform. In this process use 
formula (3.6). To the function so obtained add a radial harmonic function 
vanishing for |z] = R and satisfying the last of (8.1c). The solution is 


“o=f-(5) nw aa 


9c Schauder Estimates up to the Boundary ([222, 223]) 


Let u € C?(E)M C(E) be the unique solution of the Dirichlet problem (1.2). 
If OE and the boundary datum y are of class C?"”, it is natural to expect that 
u € C*"(E). Prove the following? 


Proposition 9.1c Let u € C?(RX x Rt) mM C(RXN x Rt) be the unique 
bounded solution of the Dirichlet problem (8.1). If y(a) € C2"(R%) then 
u € C2-"(RN x Rt) and there exists a constant y depending only upon N, n 
and the diameter of the support of ~ such that 


Well. ae SRF < Il¢llen;e% - 


Moreover there exist a constant y depending only upon N and 7 and indepen- 
dent of the support of y such that 

| tea a, (x, ZN+1) — Unix; (y, yn+1)| p(x) _ p(y) 
sup TP aie ne SY SUP 

ewerN [lw — y|? + (Uta — ya)?” zyeRN |e —yl" 
EN41YN+1ERT 

Proof (Hint:). Apply the same technique of proof of Theorem 9.1 to the Pois- 
son integral (8.1). | 


The result of Theorem 9.1c is the key step in deriving C?*” estimates up to the 
boundary for solutions of the Dirichlet problem (1.2). The technique consist 
of performing a local flattening of OF. 


3 version of these estimates is in [101, 150]. Their parabolic counterpart is in 
[83, 151]. 
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10c Potential Estimates in L?(E) 


10.1. Compute the last integral in the proof of Proposition 10.1 by intro- 
ducing polar coordinates. Prove that for a = 1, the constant y in (10.3) 


is 

(p—1)/p 

1 ( pol ) : 2-N/ 

y= — diam(E) P. 
wifP(N — 2) \2p—N 


10.2. Verify that for N = 2 and a = 1, the constant y in (10.3) is 


1 
1 —— if diam(E) <1 
ep—1l - 
diam(E)”*> Indiam(E) if diam(Z) > 1. 
10.3. Prove the following 
Corollary 10.1lc Let FE = Br and N > 3. Then 


Arfllooe < NP, R) ( fu copay)” 


Br 


where 


(N, p,R) = 2Re Nee Ne ( a= a 
Y »P; = a AyT.CO” 


N-2 2p — N 
State and prove a similar corollary for the case N = 2. 

10.4. In Proposition 10.1 the boundedness of F is essential. For a = 2, give 
an example of f € L?(F) for some p > N/2 and E unbounded for which 
Arf is unbounded. 

10.5. If & is unbounded, the boundedness of Arf can be recovered by im- 
posing on f a fast decay as |x| > oo. Prove the following 


Lemma 10.1c Assume f € L?(E) for some p> N/2, and 
\f(z)| <Clz\-Pr? for |z| > Ro 
for given positive constants C, Ro, ¢«. Then Arf € L°(E), and there 
exists a constant y depending only on N, C, Ro, € such that 
|Arfllo,e <1 + |lfllez)- 
10.6. Give an example of Arf such that |VArf| € L?(E) and w2 ¢ L*(E). 


10.1c Integrability of Riesz Potentials 


The proof of Proposition 10.1 shows that the constant y in (10.3) deteriorates 
as gq > Np/(N—ap) +. However, (10.3) continues to hold also for the limiting 


case 
Np 


(N — ap)+’ 
The proof for such a limiting case however, is rather delicate and is based on 
Hardy’s inequality ({115], also in [50], Chapter VIII, §18). 


q= provided ap<N. 
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10.2c Second Derivatives of Potentials 


If f ¢ C"(E), then Arf is twice continuously differentiable, and formally 


(Ar f)a2;(2) = [ Pope, (sy) f(y)dy. (10.10) 


The integral is meant in the sense of the improper integral 


| Faiz; (z; y)f (y)dy = lim Puja; (2; y)f (y)dy. 


&> JEN[|e—y|>€] 


The limit exists, since f € C"(F). However, if f € L?(E) for some p > 1, such 
a representation loses its classical meaning. It is natural to ask, in analogy 
with Proposition 10.1, whether one may use (10.1c) to define (Arf)2,2, in a 
weak sense and whether such weak second derivatives are in L4(F) for some 
q => 1. It turns out that 


f €L(B) => (Arf)ae,€L7(E) for 1<p<oo. 


The proof of this fact cannot be constructed from (10.1) for a = 0, since 
the latter would be a divergent integral even if f € Co°(). One has to rely 
instead on cancellation properties of the kernel in (10.1c). These estimates are 
due to Calderén and Zygmund ([27], see also [246]). 


‘eat 
Check for 


3 updates 


BOUNDARY VALUE PROBLEMS BY 
DOUBLE LAYER POTENTIALS 


1 The Double-Layer Potential 


Let © be an (N — 1)-dimensional bounded surface of class Ct in R% for 
N > 2, whose boundary 0 is an (N — 2)-dimensional surface of class C?. 
Fix 2» € RN — ¥ and consider the cone C(’,x.) generated by half-lines 
originating at x, and passing through points of 0X’. Let a(a,) denote the 
solid angle spanned by C(2’,2,), that is, the area of the portion of the unit 
sphere centered at x, cut by the cone. The double-layer potential generated 
in Z» by a distribution of dipoles identically equal to 1 on » is defined by 
OF (xo; y) =1 f @o~y)- a) , 


W(d, Lo) =— ———do = 


: 1.1 
ony) nis eae oe 


Here n(-) is the unit normal to Y exterior to the cone C(X’,2,), and F(-;-) is 
the fundamental solution of the Laplacean, introduced in (2.6) of Chapter 2. 
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The same cone is generated by infinitely many surfaces; however, the double- 
layer potential depends only on 2, and the solid angle a(a,). This is the 
content of the next proposition. 


Proposition 1.1 Let X; and X2 be any two surfaces generating the same 
cone C(S’,%). Then 


a(Xo) 


WN 


W (51,20) = W(X, to) = W(X, 2) = 


Proof. Let E be the portion of the cone C(41,2%0) = C(2X2, 20) included by 
the surfaces 1; and X’5. Since x, is outside E 


1 (fo — y) - n(y) 
0= f AF dy = — 7 da 
gp (05 wy WN JAB-(X1UE2) [ta yl 
OF (xo; y) OF (Xo; y) 

——_— do - —————do. 
Dy On(y) Do On(y) 


The first integral on the right-hand side vanishes since (x, — y) is tangent to 
the cone and thus normal to n(y). Therefore W(1, 70) = W(X, 2%). 

Next, since W(2’,2,) is independent of 2’, we replace ©’ with the portion 
of the sphere 0Br(a,) cut by the cone, that is 


So = OBR(Xo) NC(L', 2%) for some R > 0. 


The normal to X’, exterior to the cone is 


Y — Xo 
n(y) = ———. 
ly — 2o| 
This in (1.1) gives 
1 a(ao) 
W(S', x2.) = -——_—_——_ do = : | 
( so) wy RN-1 [, ao WN 


In what follows E, is a bounded open set in RN with boundary OE of class 
Cl” for some a € (0,1). The double-layer potential generated at a point 
ro € RN — OF by a continuous distribution of dipoles y > v(y) on OE is 


ae wy oZ Get) ae 
W (QE, to; 0) = i: “aaa 4 (1.2) 
_=1f yp(to-v)-mW) 4, | 
wn Jar Jzo — y|™ | 


Proposition 1.2 In (1.2) let v =1. Then 


1 for x,€ E 
W(9E, 2»; 1) = . Hid ae (1.3) 
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Proof. The first follows from the Stokes identity (2.3)—(2.4) of Chapter 2, 
written for u = 1. If x, is outside F, the function y > F(2x,;y) is harmonic 
in E. Therefore 


OF (#534) 


dao = 0. 7] 
op Only) 


| Ay F (Zo; y)dy = 
E 


2 On the Integral Defining the Double-Layer Potential 


As x, tends to a point x € OF the integrand in (1.2), becomes singular. Such 
a singularity however is integrable. This is the content of the next lemma. 


Lemma 2.1 There exists a constant C' depending only on N, a, and the 
structure of OF such that 


(v= y)-n(a)l 


< C——_——__ for all x,y € OE. 
lz —y|% [cays 


Proof. It will suffice to prove the lemma for all |~ — y| < 7 for some 7 > 0. 
Fix x € OF and assume, after a translation, that it coincides with the origin. 
Since OF is of class C1“, there exists 7 > 0 such that the portion of OE within 
the ball B,, centered at the origin, can be represented, in a local system of 
coordinates, as the graph of a function y satisfying 


Ev = 9(§), € = (81,---,€n-1), [El <7 
gecra(|g) <n), 9(0)=0, |Vy(0)| =0 (2.1) 
IVvp()| < Cy |é|* for a given positive constant Cy. 


Fig. 2.2 


Then n(0) is the unit vector of the y-axis, exterior to E, and in the new 
coordinates 
IE < yl S 1+ IV elloo,B, IE 


and 
| — y-n(0)| = |y(€)| < Cy |e|"**. fal 


Let x € OF and for ¢ > 0 let S.(x) = OEM B-(x) denote the portion of OE 
within the ball B-(x) centered at x and radius e. 
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Lemma 2.2 There exist constants C and €5, depending only on N, a, and 
the structure of OE, such that for every € < €o 


[ eo -mlae <c 
S.(x) |z—y| 
uniformly for all z © B.(a). 


Proof. Fix such a z € B(x). Since OE is of class C'*%, we may choose €5 
so small that z has a unique projection, say z,, on OE. Set 6 = |z — z,| and 
compute 

Jz — yl? = zp — yl? + 8? — 2(zp — y) - (zp — 2). 
Since z, € OL, by Lemma 2.1 


an — & 


l(2p — y) - (Zp — 2) = |p — y)- 
Pp Pp P Es _ z| 
= (Zp =) n(Zp)|d < Clzp — y| 6. 
Therefore 


lz — y|? = |zp — yl? + 0? — 2Clzp — yl’ +96 > F(lzp — y| +6)? 


provided €, is chosen sufficiently small. Also 


\(z—y)-n(y)| < (Zp —y)- niy)|+0< Clzp — y| ro +6. 


Therefore A 
(z@=y) mle Gl = yl +6 
Iz—ylX  (l& — yl + 6) 
From this 
— wy): 1 
[earls f — 
se(z) |2—YI S-(x) [Zp — YI 7 
d 
+ C6 c 


9.(a) (l4e—yl +4)” 


The first integral is convergent, since zp € OF, and it is bounded above by 


1 
sup [ ——.—— do. 
sconJan \e—yl- 


To estimate the second integral, first extend the integration to the larger set 
S2-(Zp). Then introduce a local system of coordinates with the origin at zp, 
so that S-(zp) is represented as in (2.1). This gives 


do d& 
5 | —————. < 0,6 —_———- 
se(a) (lt — yl +5)8 ~ PF Sigycoe (lE| + 5)% 


oe ide 
< cs | oe? a Ne ia 
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3 The Jump Condition of W(0E,x,;v) Across OE 


We will compute the limit of W(0E, 79; v) as x» > OE either from within FE or 
from outside F. Having fixed x € OE, denote by {x'} C E asequence of points 
approaching x from the interior of E. Likewise, denote by {2°} C RN — Ea 
sequence of points approaching x from the exterior of E. 


Proposition 3.1 Let v € C(OE). Then for all x € OF 
F 1 1 —y)- 
in Wen ea) =e) — | ay 2 
rin 2 wn Jan |a _ y| 


1 1 —y)- 
lim W(0E, x°;v) = —=v(x) — — v( Me y) nly) de 
Lex 2 wy Jor |ar a y| a 


Combining these limits gives the jump condition of the potential W (OE, xo; v) 
across OL. 


Corollary 3.1 Let v € C(QE). Then for all x € OF 


lim W(0E, 2’; v) — lim W (OE, 2°;v) = v(x). 


Fie a 


Proof (of Proposition 3.1). For ¢ > 0, let S.(x) = OE NM B-(a) and write 


dE Se (x) 


jz? — y|¥ ee 


+f wy) oj Se ae 
Se(a) 


|z* — yl¥ 


7 oly) 2D ag 
_ ) [at — y|¥ i 


Choose € < €,, where €, is the number claimed by Lemma 2.2, and set 


-{ (=) nly) — y) nY) ag = a(e, 2") 
Se(2) 


|x? — y|% 


where by Proposition 1.1, a(e,’) is the solid angle of the cone generated by 
the lines through z' and the points of 09-(x). By Lemma 2.2 


< sup |v(y) — v(2)| 
yES.(x) 

<C sup _|v(y) — o(z)|. 
yES- (x) 


Therefore 
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Now let x’ > x to obtain 


lim W(0E, 2’; v) = (0) $2) - 
N 


Hao 


O(e) 


2 oly) ea) 28) ais 
—_— ) ee | : 


(3.1) 


where a(¢;x) is the solid angle of the cone generated by lines through x and 
points of 0S-(x). As e > 0, a(e;2) + Zwy. To prove the proposition, we let 


€ — 0 in (3.1) with the aid of Lemma 2.1. 


Corollary 3.2 For all x € OE 


Lf (@-y)-ny), 1 
fe eae = : 


WN Jz — y|% 2 


Proof. Apply (3.1) with v = 1 and use (1.3). 


Remark 3.1 Combining this with Proposition 1.2, we conclude that the 
double-layer potential « — W(0E;x) generated by a constant distribution 
of dipoles on OF, at points x € RY, is a function that is discontinuous across 


O02, and its values are, up to a multiplicative constant 


for rE EB 
for « € OF - 
for c € RX —E. 


W(0E;2) = 


Onirp ke 


(3.2) 
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4 More on the Jump Condition Across 0E 


Fix « € OE and denote by n(x) the outward unit normal at x. For x € 
RY — OF, set 


7 es % (to ~y) -n(z) 
WOE Re =) Oe ae (4.1) 


As &9 — « the behavior of W(QE, xo; v) is similar to that of the double-layer 
potential W (OE, x,;v), provided x, approaches x along the normal n(x). Let 
{x'} and {x°} denote sequences approaching x from the inside and respectively 
outside of E’, say for example 
x’ =a — 6n(x), xv = a+ den(z) 
where {6;} and {6.} are sequences of positive numbers decreasing to zero. 
Proposition 4.1 Let v € C(OE). Then for all x € OE 
i. 1 —y)- 
lim W(0E, x';v) = gu(z) - . ite 


510 WN 
og re 1 (x — y) -n(2) 
— W(0E, x°;v) = —50(2) — - v rae do. 
Corollary 4.1 Let v © C(OE). Then alla € OE 
lim W(0E, 2’; v) — Jim, W(0E, x°;v) = v(2). 


nin 


Proof (of Proposition 4.1). We prove only the first statement. Write 


Jim, WEB, 24s0) = Jim [p(y AAO) 


5:0 WN Jor |x? — y|N 
Be . 
in (at —y) -n) 5 
5:0 WN Jan |x? — y|N 


The second limit is computed by means of Proposition 3.1, and equals 
1 1 x—y)-nly 
=v(x) — — | 1G — 2 ay, 
2 WN JAE |x —y| 
To compute the first limit, set S2. = OEM Bo-(x) for 0 << ¢ <1, and write 


fq) 2a OO 2) 4 
OE 


jz? — y|% 


a i) a ty) ne) 
OE—Bo-(z) 


|x? — y|% 


(x' — y) - (n(y) — n(a)) 
a do. 


|z* — y|% 
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Without loss of generality, we may assume that the sequence {x*} is contained 
in B(x). Then for ¢ fixed 


” (yy EB alw) = ) , 
6:40 Jan Bo. (2) |z* — y| 


-| vy a) OW) = n(@)) 4, 
JE— Bo. (a) 


jz — yl 
It remains to prove that 


im He (a= y) (aly) = n(x) 4 
5:0 J gy. (a) |? — y| 


eS fy a 


Compute 
|x" — y|? = |x — yl? + 67 + 26;(x — y)- n(2). 


By Lemma 2.1, since |x — y| <€ 
|(x — y) - n(x)| < const|z — y|’t* < e%const|x — y]. 


Therefore, if ¢ is chosen so small that e%const < 1 
i 2 2 2 a i 2 
|x’ — yl" > |a — y|” + 05 — 2e%const|x — y|d; > qile — yl + 4) ; 


Next estimate 


(ei -y)- (ny) = n(@))| 2 de yl Jc — yl@ 
la — y|% = Tet — yt = a yf +6 

ets ees 

~ jn—y|N-l-a 


for a constant y depending only upon N and the structure of OF. Therefore 
to compute the last limit, it suffices to pass to the limit under the integral 
with the aid of the Lebesgue dominated convergence theorem. o 


5 The Dirichlet Problem by Integral Equations ((192]) 


Let E be a bounded domain in R with boundary OE of class C!* for some 
a € (0,1), and consider the Dirichlet problem (1.2) of Chapter 2. Seek a 
solution of such a problem in the form of a double-layer potential 
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for some unknown density v € C(OE). To impose the boundary data u = y 
on 02, let x tend to points of OE. Using Proposition 3.1, we conclude that 
v(-) must satisfy the integral equation 


5U=] Kolsy)vlyjdo+y (5.2) 


where Kp(-;-) is the Dirichlet kernel 


1 (v—y)- ny) 


(5.3) 


Proposition 5.1 Suppose that (5.2) has a solution v € C(OE). Then (5.1) 
for such av defines a solution of the Dirichlet problem (1.2) of Chapter 2. 


Proof. The function u defined by (5.1) is harmonic in EF, and by Proposi- 
tion 3.1, it takes the boundary values y on OL. o 


For v € L~(0E), set 
Apv= | Kp(-;y)u(y)do. (5.4) 


Proposition 5.2 The function x > Apv(x) is continuous in OE. 


Proof. Let {x,} be a sequence of points in OF converging to some x, € OF. 
First observe that {AK p(#n;-)} > Kp(xo;-) ae. in OF. Then write 


lim |Apv(tn) — Apv(xo)| S tim [ |Kp(2nsy) — Kp(xo;y)||v(y) dy. 
OE 


Pass to the limit under integral, with the aid of Lemma 2.1 (5.2. of the 
Complements). oO 


Corollary 5.1 Let {v,} be equi-bounded in L° (OE). Then {Apvn} is equi- 
bounded and equi-continuous in OF (5.3. of the Problems and Complements). 
6 The Neumann Problem by Integral Equations ({192]) 


Consider the Neumann problem (1.3) of Chapter 2 for a datum w € C(0E). 
For « € OF, such a datum is taken in the sense 


lim Vu(x — dn(a)) -n(a) = (a). (6.1) 


Seek solutions of the Neumann problem in the form of a single-layer potential 


u= | F(-;y)v(y)do (6.2) 
OE 
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where F‘(-;-) is the fundamental solution of the Laplacean, introduced in (2.6) 
of Chapter 2, and v(-) is an unknown surface density. To compute v, impose 
the boundary condition in the sense of (6.1). First, for 2’ € E and x € OE, 
compute 


Then take x’? = x — 6n(x) and take the limit as 5 > 0 of the integral on the 
right-hand side by making use of Proposition 4.1. We conclude that v(-) must 
satisfy the integral equation 


sv= | Kn(sy)uo(y)do+y (6.3) 


where Ky(-;-) is the Neumann kernel 


Kw(0;y) = ae (6.4) 


Proposition 6.1 Suppose that (6.3) has a solution v € C(OE). Then (6.2), 
for such av, defines a solution to the Neumann problem (1.3) of Chapter 2. 


Proof. The function defined by (6.2) is harmonic in F and by the previous 
calculations, satisfies the Neumann data on OF. a 
Theorem 6.1. A necessary and sufficient condition of solvability of (6.3) is 
that w be of zero-average over OF, i.e., that (1.4) of Chapter 2 holds. 


Proof (Necessity). Integrate (6.3) over OF in do(«x). By Corollary 3.1 
1 
Kn (x;y)do(z)=— | Kp(y;x)do(x) = 5. a 
dE dE 
The sufficient part of the theorem will be proved in the next Chapter. 
For v € L*°(0E) set 
Ayv= Kn(sy)u(y)do. (6.5) 


Proposition 6.2 The function x > Anyv(x) is continuous in OE. 


Corollary 6.1 Let {v,,} be equi-bounded in L*° (OE). Then {Anvn} is equi- 
bounded and equi-continuous in OF. 
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7 The Green’s Function for the Neumann Problem 


Consider the family of Neumann problems 


N(a;-) € C?(E)NCl(E) forall ze E, A,N(z;y)=k in E 


F(a;y), yeOE (7.1) 


aay) = Sag) 


where F' is the fundamental solution of the Laplacean, introduced in (2.6) of 
Chapter 2, and k is a constant. Integrating the equation by parts and using 


(1.3) gives 
iF * 
k\B| =| OF (23) 4g = -1. 
ap On(y) 
Therefore, a necessary condition of solvability is k = —|E|~!. Assuming for 


the moment that (7.1) has a solution set 


(x,y) > G(a;y) = F(a;y)-—N(a;y) for «#y. 


This is called Green’s function for the Neumann problem, and it satisfies 


A,G =—k in E, G(a;y) =0 on OF; aH y. (7.2) 


a) 
dn(y) 
Green’s function is not unique; indeed if G(a;-), is a Green’s function, then 

G(a;-)+ v(x) for all v € C?(E) 


is still a Green’s function for the Neumann problem. Having determined one 
such a function, say for example G(x; y), we let 


v= —f cindy and G(x;y) os Gi (x;y) + v(2). 


In this way, among all the possible Green’s functions for the Neumann prob- 
lem, we have selected the one with zero-average for all « € EF. Such a selection 
implies that G(-;-) is symmetric. This is a particular case of the following 


Lemma 7.1 Let G(-;-) be a Green’s function for the Neumann problem sat- 
isfying 
xu ; G(x; y)dy = const. 
E 
Then G(x; y) = G(y; 2). 


The proof is the same as in Lemma 3.1 of Chapter 2. From now on, we will 
select G satisfying the zero-average property. Therefore, by symmetry 


A,G=A,G=-k in E for «fy. 
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Let u be a solution of the Neumann problem (1.3) of Chapter 2. From the 
Stokes identity (2.3)—(2.4) of Chapter 2, subtract the Green’s identity (2.2), 
of the same Chapter, written for u and N(a;-). This gives 


U= wG(sy)do—k f udy. 
dE E 
If u is a solution of the Neumann problem, then u+ C are also solutions of 
the same problem, for all constants C’. Choosing 


C= -} udy 
E 


we select, among all solutions of the Neumann problem, the one with the 
zero-average property and satisfying the representation 


u= |] oG(sy)do. (7.3) 


This representation is a candidate for a solution of the Neumann problem. By 
the symmetry of G(-;-) 


Agu = WA,G(-;y) do = —k wdo =0. 
dE dE 

Thus the condition that a be of zero-average over OE is necessary for (7.3) to 
define a harmonic function. It would remain to establish that the boundary 
datum is taken in the sense of (6.1). This verification could be carried out 
if one had an explicit expression for G(-;-). This would be analogous to the 
Dirichlet problem for the ball, where a verification of the boundary data was 
possible via the explicit Poisson representation of Theorem 3.1 of Chapter 2. 

Even though the method is elegant, the actual calculation of the Green’s 
function G(-;-) can be effected explicitly only for domains with a simple ge- 
ometry such as balls or cubes (see Section 7c of the Complements). 


7.1 Finding G(-;-) 
One might look for G(-;-) of the form 
G(a;y) = F(a;y) — yolyl” + h(x; y) 


up to the addition of a function « — v(x). Here 7, is a constant to be deter- 
mined, and 


h(a;-) € C?(E)NC'(E) is harmonic for all x € E. 


Such a G(-;-) satisfies the first of (7.2) for the choice 2Ny, = k. Imposing the 
boundary conditions on G(«;-) implies that h(x;-) must satisfy 
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eee Oh(a;y) _ OF (x;y) 
Ah(a;-) =0 in E, “Fay = 2yoy -n(y) — Sata on OF. 


This family of Neumann problems can be solved by the method of integral 
equations outlined in the previous section. Specifically, one looks for h(x;-) in 
the form of a single-layer potential 


Ae 4) = I. v(a;n)F(y;n)do(n), x,yEek 


where the unknown x-dependent density distribution v(z;-) satisfies the inte- 
gral equation 


<u (a: y) = 2yoy - n(y) — Sa Le u(2; 7) 2) nw) do(7). 


2 On(y) "wn ly—al% 
This integral equation is solvable if and only if 
| DRE ye). eal ew, 
az On(y) 


This is part of the existence theory for such integral equations that will be 
developed in the next chapter. To verify the zero-average condition, compute 


EF ae 

| OPA) i —W(9E, 2:1) =—1 
az On(y) 

by Proposition 1.2. On the other hand, by the divergence theorem and the 

indicated choices of y, and k 


20 | y-n(y)do = ro f div V|y|?dx = 2N7|E| = —1. 
dE B 


8 Eigenvalue Problems for the Laplacean 


Consider the problem of finding \ € R — {0} and a nontrivial u € C?(E)N 
C"(E), for some 7 € (0,1) satisfying 


Au=—Au in E, and wu=0 on OF. (8.1) 


This is the eigenvalue problem for the Laplacean with homogeneous Dirichlet 
data on OL. If (8.1) has a nontrivial solution, by the results of Section 12 of 
Chapter 2, such a solution u satisfies 


u= aff G(-;y)udy (8.2) 


where G(-;-) is the Green’s function for the Laplacean in E. The nontrivial pair 
(A, u) represents an eigenvalue and an eigenfunction for the integral equation 
(8.2). Conversely, if (8.2) has a nontrivial solution pair (A,u), such that u € 


C"(E), for some 7 € (0,1), then by the same procedure of Section 12 of 
Chapter 2, such a u is also a solution of (8.1). We summarize 
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Lemma 8.1 A nontrivial pair (A,u) is a solution of (8.1) if and only if it 
solves (8.2). 


8.1 Compact Kernels Generated by Green’s Function 


Let E be a bounded open set in RY with boundary QE of class C1! and let 
G(-;-) be the Green’s function for the Laplacean in E. Set 


D(E)3 f> Acf= [ecwtway for some p> 1 (8.3) 


provided the right-hand side defines a function in L4(£) for some q > 1. 


Theorem 8.1. Ag is a compact mapping in L?(E) for all 1 < p< o, ie., 
it maps bounded sets in L?(E), into pre-compact sets in L?(E). 


Green’s function G is defined in (3.3) of Chapter 2, where F'(-;-) is the fun- 
damental solution of the Laplace equation in R", for N > 2, defined in (2.6) 
of Chapter 2, and @ is introduced in (3.1) of the same Chapter. Setting 


Arf= [ Footway 
D(E)afr for some p> 1 (8.4) 


Aare I B(-sy)fly)dy 


the proof reduces to showing that both Ap and Ag are compact in L?(F). 


9 Compactness of Ar in L?(E) for 1 < p< oo 


The operator Ay maps bounded sets in L?() into bounded sets of L?(E£), for 
alll < p< o. This is content of Proposition 10.1 of Chapter 2. For p > N, the 
compactness of Ar follows from Corollary 10.1 of Chapter 2. Indeed, in such 
a case, Ag maps bounded sequences { f,} C L?(F) into sequences {Arf,} of 
equi-Lipschitz continuous functions in E. Therefore compactness follows from 
the Ascoli-Arzela theorem. 

To establish compactness in L?(F) for 1 < p < N, for a fixed vector 
h € RX, introduce the translation operator 


o(- +h) if -+heEk 


Pp a 
DE) 20> Thy = . otherwise. 


Also for 6 > 0 set 
Es = {x € E | dist(x, OE) > 6}. (9.1) 


The proof uses the following characterization of pre-compact subsets of L?(F) 
({50] Chapter 5, Section 22). 
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Theorem 9.1. A bounded subset K C L?(E), for 1 < p < oo is pre-compact 
in L?(E) if and only if for every « > 0 there exists 6 > 0 such that for all 
vectors h € R% of length |h| < 6, and for allu € K 


|Tv - U||p,B <€ and l|vllp,B— zs <E. (9.2) 


To verify the assumptions of the theorem, set v = Apgf and use Proposi- 
tion 10.1 of Chapter 2 and (10.3) of the same Chapter, for a = 1. Fix 6 > 0 
so small that E — E; is not empty and let h € R% be such that |h| < 6. Then 


| we+n-@) \\dx < Sule + th) de 
Es Es 


<|h ia i |\Vu(a + th)|dadt 
< [AE @|VArSllae <All flee 


where p and q are as in the indicated proposition, including possibly the 
limiting cases. Therefore for all o € (0, =) 


i) |T,v — v|Pdx = | |Thv — y|P7tPA-) day 
Es Es 


Be p(t) pe 
< (/ |Tv — ular) (| |T),v — v| tre ax) ; 
E's Es 
Choose o from 


pil—o) Np ca. ie 
=1e (nae ) fi p(q— 1)’ 


One verifies that such a choice is possible if g is in the range (10.2) of Chap- 
ter 2, for a = 1. Therefore 


| |T,v — v|Pda < 5? | FE o) 
Es 
On the other hand 
= p/4 
I |Tv — viPdx < 2?|E — Es) U/ el*ar) 
E-Es i 
<yE-Es\ 7 FIP 2 


Since OE is of class C1, there exists a constant y depending on N and the 
structure of OF such that |E — E5| < yd. Combining these estimates 


Tnv — Ullp,e = |ThArf — Arfllp.e <5 (1+ (\fllp.z)- 7 
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10 Compactness of Ag in L?(E) for 1 < p < co 


Since @(a;-) is harmonic in E and equals F'(x;-) on OF, possible singularities 
of ®(a;y) occur for « € OE. Therefore, for 6 > 0 fixed, B(-;y) € C™°(Es) 
uniformly in y € E. If {f,} is a bounded sequence in L?(E), then the sequence 
{Aofn} is equi-bounded and equi-continuous in Es. By the Ascoli—Arzela 
theorem, a subsequence can be selected, and relabeled with n, such that for 
every € > 0, there exists a positive integer n(€) such that 


|Aofn — At fimllo,zs < € for n,m> n(e). (10.1) 


The selection of the subsequence depends on 46. Let {6;} be a sequence of 
positive numbers decreasing to zero, and let {Ag fn, } be the subsequence, out 
of {Asfn}, for which (10.1) holds within E;,. By diagonalization, one may 
select a subsequence, and relabel it with n, such that {Aef,} is a Cauchy 
sequence in C(Es,) for each fixed 7 = 1,2,.... We claim that {Aof,} is a 
Cauchy sequence in L?(F). Fix ¢ > 0 arbitrarily small and j € N arbitrarily 
large. There exists a positive integer m(e, 7) such that 


||Aofn = Ae fmlloo, Bs, < € for nm, ™m = m(e, j). 


Next, for n,m > m(e, J) 


|Aofe— Aofnll. = | |Aofn —AefnlPar+ [ |Aofn — Ao fm|?dx 
Es, E-E 


=o 
<orlz|+ | 
E-Es, 


Let us assume that N > 3, the proof for N = 2 being similar. By Proposi- 
tion 12.1 of Chapter 2 the last integral is majorized by 


ie 5(0;y) fay) — fon y) |dy| de. 


(| | [ F(a;y)| fn(y) — file) |E — Bs, |!-?/2 


for some q > p. o 


11 Compactness of Ag in L™(E) 
Lemma 11.1 Let f € L©(E). Then Ae f is Holder continuous in E. Namely, 
there exist constants y > 1 and0 <1 <1, that can be determined a priori in 


terms of N and the structure of OE only such that 


|Aef(x1) — As f(x2)| < Y|flloo,e|e1 — 22|" for all 21,22 € E. 
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Proof. The points x; € E being fixed, set 6 = |x —r2|*, where a > 0 is to be 
chosen, and denote by B;(#) the ball of radius 6 ned at = $(x1 +22). 
For such a 0, let Es be defined as in (9.1), where without loss of generality we 
may assume that 6 is so small that E45 4 @. Assume first that Bs(Z) C Eys. 
Then 


AsG)-AiG= [ (01; y) — (oa; yf (y)ay 


= iy Ca £Hs0 A(t = s)raiy)ds) F(y)dy 


= (x1 — 22) f v. (/ @(sx, + (1— s)eaiu)u)dy) ds 


The function Agf is harmonic in B25(Z), and sx; + (1 — s)x2 € Bs(Z) for all 
s € [0,1]. Therefore by Theorem 5.2 of Chapter 2 


iy. [eens yay] < [eens] 


sup 
x€ Ba5(Z) 


[lo, sup pf F(e;y)dy < “|| flleo,z- 


5 
Za 
a) 
Combining these estimates 


|Aof (x1) _ Ao f (x2)| < ‘ll leo 2 = 2l 


provided B;(%) C E25. Assume now that Bs(z) A (EH — Eos) #0, and write 
Agfa Agiiey= i. (01; y) — Bea; y)IF (y)dy 
Z a [®(1;y) — B(22; y)IF (y)dy 


+ | [(a1; y) — Bae; y)|f(y)dy = hi + he. 
E— E45 


I, = (%1 — 22) - i: Ve (f. Olax + (1 — s}eaiu) dy) as 


= (a1 — 22)- A ( 7 VyP(sa1 + (1 — s}raiv) uty) ds 


by symmetry of &(-;-). Since y + @(sx1 + (1 — s)x9;y) is harmonic in E45, by 
Theorem 5.2 of Chapter 2 


|\VP(sx, + (1— s)xa;y)| < 2 sup (sx, + (1 — s)ax9; z) 
6 z€Bs(y) 
< ; sup F(sa, + (1—s)aa;z) < oT 


z€Bs(y) 
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Therefore | | 
- t1— £2 
| < Wf llo,z oN-1 


Next 


il < f Wlexsw) + F(eaills olay 


< 7 (F(a; y) + F(a: w)IlF olay 
E— E45 


< II flloolE — E4s|/™ < | flloo.26/%. 
Therefore if Bs(%)M (E — E25) #0 


[Ae fer) ~ Anf(ea)| <3 (eal + 00¥), 


The remaining cases are treated by inserting between x; and 2, finitely many 
points {{,...,&}, so that each of the pairs (21,1), (€),&)41), and (€n, v2) 


falls in one of the previous cases. The number n will depend on the structure 
of OE. o 
Corollary 11.1 Ag is compact in L*® (EF). 


Corollary 11.2 Let u € L?(E) be a solution of (8.2). Then u € O"(E) for 
some 7 > 0. 


Proof. Applying Proposition 10.1 of Chapter 2 a finite number of times im- 
plies that u € L°(E). Then the conclusion follows from Lemma 11.1 and 
Corollary 10.1 of Chapter 2. Oo 


Remark 11.1 The corollary provides the necessary regularity for the eigen- 
value problems (8.1) and (8.2) to be equivalent. 


Problems and Complements 


2c On the Integral Defining the Double-Layer Potential 


2.1. Prove a sharper version of Lemma 2.1. In particular, find the optimal 
conditions on OF to ensure that 
Iz — y| 
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2.2. Consider the integral in (2.1). As 7, > a € OE, the integrand tends to 


(x — y)- n(y) 


je— yl v(y) for ae. y € OF. 


Moreover, such a function is in L1t*(QE) for some ¢ > 0. This follows 
from Lemma 2.1. However, the limit cannot be carried under the integral. 
Explain. 


5c The Dirichlet Problem by Integral Equations 


5.1. Let E C R% be open and bounded and with boundary OE of class C!. 
Formulate the following exterior Dirichlet problem in terms of an integral 
equation: 


uéC?(RX — E)NC(RX —E), Au=0 in RY-E 


tills =y € C(0E), | ue u(x) = 0. 
z|— co 


Compare with Section 8.lc of the Problems and Complements of Chap- 
ter 2. 


5.2. In the proof of Proposition 5.2, justify the passage of the limit under 
the integral. Hint: 


| Kp (easy) — Kp(eary)|lv@) Ide 
OE 
= | Kp (eai) — Kp(#o;9)|lv@) ldo 
JEN ||y—2o| <e] 
fe | Kp(tns¥) — Kp (o:y)|lv(@) |v: 
OEN([ly—#o|>e] 


5.3. Prove a stronger version of Proposition 5.2. Namely, if vu € L°(0E), 
then {Apv} is Hélder continuous with exponent a/N, where a is the 
constant appearing in Lemma 2.1. Hint: For 71,22 € OE 


|Apvu(a1)—Apv(22)| 


< Whee f 
WN OB 


May assume that |v, — %2| < 1 and set 


(ti~y)-ny)  (@2~y)-n(y)| 
jena |z2 — y|% 


O; = {y € dE||2; —y| < \vy = a 


Divide the integral into one extended over 0,02 and another one extended 
over the complement. 
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6c The Neumann Problem by Integral Equations 


6.1. Let E C R% be open and bounded and with boundary OE of class C!. 
Formulate the following exterior Neumann problem in terms of an integral 
equation: 


ué C?(RX —E)NC'\(RN—E), Au=0 in RN-E 


Gatlon =p € C(0E), ue u(x) = 0. 


6.2. Prove a stronger version of Proposition 6.2. Namely, if vu € L° (OE), 
then {Ayv} is Hélder continuous with exponent a/N, where a is the 
constant appearing in Lemma 2.1. 


7c The Green’s Function for the Neumann Problem 


7.1c Constructing G(-;-) for a Ball in R? and R® 
Attempt finding G(-;-) of the form 
G(a;y) = F(a;y) + O(a;y) + h(ayy) + ry!” 
——S SS 
—N(ayy) 


where F’ and @ are defined in (2.6) and (3.7) of Chapter 2 respectively, y is 
a constant, and h(z;-) is a suitable harmonic function in Br to be chosen to 
satisfy the last of (7.2). As in Section 7.1 one computes 2Ny,|E| = —1. Using 
the explicit expression of & 


7) 
—(F+6+>|y\*) = 
mnt) yyl") 


Therefore the harmonic function h(;-) has to be chosen to satisfy 


1 
———_—_—- + 2, R. 
wnRle—y2 | 


fo) -1 
Bnty) oY) = 


7.1.1c The Case N = 2 


Choose h = 0 and y, = —1/ 4x R? to conclude that Green’s function for the 
Neumann problem for the disc Dr C R? is 


1 |a| 1 R? 


G (as) = (inje =u E+ ne yl) — tu? = Fe 


up to an arbitrary additive smooth function of zx. 
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7.1.2c The Case N = 3 
The function h(z;-) is given by 


1 (€-y)-2 R 
h id = ——'] = — = — Fs. 
One computes 
-lfz é-y ) 
4rVh = — | — + * 
H (Z Ig —y| ) 


and 


7 2 1/2 = (< —) 
ArAhisS —— = a ee el a 
r= Fe yl aS, Isl Jey 
2 2 é-y =) 

SS eS ie 

He — ul ie (1+ pas [a] 


From (*), taking into account that € = R?x/|z|? 


Am ae =4nVh- Z 
-a(+ te 
RH \ |2| l€é-yl I€-yl 
1 x az —y)- 
=a (€-9- G+le-vl- Ze Sees) 
1 (g-0) tll] we 1 1 
RH \T é—yl lel} RO Je=al 


The last equality follows from (3.6) of Chapter 2, since y € OBr. We conclude 
that, Green’s function for the Neumann problem for the ball Br C R? is 


1 1 R 1 
Hain) =a (4 heal) 
1 x 1 2 
+ pm (@-»)- 5 +le-vl) - solv 


up to an arbitrary additive smooth function of zx. 


8c Eigenvalue Problems 


8.1. Formulate the homogeneous Neumann eigenvalue problem 
Au=-du in BE, Zu=0 on OE. (8.1c) 
8.2. Find eigenvalues and eigenfunctions of (8.1) and (8.1c), when EF is a 
parallelepiped in R® of sides a,b,c. Do the same for a disc Dr C R?. 
8.3. Let Ag be defined as in (8.3) with G replaced by G. Prove the analogue 
of Theorem 8.1. 


Check for 


4 updates | 


INTEGRAL EQUATIONS AND 
EIGENVALUE PROBLEMS 


1 Kernels in L?(E) 


Let E be a bounded open set in R“ with boundary OF of class Cl. For 
complex-valued f and g in L?(E), set 


: [ fgde and |[fll?=(f.f) 


and say that f and g are orthogonal if (f, g) = 0. A complex-valued dx x da- 
measurable function K(-;-) defined in E x E is a kernel acting in L?(E) if the 
two operators 


Af = [Ke Kw fu),  A*f = | R(y;-)F gay 


map bounded subsets of L?(E£) into bounded subsets of L?(F), equivalently, 
if there is a constant y depending only upon N and F such that 


AFI <ollfl and |A* fll <ollfll, for all f ¢ L°(B). 


It would be sufficient to require only one of these, since any of them implies 
the other. Indeed, assuming that the first holds 


(At f,9)| = | [([ Rteittonay) aaa 
=| [1 (Kosa (f Kesmoteyae) au) =U Ag)| <rIIflllgll 


The operators A and A* are adjoint in the sense that 


(Af,g) = (f, A*g) for all f,g € L?(E). 


Their norm is defined by 
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|Al| = sup |[Afl], — |[A*l| = sup |A*fIl. 
Wfll=1 Wfll=1 


By the characterization of the L?(£)-norm ([50], Chapter V, Section 4) 


eae I ( i K(esu)Sw)dy) ates 
= sur, sun | fs0( f Re natorar) ay 
Bee " aa a) 


1/2 
ale K(a;y)g(x)dx we a) = ||A*||. 


A similar calculation gives || A*|] < || A]]. Thus || A]| = || A*||. 

A kernel K(-;-) in L?(E) is compact if the resulting operators A and A* 
are compact in L?(E), i.e., if they map bounded subsets of L?(E) into pre- 
compact subsets of L?(E). If A is compact, A* is also compact. 

A kernel K(-;-) in L?(E) is symmetric if K (a; y) = K(y, 2) for a.e. (x,y) € 
Ex E. If it is symmetric and real-valued, then A = A*. 


(|All 


IA 
n 
= 
Eo} 
mn 
=I 
ue) 


lI 

oe 

rs 
a 


1.1 Examples of Kernels in L?(E) 


Given two n-tuples {y1,.-.,Yn} and {q1,...,Un} of linearly independent, 
complex-valued functions in L?(E), set 


K(a;y) = y pila)vi(y) for ae. (#,y)€ Ex E. (1.1) 


A kernel of this kind is called separable, or of finite rank, or degenerate. For 
such a kernel for any f € L?(E) 


[ Kom Flu)dy = & elf). 


Thus separable kernels are compact, but need not be symmetric. The Green 
function G(-;-) for the Laplacean with homogeneous Dirichlet data is a real- 
valued, symmetric, compact kernel in L?(E£) (see Theorem 8.1 of Chapter 3). 
This last example shows that a kernel K(-;-) in L?(E) need not be in L?(E x 


1.1.1 Kernels in L?(0E) 


If OE is of class C!* for some a > 0, one might consider complex-valued 
kernels defined and measurable in OF x OF and introduce in a similar manner 
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integral operators A and A* for such kernels, where the integrals are over 
OF for the Lebesgue surface measure on it. Examples of such kernels are 
the Dirichlet kernel Kp introduced in (5.3) and the Neumann kernel Ky 
introduced in (6.4) of Chapter 3. The corresponding operators Ap and Ay 
are introduced in (5.4) and (6.5) of the same Chapter. By Corollary 5.1 and 
Corollary 6.1 they map L?(0E) into L?(0E). The kernels Kp and Ky are 
real-valued but not symmetric. 


2 Integral Equations in L?(E) 


A Fredholm integral equation of the second kind in L?(£) is an expression of 
the form ([80]) 


w= df Kw y)dy + f (2.1) 


where \ is a complex parameter, f is a complex-valued function in L?(£), and 
K(-;-) is a complex-valued kernel in L?(£). A solution of (2.1) is a complex- 
valued function u € L?(£) for which (2.1) holds a.e. in E. 

To the integral equation (2.1) associate the homogeneous, and the adjoint 
homogeneous, equations 


u= aff K (a2; yU(y)dy, Y =x K(y;x)V(y)dy. (2.2) 


The general solution of (2.1) is the sum of a particular solution and a solution 
of the associated homogeneous equation. 


Lemma 2.1 The integral equation (2.1) has at most one solution if and only 
if U =0 is the only solution of the associated homogeneous equation (2.2). 


Denoting by I the identity operator, (2.1) can be rewritten in the operator 
form 


(I— AA)u = f. (2.3) 


2.1 Existence of Solutions for Small |A| 


Theorem 2.1. Let X and K(-;-) satisfy |A|||A]| < 1. Then for every f € 
L?(E), there exists a solution to the integral equation (2.1). The solution is 
unique if the associated homogeneous equation (2.1) admits only the trivial 
solution. 


Proof. If |A| is small, a first approximation to a possible solution u is uo = f. 
Then progressively improve the approximation by setting 


Un = AAUn-it+ f MS 12 yards (2.4) 


Set A° =I and A” = AA”! for n EN, and estimate 
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|A"ll = sup ||A"f|| = sup ||A(A"~")|| 
Wfll=1 Wfll=a 


EG aes ore = 
= sup — OA" fll < AAI 
i=1 Atl 


By iteration, ||A"|| < || Al|” for all n € N. With this symbolism, the approxi- 
mating solutions u, take the explicit form 


tn = oA‘. (2.5) 


i=0 


From this, for every pair of positive integers n > m 


nm . * 
[lun —Unll SIF Il 2 APA’ +0 as m,n oo. 
i=m+1 


Therefore {u,,} is a Cauchy sequence in L?(E) and we let u denote its limit. 
Also 
|| Aun, — Aul| < ||Al|||un—ul| 0 as n> ow. 


Therefore {Au,} — Au in L?(E). To prove the theorem, we let n > oo in 
(2.4), in the sense of L?(E). | 


Motivated by the convergence of the series $7 |A|'||Al|’ and by the formal 
symbolism of (2.5), write 


wey © Goa se (2.6) 
The operator (I— AA)~! : L?(E) > L?(E) is called the resolvent, and it 


satisfies 
(I— XA)(I— 4A)~* = (I— AA) (I-AA) = 


Since (A" f,g) = (f, A*”g) for all f,g € L?(E), there also hold 


((I— AA)" f,9) = (f, (I- 4A*)“"g). (2.7) 


3 Separable Kernels 
If the kernel A’(-;-) is of finite rank, as in (1.1), rewrite (2.1) in the form 
u-f=Ad ei f (u-fiidytr¥ of faeay. (3.1) 
i=1 E i=1 E 
The associated homogeneous and adjoint homogeneous equations are 


U=AS oi f Udidy, vaidw | ved. (3.2) 
i= BE 4=1. E 


w=1 
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3.1 Solving the Homogeneous Equations 


n 


Solutions of (3.2) are of the form U = S> wy; and V = > ww; where the 
i=1 i=1 

numbers w; = (U,y;) and w; = (V, yi) are to be determined. Putting this 

form of U into the first of (3.2) gives 


Yww=a¥ vf (F wseilw)) Flora 
=A ZY we f vibidy=a¥ (Say ws) 


= j 


where a;; = (yj, Yi). Since the set of functions {y;}} is linearly independent, 
this leads to the linear system 


(I = A(aiz)|w = 0, w= (wi, Peres slit (3.3) 


Analogously, putting the form of V into the second of (3.2) and taking into 
account that the set {7;}? is linearly independent leads to the linear system 


[I — A(aji)] W = 0, W = (ti,..., Wn)’. (33)* 


Let r be the rank of [I — A(a;;)]. If r =n then det[I — A(a;;)] 4 0 and (3.3)- 
(3.3)* have only the trivial solution. Otherwise, the systems have n—r linearly 
independent solutions, say w; and w, for 7 = 1,...,n —r, and (3.2) have, 
respectively, the n — r solutions 


n 
Uj = D7 wiz Pi; Vi= dD whi, Jal,....n—7. 
i=l i=1 


3.2 Solving the Inhomogeneous Equation 


Solutions to (3.1) are of the form u— f = y vii where the complex numbers 


vu, are to be determined from (3.1). Putting this in (3.1), and setting f; = 
(f, Wi), yields the linear system 


(I aad A(aiz)|V = MM. 


If det{I — \(a;;)] 4 0, then for every f € R%, this system admits a unique 
solution. Otherwise, the system is solvable if and only if f is orthogonal to 
the (n — r)-dimensional subspace spanned by the solutions of (3.3)*, that is, 
if and only if 


0=f- Wy = | Fiydedy = f FX wywedy 


= | Fay = (F.¥9), $= lhc rh 
E 
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Theorem 3.1. Let K(-;-) be separable. Then the integral equation (2.1) is 
solvable if and only if f is orthogonal to all the solutions of the adjoint homo- 
geneous equation (2.2). In particular, if X is not an eigenvalue of the matrix 
(a;;), then (2.1) is uniquely solvable for every f € L?(E). 


More generally, one might consider separable kernels of the type 


Kes) = 2 ils APCs A) (3.4) 
where 
Anpag i= i pilys YD; (ys dy (3.5) 


are analytic functions of \ in the complex plane C. Then det[I — A(aj;(A))] 
can vanish only at isolated points of C. Therefore, for such kernels, (2.1) is 
uniquely solvable for every f € L?(E) except for isolated values of \ in C. 


Remark 3.1 The theorem, due to Fredholm, discriminates between those 
values of \ that are eigenvalues of (a;;) and the remaining ones. For this 
reason it is referred to as the Fredholm alternative ([79, 80], see also Mikhlin 
[183] and Tricomi [260]). 


4 Small Perturbations of Separable Kernels 
Consider the integral equation (2.1) for kernels of the form 
K (5+) = Keep(5-) + Ko(3-) (4.1) 
where Kep(-;-) is separable and K,(-;-) is a kernel in L?(F). Setting 
Aof = | Koiwfydy,  Asf= | Kolys-)f(y)dy 
the perturbation K,(-;-) is said to be small if 
|Al||Aol| <1 and |Al|[Ag]| < 1. (4.2) 


This implies that the resolvent (I — \A,)~* is well defined in the sense of (2.6) 
and permits one to rewrite (2.1) in the form 


(I— AA,)u = | Keep(-s yudy + f 
E 
=A 3 wf wi(I — XAo)(1— AAp)u dy + f. 
ae E 


Set z = (I— AA,)u and observe that by (2.7) 
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| (I — XAy)~* (I — AA) u dy = | (I— AA*) "ab; z dy. 
E E 


Therefore, solving the integral equation is equivalent to solving 


2= > vf (I = NA*) ah; zdy + t: (4.3) 
i=l E 
This, in turn, has the associated adjoint homogeneous equation 
Y=AS C= Aas) "ws | aivay (4.4) 
i=1 E 


which can be rewritten as 


or equivalently 


n 


v=ArAD wf avdy +d Ko(ys)V dy = xf K (ys-)V dy. 
i=1 E E E 

This is precisely the adjoint homogeneous equation in (2.2) associated with 
the original kernel K(-;-). Thus V € L?(£) is a solution of (4.4) if and only if 
it is a solution of the adjoint homogeneous equation 


V=AA*Y, Ataf Kfay (4.5) 


associated with the original kernel. 


4.1 Existence and Uniqueness of Solutions 


By Theorem 3.1, the integral equation (4.3) is solvable if and only if f is 
orthogonal to all the solutions of the adjoint homogeneous equation (4.4), that 
is, if and only if f is orthogonal to all the solutions of the adjoint homogeneous 
equation (4.5). The solution of (4.3) is unique if the associated homogeneous 
equation 


n 
v=r°O vf vy; dy + Agu (4.6) 
i=l E 

admits only the trivial solution. We may regard this as an integral equation 
with separable kernel and with forcing term f = AA,v. By Theorem 3.1, such 
an equation has at most one solution if A is not an eigenvalue of the matrix 
(a;;). In such a case, since v = 0 solves (4.6), it must be the only solution. 
Recalling that A is restricted by the condition (4.2), we conclude that if A is 
not an eigenvalue of (a;;) satisfying |A| < ||Ao||7~1, then (4.6) has only the 
trivial solution, and consequently (4.3) has at most one solution. 
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Analogously, if \ is not an eigenvalue of (a;;) satisfying |A| < ||Aol|71, 
then (4.5) has only the trivial solution. Therefore any f € L?(E) would be 
orthogonal to all the solutions of the adjoint homogeneous equation (4.5), and 
therefore (4.3) is uniquely solvable for every f € L?(E). 


Theorem 4.1. If the kernel K(-;-) is a small perturbation of a separable ker- 
nel, in the sense of (4.1)-(4.2), the integral equation (2.1) is solvable if and 
only if f is orthogonal to all the solutions of the adjoint homogeneous equation 
(4.5). In particular, if X is not an eigenvalue of (a;;) such that |A| < ||Aol|7*, 
then (2.1) is uniquely solvable for every f € L?(E). 


More generally, one might consider kernels that are small perturbations of 
a separable kernel of the type of (3.4), with the corresponding functions in 
(3.5) analytic in the disc D = {|A| < ||AQ||~'} C C. Then det/[I — A(aij(A))] 
can vanish only at isolated points of D. Therefore, for such kernels, (2.1) is 
uniquely solvable for every f € L?(E) except for isolated values of in D. 


5 Almost Separable Kernels and Compactness 


A kernel K(-;-) in L?(£) is almost separable if for all ¢ > 0 it can be decom- 
posed as in (4.1) with Ksep(-;-) separable and a small perturbation K,(-;-) 
such that 


|| Aol] = sup 
Wfll=1 


[ Kotsnsaal Sé. (5.1) 


The perturbation kernel K,(-;-) is not required to be compact. It turns out 
however that the original kernel K(-;-) is compact. 


Proposition 5.1 (F. Riesz [213]) An almost separable kernel K(-;-) in 
L?(E) is compact. 


Proof. Let A be the operator generated by K(-;-). It will suffice to prove that 
every bounded sequence {f,,} C L?(E) contains a subsequence { fn} C {fn} 
such that {Af,’} is Cauchy in L?(£). For j € N, let Asep,j and Ao,; be the 
operators corresponding to the decomposition (4.1) and (5.1) for the choice 
é = 1/j. Since Agep,; are compact, select by diagonalization, a subsequence 
{fn} C {fn} such that {Asep,; fn} is convergent for all 7 €¢ N. Then 


|| Afar — Afm || < || Asep,i fat — Asep,i.fm’|| + 2||Ao,3| sup || full. : 


Corollary 5.1 Let A: L?(E) > L?(E) be such that for alle > 0 it can be 
decomposed into the sum of a compact operator and a “small perturbation” Az 
of norm ||Ae|| <e. Then A is compact. 
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5.1 Solving Integral Equations for Almost Separable Kernels 


It follows from Theorem 4.1, and the remarks following it, that (2.1) for an 
almost separable kernel can always be solved for every f € L?(E) except at 
most finitely many values of \ within the disc [|z| < e«~+] Cc C. Since ¢ > 0 is 
arbitrary, we conclude that solvability is ensured for all f € L?(F), except for 
countably many complex numbers {,,,}. Every disc |z| < e~! of the complex 
plane contains at most finitely many such exceptional values of A. Therefore 
if the sequence {A,,} is infinite, then {|A,|} + oo. Equivalently, for all ¢ > 0, 
the adjoint homogeneous equation associated to such almost separable kernels 
has only the trivial solution, except for finitely many values of A within the 
disc [|z| < e~'] c C. These are the eigenvalues of the adjoint homogeneous 
equation. Since € > 0 is arbitrary, we conclude: 


Theorem 5.1. The integral equation (2.1) with almost separable kernel K (-; -) 
is solvable if and only if f is orthogonal to all the solutions of the associated 
adjoint homogeneous equation in (2.2). Moreover, it is always uniquely solv- 
able for every f € L?(E) except for countably many values of X. These are 
the eigenvalues of the associated adjoint homogeneous equation (2.2). If the 
sequence {Xx} is infinite, then {|An|} — oo. 


5.2 Potential Kernels Are Almost Separable 
A potential kernel is a measurable function K(-;-): BE x E > R such that 

|K (2; y)| < Cla — y|-Nt for almost all (a,y)€ Ex E (5.2) 
for some positive constants C and a. For 6 > 0 let 


6-Nt+a if K(a,y) = 6 Nt+a 
Ks(ajy)=4 K(xiy) if |K(a;y)| < 6-%** 
—§-Nto if K(a,y) < —d-Nt, 


Since K‘5(-;-) is uniformly continuous in E x E, by the Weierstrass theorem, for 
each € > 0 there exists a polynomial P,,(x; y) in the 2N variables (x,y) € EXE 


such that 
E 


||Ks — Pr|loo, EXE < — : 
2\/|E| 
Writing K = P, + (K — P,), the perturbation K, = K — P,, satisfies (5.1). 


Indeed, for all f € L?(E) of norm ||f|| =1 
| iKotswtiay sf 1Ksesu)- Pacsulfldy + f 1K Gu)  KsCouplifldy 
E BE BE 


E — a 
<5+C jn — yl 1 flay. 


1 
|x—y|<CN-2 5 


It remains to choose 6 so small that the L?(E) norm of the last integral is less 
than ¢/2. This is possible by virtue of Proposition 10.1 of Chapter 2. 
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Remark 5.1 Analogous considerations can be carried almost verbatim for 
integral equations set on OF such as (5.2) and (6.3) of Chapter 3. By virtue 
of Lemma 2.1 of that Chapter, the Dirichlet and Neumann kernels Kp and 
Ky, introduced in (5.3) and (6.4) of Chapter 3 respectively, are potential, 
almost separable kernels in 0E'x OF. For these integral equations, Theorem 5.1 
continues to hold with the proper modifications. 


The idea of approximating potential kernels by separable ones, appears in E. 
Schmidt ([227]) and J. Radon ([210}). 


6 Applications to the Neumann Problem 


Solving the Neumann problem (1.3) of Chapter 2 is equivalent to solving the 
integral equation (6.3) of Chapter 3. The latter is in turn solvable if and only 
if the Neumann datum w is orthogonal, in the sense of L?(0E), to all the 
solutions of the adjoint, homogeneous equation 


1 1 eo 
=V(z) = Kn(y;2)V¥ do = —-— (ey) MW) y ag 
2 OB wnJionr |x-—yl tei 


oe ee vdo =~ | aa da: 
i ol v) OE on 


By Corollary 3.2 of Chapter 3, this is solved by V = const. If the constants 
are the only solutions, then the zero-average condition (1.4) of Chapter 2 on 
the Neumann datum w would imply that such a w is orthogonal to all the 
solutions of the homogeneous, adjoint equation (6.1) and thus would provide 
the characteristic condition of solvability of the Neumann problem. Therefore 
the sufficient part of Theorem 6.1 of Chapter 3 will be a consequence of the 
following 


Proposition 6.1 The integral equation (6.1) admits only the constant solu- 
tions. 


Proof. Solutions V € L?(0E) of (6.1) are continuous in OE. Indeed, applying 
Corollary 10.2 of Chapter 2 a finite number of times, one finds V € L*° (OE). 
Then V € C(0E), by Proposition 5.2 of Chapter 3. Let v be the harmonic 
extension of V in F and denote by y the resulting normal derivative of such 
an extension on OL, that is 


def Ov 


an on OF. 


Av =0 in E, v| =Y, and 
By the Stokes representation formula (2.7) of Chapter 2 


E2u4->v(a“) =- yOBay) 


ao + | pF (a; y) do. 
dE n dE 
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Letting « + OF and using Proposition 3.1 of Chapter 3, gives 


1 
y= -V- Kp(su)vdo+ | pF (-;y) do. 
2 aB aE 


Therefore if V is a solution of (6.1), then 
; pF(a;y)do =0 for all « € OE. (6.2) 
OE 


To prove the proposition it suffices to establish that (6.2) implies y = 0. 
Indeed, in such a case, v would be harmonic in & and with zero flux on OE; 
thus v = Y = const. Assume N > 3 and consider the function 


H= | 9F(;y)do. 
OE 
It is harmonic in F and it vanishes on OF. Therefore it vanishes identically 
in E. Likewise, it is harmonic in RN — E, it vanishes on OF, and |H(x)| > 0 
as |x| ++ oo. Therefore H = 0 in R% — E. Fix x € OF and let {x*} and {x°} 
be sequences of points approaching x respectively from the interior and the 
exterior of E. Let also W(9E, x;y) be defined as in (4.1) of Chapter 3. By 
the previous remarks 


W(0E, @o;~) = —VH(x.)-n(z)=0 in 2 € RX — OE. 
On the other hand by the jump condition of Corollary 4.1 of Chapter 3 


0= lim W(AE, a’; y) — lim W(0E, 2°; v) = y(z). 


vin 


For N = 2 see Section 6c of the Complements. | 


7 The Eigenvalue Problem 


In what follows we will assume that A is generated by a real-valued, compact, 
symmetric, almost separable kernel K(-;-) in L?(E), so that A = A*. Consider 
the problem of finding nontrivial pairs (A, u), solutions of 


u = AAu, AEC, we LE). (7.1) 
The numbers \ are called the eigenvalues of the operator A, and the functions 
u are its corresponding eigenfunctions. 


Proposition 7.1 Any two distinct eigenfunctions corresponding to two dis- 
tinct eigenvalues are orthogonal in L?(E). Moreover, the eigenvalues of A are 
real and the eigenfunctions of A are real-valued. 
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Remark 7.1 If (A, u) is a solution pair to (7.1), then also (A, pw), for all u € 
C, are solution pairs. Therefore a more precise statement of the proposition 
would be that the eigenvalues of A are real, and the eigenfunctions can be 
taken to be real-valued. 


Proof (of Proposition 7.1). Let (Aj, ui), 7 = 1,2, be distinct solution pairs, say 
Uy = Ay Aut, U2 = A2Aua, At # AQ. 


Multiply the first by wz, and integrate over EF to obtain 


1 1 
~/ uyupde = | Aujug ay = | u Aug dy = ~/ UU2 dy. 
AL JE E E r2 JE 


Therefore (u1,%2) = 0. Let now (A, u) be a nontrivial solution of (7.1). Then 
u = Au = AAU. 


Therefore the pair (A, ) is also a solution of (7.1). If \ # A, then (u,u) = 
||u|/? = 0. Thus A = \. Since both u and @ are eigenfunctions for the same 
eigenvalue A, the functions 

Ut U Uu-U 


5 = Re(u), oF = Im(u) 


are also eigenfunctions for the same eigenvalue A. Thus u can be taken to be 
real. a 


Proposition 7.2 The operator A admits at most countably many distinct 
eigenvalues {An}. If the sequence {An} is infinite, then {|An|} — oo. More- 
over, to each eigenvalue X there correspond finitely many, linearly independent 
eigenfunctions {Uy,1,---,Ud.n,}, for some ny EN. 


Proof. Regard (7.1) as an integral equation of the type of (2.1) with f = 0. 
According to Theorem 5.1 this is uniquely solvable except for countably many 
numbers {A,,}. If A # An, then u = 0 is the only solution. Therefore non- 
trivial pairs (A,u) occur for at most countably many values of A. To prove 
the second statement, let A be a fixed eigenvalue of (7.1). Since K(-;-) is real- 
valued and almost separable, it can be written as in (4.1) with |A|||Ao|| < 1, 
and the integral equation (7.1) can be rewritten as an analogue of (4.3) for 
z = (I— AA, )u, that is 


z=rO vf (I — \A*)~ "yz dy. (7.2) 
i=l EB 
Solutions of this are of the form 


z=A> zi, where 2= | (I — \A*)~* yz dy. 
i= B 


i=1 


8 Finding a First Eigenvalue and Its Eigenfunctions 131 


Multiply (7.2) by (I-AA*)~*w,; and integrate over EF to arrive at the algebraic 
system 


25 = Adz, ig = [oa — AS) Tj dy. 


This has at most n linearly independent vector solutions (21,;,...,2n,j) for 
j = 1,...,n. Accordingly, (7.2) has finitely many solutions, and (7.1) has 
finitely many linearly independent solutions u = (I — AA,)z for a given .. Mf 


An eigenvalue \ of A is simple if to A there corresponds only one eigenfunc- 
tion wu up to a multiplicative constant yw. The eigenvalues of (7.1) need not 
be simple. To an eigenvalue \ there corresponds a maximal set of linearly 
independent eigenfunctions {v),1,.--,Va,n, }. Any linear combination of these 
is an eigenfunction for the same eigenvalue A. We let 


E, = {the linear span of the eigenvectors of A}. 


By the Gram—Schmidt orthonormalization procedure we may arrange for €) 
to be spanned by an orthonormal system of eigenvectors {uy .1,---,UWaAyny }- 


Corollary 7.1 The set of eigenfunctions of (7.1) can be chosen to be or- 
thonormal in L?(E). 


8 Finding a First Eigenvalue and Its Eigenfunctions 


Let S$, be the unit sphere of L?(£). If (A,u) is a a nontrivial solution pair 
of (7.1), by possibly replacing u with u||u||~', one may assume that u € S$}. 
Thus 

|| Ay||? < || Al]? for all y € Sy and ||Aul]? = ~?. 


This suggests that the eigenvalue \ and the eigenfunction u satisfy 


sup ||Ay||* = || Aull? =~? (8.1) 
pEsi 


and that they can be found by solving such an extremal problem.! 
Theorem 8.1. The eigenvalue problem (7.1) admits a nontrivial solution. 


Proof. Select v1 € S$}. If || Avil] > || Ay|| for all y € Si, then the supremum in 
(8.1) is achieved at 1. If not, there exists y2 € 5; such that || Aya|| > || Avil. 
Proceeding in this manner, we generate a maximizing sequence {y,} C S$}. 
Since A is compact, one may select out of {y,} a subsequence, relabeled with 
n, such that {y,} > u weakly in L?(E) and {Ay,} > w, strongly in L?(£), 
and in addition 


\2 2 def 72. 


lim ||Agn||" = sup ||Ag||" = 
noo yes, 

'This idea, due to Hilbert [119], applies to general, linear, symmetric, compact 
operators in L?(£); also in F. Reillich [216]. 
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Lemma 8.1 u = )?A?u. 
Proof. Observe first Ay, + Aw strongly in L?(E). Indeed 
||A?en — Awl] = ||A[Avn — wll < [|Al|lAen — wl. 
For the assertion, it will suffice to show that 
lon — A2-A2 yn || +0 as n> 00. (*) 


Indeed, since {A?y,,} converges to Aw strongly in L?(E£), this would imply 
that {y,} > u strongly in L?(E), and as a consequence w = Au and Aw = 
A?u. To prove (*) write 


len — A? nll? = Ileal? a 2d7 (Ahn, Qn) + MA? vnll?. 


Since A is symmetric (A?%n, Gn) = || Agn||?. Moreover || Ayn||? < A~?, and 


A(Ay,)||? 1 
[AAga I || Ayn ll? < sup ||Ag||* < ve 
pEesy 


Pen? = < 
. |Ayvnl? 


Combining these estimates 
IIten — 7 A? pn |? < 2 — 2d?|| Agr ||? > 0. | 
To prove the theorem, rewrite the conclusion of Lemma 8.1 as 
(I— \?A?)u = (I+ AA)(I— AA)u = 0. 


If (I— AA)u = 0, then the pair (A, uw) is a nontrivial solution of the eigenvalue 
problem (7.1). Otherwise, setting (I — A\A)u = 7, the pair (—A, 7) solves 
(I — (—A)A)w = 0, and therefore is a nontrivial solution of (7.1). Oo 


9 The Sequence of Eigenvalues 


Let A; be the eigenvalue claimed by Theorem 8.1, denote by €; the linear span 
of all the eigenvectors of \,, and let €j be its orthogonal complement. Mo- 
tivated by the previous maximization procedure, we construct another eigen- 
value Az by the formula 


sup || Ag||? = Az”. (9.1) 


pEesinet 


If Ay = 0 for all y € S$; MN €}, then Ay = oo. Otherwise, we proceed as 
before and find a nontrivial pair (Ag, uz) such that A? < AZ and ug L €). 
Having constructed the first n eigenvalues {A1,..., An} and the corresponding 
eigenspaces {€1,...,E,}, construct An+1 by the maximization problem 
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sup || Ag] = An ga- (9.2) 
pe Si N[E1U---UE, |+ 


If for some n € N, Ay = 0 for all y € $1 N [&1 U--- UEn]+, then Anyi = 00 
and the process terminates. Otherwise, proceeding inductively, we construct 
a sequence {A,,} of eigenvalues such that A2 < A2,,, and a sequence {um} of 
eigenfunctions that can be chosen to form an orthonormal sequence in L?(£). 
Such a sequence in general need not be complete. Necessary and sufficient 
conditions on the kernel K(-;-) to ensure completeness will be given in the 
next section. 


9.1 An Alternative Construction Procedure of the Sequence of 
Eigenvalues 


Having determined Aj, let {uy,1,---;Ud,,n,} be a set of real-valued linearly 
independent orthonormal eigenfunctions spanning the eigenspace €,, and set 
1 ny 
Ka(a3y) = > Dd. Urs i(z)ua, i(y)- 
1i=l 
The kernel K1(-;-) is symmetric, and the corresponding operator 


BE)s fo Ataf Kowtaldy=— Susur 
E i gei 


is compact and symmetric. Then compute an eigenvalue, A2, for the problem 
u=X(A-— Aj)u (9.3) 
by the previous procedure, that is 


sup ||(A— A1)¢||? = A”. 

pESsi 
Unlike the maximization in (9.1) and (9.2), here the supremum is taken over 
the entire unit sphere S of L?(E). However, the operator (A— A) is, roughly 
speaking, inactive on the eigenspace €,. In particular, if A = A;, then Az = 00, 
and the process terminates. 


Lemma 9.1 A pair (A,u) different from (A1,Uy,,i) for alli =1,...,71, is a 
solution of the eigenvalue problem (7.1) if and only if it is a solution of the 
eigenvalue problem (9.3). 


Proof. If (A,u) solves (7.1) and A 4 Ay, then u L €, and therefore it is a 
solution of (9.3). Now let (A, u) solve (9.3). Multiply both sides by w),,; and 
integrate over E. Since A — A, is symmetric 


(u, Ud, i) = A((A S Aj)u, Uy, i) = Au, (A > Aj)uy, i) 


= a((u Auy, i) — {tb tat) a =0 
rt 


134 4 INTEGRAL EQUATIONS AND EIGENVALUE PROBLEMS 


since u),,; is an eigenfunction for A corresponding to \;. This implies that 


w= M(A— Ayu = AAw— AYE way e(uayaeu) = \Au. | 


w=1 


Proceeding inductively, construct A,+1 from 


sup ||(A— >> Ay)y||° = A031 (9.4) 
yes j=l 


where A; is the compact symmetric operator in L*(E) corresponding to the 


kernel 3 
Kj (x;y) = oe Do Uy; ,i(Z) Ua, i (y) 
9 4=1 


and {uy,,1,---,Ud,,n, } are real-valued linearly independent orthonormal eigen- 
functions corresponding to the eigenvalue ,. If, for some n € N 


K (ay) = 35 Kylasy) = — YS wa ala)ur, ay) 


j=l Fa Ag a 


set An+1 = 00, and the process terminates. If not, recall that {2} — oo and 
deduce from (9.4) that 


limsup||(A— > Aj) f|| =0 for all f € L7(B). 
n—00 j=l 


Therefore, letting n — oo in (9.4) gives a formal expansion of the kernel 
K(-;-), in terms of its eigenvalues and eigenfunctions. Since the right-hand 
side of (9.4) tends to zero as n — oo, such an expansion can be rigorously 
interpreted in the sense of 


foe) 1 Ng 
(K(@ A) = AS wy aleurjit) (9.5) 
9149 21. 
for all f € L?(E). Equivalently 
SASoAf in LB). (9.6) 
j= 


10 Questions of Completeness and the Hilbert—Schmidt 
Theorem 


Let {An} and {uy,,i} be the sequences of eigenvalues and corresponding eigen- 
functions of A. If {A,} is finite, say {A1,..., Am} for some m € N, set A; = 00 
for j > m and u),,; = 0 fori =1,...,n, for all 7 > m. Reorder {uy,,;} into a 
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sequence {v,,} of real-valued linearly independent orthonormal eigenfunctions, 
and rewrite (9.5) in the form 


oo 1 
(K(a;-), f) = 25 y vila vis f) (10.1) 
where A; remains the same as {v;}, for i = 1,...,n,, spans the eigenspace 


E;. The system {v,} is complete if it spans the whole of L*(£). Equivalently 
if [span{v,}]+ = {0}, that is if (f,v;) = 0 for all i implies f = 0. If {un} is 
complete then every f € L?(E) can be represented as 


f= x (fue; in the sense \|f - > (f, vii 30 as n> ©. 
i=1 i=l 


The series on the right-hand side is the Fourier series of f. 


Proposition 10.1 Af = 0 <=> (f,u;) =0 for allie N. 


Proof. For fixed (Aj, vi), (f, vi) = Ai(Af, vi). This proves the implication =. 
The converse statement follows from (10.1). Oo 


Corollary 10.1 The orthonormal system {v,} is complete in L?(E) if and 
only if f £0 implies Af #0. 


Remark 10.1 If the kernel K(-;-) is of finite rank, then {v,} cannot be 
complete in L?(E). 


The corollary gives a simple criterion to check the completeness of {v,}. We 
will apply it to the case when K(-;-) is the Green’s function G(-;-) for the 
Laplacean with homogeneous Dirichlet data on 022. 


Proposition 10.2 L*(E) 3 f £0=> J, G(s y)fdy 40. 


Proof. Let y € CS°(£) and recall the representation of Corollary 3.1 of Chap- 
ter 2. For f € L?(E) 


(Af, Ay) = iE I Glos v) f(WAG(2) dyde 
= | tly) | G(a;y)Ag(2) dedy 
E E 
=- | fedy =-(F.9). r 
E 


10.1 The Case of K(a;-) € L?(E) Uniformly in x 


Assume that K(-;-) is a real-valued compact symmetric kernel acting on L?(E) 
that generates an orthonormal system {v,,} complete in L?(F). It is natural 
to ask whether, or under what conditions, the Fourier series of a function f € 
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L?(E) converges to f in some stronger topology, for example in the topology 
of the uniform convergence in EF. This requires more stringent assumptions 
on f and on the kernel K(-;-). 

Assume that || (a; -)|| < C for some positive constant C uniformly in x. 
In such a case, in (10.1), we may take f(x; y) = K(a;y) to obtain 


v}(z)<C? forall ce E. (10.2) 


Theorem 10.1 (Hilbert-Schmidt). Let K(-;-) be a real-valued compact 
symmetric kernel in L?(E), which generates an orthonormal system {vn} com- 
plete in L?(E) and such that ||K(a;-)|| <C for some C > 0, uniformly in x. 
Then every function f € L?(E) that can be represented as 


f -| K(-;y)gdy for some g € L?(E) (10.3) 
B 


has a Fourier series \>>,(f,vi)vi, absolutely and uniformly convergent to f 
in E, that is, || f — 77 Cf, vi) vill, > 0 asn—- oo. 


Proof. It suffices to show that || 07°, |(f, vi)||val||,, + 0 as m — oo. This is 
a consequence of (10.2) and the representation (10.3). Indeed, for all x € E 


Eisen] =| ¥ kool] 


wm 


< |X oP] |S spe?to)]. mn 


i=m i=m 


Remark 10.2 The Green’s function G(-;-) satisfies the assumptions of the 
Hilbert—Schmidt theorem only for N = 2,3. 


Corollary 10.2 Let N = 2,3. Then a function f € Cl(E)NC?(E) has a 
Fourier series that converges absolutely and uniformly to f in E. 


Proof. It follows from the Hilbert-Schmidt theorem and the representation of 
Corollary 3.1 of Chapter 2. | 


11 The Eigenvalue Problem for the Laplacean 
Eingenvalues and eigenfunctions for the Laplacean with homogeneous Dirich- 


let data are those related to (8.1)—(8.2) of the previous Chapter, which were 
shown to be equivalent. 
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Theorem 11.1. The eigenvalues of the Laplacean on a bounded open set 
E Cc RY, with homogeneous Dirichlet data on OE, are positive and form 
a monotone increasing sequence {A;,} — co as n —> oo. Moreover, the cor- 
responding orthonormal system of eigenfunctions {vn} is complete in L?(E). 
Finally, the first eigenfunction can be taken to be positive, and r1 is simple. 


Proof. If the pair (A,u) solves (8.1) of Chapter 3, is nontrivial, and A < 0, 
then u cannot take a positive maximum in F. Indeed, if a positive maximum 
were taken at some x, € EF 


—Au(ao) = Au(xo) < 0. 


By the same argument, u cannot attain a negative minimum in EF. Therefore 
u = 0. The statement about completeness follows from Proposition 10.2. 

The maximization process (8.1) implies that if the supremum is achieved 
for some wu, then it is achieved also for |u|. Indeed, since G(-;-) > 0 


2 2 
< | / Gls y)huldy 
E 


Thus uw; and |u,| are both eigenfunctions for the same eigenvalue \,. In par- 
ticular 


= 


Az? = ||Auil? = | [ e¢suyusdy 


—Aluy| = Ay|ui|. 


This in turn implies that the function 
Ex R= (a,t) 3 w(a,t) = |ui(x)|e¥™" 


is a non-negative harmonic function in the (NV + 1)-dimensional strip E x R. 
By the Harnack estimate of Corollary 5.1 of Chapter 2, |ui| > 0 in E, and 
therefore u; = |u1|. We conclude that all the eigenfunctions corresponding to 
X; can be taken to be positive. In particular, no two of them can be orthogonal. 
Thus A, is simple. o 


11.1 An Expansion of the Green’s Function 


Formula (9.5) provides an expansion of the Green’s function G(-;-) in terms 
of its eigenvalues and eigenfunctions. Namely, for all f € L?(F) and for a.e. 
ceEk 


(Has), f) = sas (Mtas f+ SS 5 De wril@Ntn of 
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Problems and Complements 


2c Integral Equations 


2.1c Integral Equations of the First Kind 


Equation (2.1) was also called an integral equation of the second kind. An 
integral equation of the first kind is of the form 


| K(sy)udy = f. (2.1¢) 
E 


Here f € L?(E) is given, K(-;-) is a kernel in L?(E), and wu is the unknown 
function. Below we give an example of an integral equation of the first kind. 


2.2c Abel Equations ([2, 3]) 


A particle constrained on a vertical plane falls from rest under the action 
of gravity along a trajectory y. On the vertical plane introduce a Cartesian 
system originating at ground level, and with j directed along the ascending 
vertical. If the particle is initially at level x from the ground, we seek the 
trajectory y such that it will hit the ground after a time t = f(x), where f is 
a given function. Parametrize y by the angle @ that the tangent line at points 
of y forms with the horizontal axis, taken counterclockwise starting from the 
positive direction of the horizontal axis. 

The speed of the falling particle at level y € [0,2] is \/2g(a — y), where g 
is the acceleration of gravity. The velocity along j is 


d 
+ = —\/2g(x — y)sin@ 
or, separating the variables 


dy 


————————_ = —dt. 
2g(a — y) sind 


Integrate the left-hand side from the initial level x to the final level 0, and the 
right-hand side from the initial time 0 to the final time f(x). This gives the 
Abel integral equation of the first kind 


I MWY _ F(2) where v(y) == and f=-V%F. (2.20) 


When /f =const, this is the problem of the tautochrone trajectory. More gen- 
erally, an Abel integral equation takes the form 


2c Integral Equations 139 


. ou = f(z) (2.3c) 
0 


ay) 


for some a > 0 and f € C1[0,0o). This can be recast in the form (2.1c) as 
follows. First limit x not to exceed some fixed positive number a. Then set 


yal @-y* f0<y<e 
Kew) ={f ifa<y<a. 


and rewrite (2.3c) as 
| K(;y)udy = f. 


Kernels of this kind are said to be of Volterra type ([266, 267]). 


2.3c Solving Abel Integral Equations 


a-l 


In (2.3c) replace x by a running variable 7, multiply both sides by (x — 7) 
and integrate in dy over (0,2). Interchanging the order of integration gives 


fol! caeaarl’: fh wa 


Compute the integral in braces by the change of variables 


n=yt Ge - 9): s € (0,00). 


This gives 


-—_ - [PP mea-ee 
¢ any py — 9 si-*%(1+s)  sinat 


where the last integral has been computed by the method of residues ({31] 
page 107). Combining these calculations 


aa [ wav - [ ty 


Taking the derivative gives an explicit representation, of the solution of the 
Abel integral equation (2.3c), in the form 


u(x“) = a a + a ay). (2.4c) 


sinam | at~o x —y)i-° 
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2.4c The Cycloid ([3]) 


To find the parametric equations of the tautochrone trajectory, in (2.4c) take 
a= 4% and f =C. Using (2.2c) 


C 
v(x) => Va sin 0 => = 
Denoting by x = 2(0) the vertical component of the parametrization of + 
cs C? 
x(0) = 7a sin O= = =p | = ens 20). (2.5¢) 


Let y = y(@) denote the horizontal component of the parametrization of 47, 
and let y have the local representation y = y(x). Then 


2 
dz CC C* 28inG cos? ay _ C? (1 + e0s 20) a9 


d 
i tan@ 72 tand 


and by integration 
Cc il 
y(9) = (A+ 5 008 20) + co (2.6c) 


Tv 


for a constant co. The equations (2.5c) and (2.6c) are the parametric equations 
of a cycloid. 


2.5c Volterra Integral Equations ([266, 267]) 


Let f be bounded and continuous in Rt, and consider the Volterra equation 
= yaa K(x; y)u(y)dy + f(x) 


where K(-;-) is bounded and continuous in Rt x R*. Assuming that K(x; y) = 
0 for y > x, rewrite this as 


u=x [ K(- y)dy + f. 
Prove that for all « € Rt 


(A) <suplfI—, where (Aa) = [Key sway 
R+ a 0 


and where K is an upper bound for |A(-;-)|. Conclude that a solution must 
be continuous and locally bounded in R*. 


2.1. Say in what sense the Dirichlet and Neumann problems for the Laplacean 
in a bounded domain are mutually adjoint. Hint: See Sections 5-6 of 
Chapter 3 and the arguments of Section 6 of this Chapter. 
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2.2. Find A? if K(a;y) = e!?-¥! and E = (0,1). 
2.3. Find A? and A® if K(z;y) =x—y and E = (0,1). 


One might ask whether these integral equations set in R*, have a solution 
if K(-;-) does not vanish for y > a. It turns out that some decay has to 
imposed on K(-;-). For kernels of the type K(x; y) = K(a—y) and K(s) > 0 
exponentially fast as s > co a theory is developed by N. Wiener and E. Hopf 
((279]). See also G. Talenti [250]. 


3c Separable Kernels 


3.1c Hammerstein Integral Equations ([114]) 


Consider the nonlinear integral equation of Hammerstein type 


w= f Kaw) Suwa. 
If the kernel is separable, set 
v= i: vifyuy)dy (KO) = a girls) 
where the numbers 7; are to be determined from 


Uu= > Vi~i = 3 vf wif (y, D wertu)) dy 


4=1, 


Therefore, the numbers 7; are the possible solutions (real or complex) of the 
system 


Yi =| vif (yo wily) dy. 
E w=1 


3.1. Solve the Hammerstein equations 


1 
2 = oe 
= af xyu’ (y)dy, u(x) = yaaf Ee T+wly) 


3.2. Let y € L?(0, 1] be non-negative. Show that if ||y||2[0,1; > 1, there are 
no real-valued solutions of the Hammerstein equation 


ula) = 5 f elwolu)(1 +o) au. 
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6c Applications to the Neumann Problem 


Prove Proposition 6.1 for N = 2 by the following steps. 
Step 1: Consider the double-layer potential 


1 Oln |x — y| 
R?— 8E 32 > W(8E,z: -~/ paca cea LP 
( ee - ly) an(y) 


By the first part of the proof of Proposition 6.1, such a function is identi- 

cally zero in E. Prove that it vanishes on OF. Thus W (QE, -; y) is harmonic 

in R? — E, vanishes as |x| + oo and has zero normal derivative on OE. 
Step 2: Prove that VN > 2, there exists at most one solution to the problem 


u€é C?(RX — £E)NC (RN —E), Au=0 in RN-E 
ae =0on OF, and lim u(x) =0. 


on |xz|—-oco 


Prove that positive maxima or negative minima cannot occur on OF. 


9c The Sequence of Eigenvalues 


9.1. Let A be generated by the Green’s function for the Laplacean with 
homogeneous Dirichlet data. Prove that the maximization process (8.1) is 
formally equivalent to 


min |Vull? =? where C, = {u € C,(E)||Vu| € L?(E)}. 


yECon 


9.2. Let f € L?(E). Prove that the minimum 


n 
(fis PeeC™} If = Pa fiusl| 


is achieved for f; = (f,u;). Hint: Compute the derivatives 
O i 2 
self — 2. fiuall- 
aglt — & fill 


9.3. Prove Bessel’s inequality 05", f? < || fII?. 
9.4. Prove Parseval’s identity 77°, f? = || fll. 


10c Questions of Completeness 


10.1. If K(2;-) € L?(£) uniformly in x € E, then (10.2) gives another proof 
that to each eigenvalue \; there correspond only finitely many linearly in- 
dependent eigenfunctions. Hint: If n; is the number of linearly independent 
eigenfunctions corresponding to the eigenvalue A;, then nj < C|A;|E]. 
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10.2. Prove that {, [2 7 sin aa} is a complete orthonormal system in the 


space L?(0, L). Hint: Compute the eigenvalues and eigenfunctions of the 
Laplacean in one dimension, over (0, Z) with homogeneous Dirichlet data 
onx=Oanda=L. 

10.3. Let m be an even positive integer, and let C’",(0, L) denote the space 
of functions in C'(0, L) whose even order derivatives vanish at « = 0 and 
© =D, ice., 


oI oy 
Ant ("= gi PL) =0 for all even integers O<j<m. 


Denoting by {v,} the complete orthonormal system in L?(0,L), of the 
previous problem prove that if y € 0", (0, L) 


pa 
I(P, Un)| <7 Sool [0.2] for all O< 7 <™m. 
As a consequence 
= const 
Ile - = 2, Un unl, [0,] < — const | or ¢ll [o.t)" 


10.1c Periodic Functions in RN 


A function f : RY — R is periodic of period 1 if f(2 +n) = f(z) for all 
x € R% and every N-tuple of integers n € Z. 

Let Q = (0,1)% denote the unit cube in RX. Every f € L?(Q) can be 
regarded as the restriction to Q of a periodic function in R% of period 1. If 
f is periodic of period 1, there exists a constant y such that f + is periodic 
of period 1 and has zero average over Q. Consider the space 


= (F< 1%(Q)| [, fax =o} 


where the subscript p denotes “periodic function”. An orthogonal basis for 
L?(Q) is found by solving the eigenvalue problem 


—Au=u in Q, and ye =0 on OQ. 
On 


Verify that 


N N N 
[[ cosnjrz;, [[ sinnjrz;; n=(m,...,nw) € ZY, |n|? = yn 
j=l j=l j= 


are eigenfunctions for the eigenvalues A = (7|n|)?. Any complex linear combi- 
nation of these is still an eigenfunction. Prove that the system {e’7(")} for 
n € ZN is a complete orthogonal basis for L*(Q). 
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10.2c The Poisson Equation with Periodic Boundary Conditions 


Consider the Neumann problem 


ue 02(Q)NC'Q), Au=fec(Q), <0 on Q. 


The necessary and sufficient condition for solvability is that f has zero average 
over Q, which we assume. Write 


f = > per. where Fre = (f, arn) 


nEZNn 


and seek a solution of the type 


Prove that 
tin = fn forall ne ZN — {0}. 
n 


llc The Eigenvalue Problem for the Laplacean 
11.1. A linear operator A: L?(E) — L?(E) is positive if 
(Af —Ag,f—g)>0 forall f,g € L7(E). 


The operator A generated by the Green’s function for the Laplacean with 
homogeneous Dirichlet data on OL, is positive in the sense that (Af, f) > 
0 for all f € L7(E£), f # 0. Assume first that f € C”(E) for some 
n € (0,1). Then the function Af is the unique solution of the problem 


we CO(E)NC(E), -Au=f, im E, tila. =0. 


Therefore 
(Af, f) = (u, Au) = ||Vull?. 


Prove the positivity of A for general f € L?(E). 
11.2. Prove that if A is a symmetric, positive, compact operator in L?(E), 
then its eigenvalues are positive. 


Check for 


5 updates 
THE HEAT EQUATION 


1 Preliminaries 


Consider a material homogeneous body occupying a region E C RY with 
boundary OF of class C! and outward unit normal n. Identify the body with 
F and denote by k > 0 its dimensionless conductivity. The temperature dis- 
tribution (x,t) + u(a,t) satisfies the second-order parabolic equation 


up = kAw for « € E and t € (ti, te) (1.1) 


where (t;,t2) C R is some time interval of observation. By changing the time 
scale, we may assume that k = 1. Set formally 


() ) 
H()=—-A A*()=—+A. 
() , WN ()=o4 
The formal operators H(-) and H*(-) are called the heat operator and the 
adjoint heat operator respectively. If 0 < T < oo denote by Er the cylindrical 
domain E x (0,7), and if E = RN, let Sy denote the strip RN x (0,T]. The 
heat operator and its adjoint are well defined for functions in the class 


H(Er) ={u:Er>R | Us; Ue, € ClEr), 1,9 =1,..2,.N}. 


Information on the thermal status of the body is gathered at the boundary of 
E over an interval of time (0, 7]. That is, one might be given the temperature 
or the heat flux at OF x (0,7). Physically relevant problems consist in finding 
the temperature distribution in FE for t > 0, from information on OE x (0,T) 
and the knowledge of the temperature x > u,() at time t = 0. This leads to 
the following boundary value problems: 


1.1 The Dirichlet Problem 
Find u € H(Er) 1 C(Er) satisfying 
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H(u)=0 in Er 
Ulonxior) = 9 € COE x (0,7) (1.2) 
u(-,0) = Uo € C(E). 


1.2 The Neumann Problem 
Find u € H(Er) 1 C!(Er) satisfying 


H(u) =0 in Er 
Du-n=g € C(OE x (0,T)) (1.3) 
u(-,0) = uo € C(E). 


where D denotes the gradient with respect to the space variables only. 


1.3 The Characteristic Cauchy Problem 
Find u € H(Sr) 0 C(S$r) satisfying 


H(u) =0 in Sr 


u(-,0) = uo € C(RY)N L™(RY). we 
The initial datum in (1.4) is taken in the topology of the uniform convergence 
over compact sets K C RN, that is, ||u(-,t) — wollen 2 0, as t > 0, for all 
such K’. In (1.4) the data are assigned on the characteristic surface t = 0. The 
Cauchy—Kowalewski theorem fails to hold in such a circumstance. Even if ug is 
analytic, a solution of (1.4) near t = 0, that is for small positive and negative 
times, in general cannot be found. Indeed, changing ¢ into —t does not preserve 
(1.1) and the PDE distinguishes between solutions forward and backward in 
time. This corresponds to the physical fact that heat conduction is, in general, 
irreversible, i.e., given x + uo(x), we may predict future temperatures, but we 
cannot in general determine the thermal status that generated that particular 
temperature distribution. 


2 The Cauchy Problem by Similarity Solutions 


The PDE H(u) = 0 is invariant by linear transformations 7 = hax, t = h?t 
for h 4 0. These are transformations that leave invariant the ratio € = |a|?/t. 
This suggests looking for solutions u that are “separable” in the variables t 
and €, that is, solutions of the form u(x,t) = h(t) f(€). Substituting this in 
the PDE H(u) = 0 gives 


thi f —2Nhf' = hel” + f']. 
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Setting each side equal to zero yields 


f(€) =exp(-/4), h(t) = tN? 


up to multiplicative constants. These remarks imply that a solution of H(u) = 
0 in RX x (0,00) is given by 


1 —|a|? /4t 


where the multiplicative constant (47)~%/? has been chosen to satisfy the 
normalization (Section 2.1¢ of the Complements) 


1 _ |e-v? 
mua fy 4( Jvdy=1 (2.2) 


for alla € RX and alls <t. 


Remark 2.1 The function I is called the heat kernel or the fundamental 
solution of the heat equation. It satisfies 


(x,t) > I'(a,t) € C@(R® x Rt) 
x — I (a,t) is analytic for t > 0. 


Let H(,,,) and A a A denote respectively the heat operator and its adjoint 


with respect to the variables 7 € RY and 7 € R. By direct calculation 


Heal (ze —y;t— 8) =0 


Assume that u € H(S) is a solution of the Cauchy problem (1.4) satisfying 
i ju(a,t)|\de<oo forall O<t<T (2.4) 
RN 
and the asymptotic decay 


timsup | [ I'(a—y;t)Du- Hdo| =0 
roo tS lyl=r r 


forall O<t<T (2.5) 
lim sup | / uDI (a — y;t) - A do| =0 
lyl=r 


Too 


where do denotes the surface measure on the sphere |y| = r. Multiply the 
first of (1.4) viewed in the variables (y,s) by ['(a — y;t— s), and integrate by 
parts in dyds over the cylindrical domain B, x (0,t— €) for ¢ € (0,t). Letting 
r — oo with the aid of (2.4) and (2.5), we arrive at 


148 5 THE HEAT EQUATION 


oy 2 xo—y 2 
i: uly,t—e)e Ne“ Aa dy = | uo(y)t N/e- “dy. (2.6) 
RN RN 
We let ¢ — 0 as follows. Fix o > 0 and write 


cs jz—yl? 
fuente Ne NSPE ay = fl uly tee Ne ty 
i ly—2|>0 


|x-y|? 


+f u(y, t — e)e N/*e- a — dy 
ly—2|<o 


= J) + 7), 


As ¢ + 0, the first integral on the right-hand side tends to zero. We rewrite 
the second integral as 


2 
ja~yl 


1 =f fulyt—e)—ule,thle Ne ay 
|y-2|<o 


+ u(x,t) | a Nie 
ly-2|<o 


= [u(a, t) +0(0+2)] | eoN/2,- He o 


lyl<o 


|z-yl? 
4e 


dy 


where O(o + €) denotes a quantity that tends to zero as (o + €) > 0. Write 


ent oe dy =e | ee dy — NP f e7 tt dy. 
lyl<o RN ly|>o 


The first integral can be computed from (2.2) with « = 0 and (t—s) =«, ie., 


2 
a! et dy = (4n)N/?, 
RN 


To estimate the second integral, introduce the change of variables y = 2,/én, 
whose Jacobian is (4e)%/?. This gives 


-N/2 a pecs —|nl? 
€ et dy= e€ dn. 
lyl>o In 


> 3a 


This integrals tends to zero as ¢ — 0, for g > 0 fixed. Combine these calcula- 
tions in (2.6), and let ¢ > 0, while o > 0 remains fixed, to obtain 


(4n)/2u(a, t) Sue? | uo(y)e~ a dy + O(a). 
RN 


Letting o + 0 gives the representation formula 


ulet) = Gore fe uolldy = ff Me —uithuolwddy. 27) 
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Therefore every solution of the Cauchy problem satisfying the decay conditions 
(2.4)-(2.5) must be represented as in (2.7). Now consider (2.7), regardless of 
its derivation process. If up € C(RY )NL® (RY ), the integral on the right-hand 
side is convergent and defines a function u that satisfies the decay conditions 
(2.4)—(2.5). Moreover, by Remark 2.1, u(a#,t) € C™(Sr) and 


xz — u(x,t) is locally analytic in R% for all 0<t<T. (2.8) 


Theorem 2.1. Let uo € C(RY) N L*(RY). Then u defined by (2.7) is a 
solution to the Cauchy problem (1.4). Moreover, u is bounded in RN x Rt, 
and it is the only bounded solution to the Cauchy problem (1.4). 


Proof (existence). By construction H(u) = 0 in Sr. Moreover 


Ilu(-; t)lloo,z¥ S ||Molloo.n I. D(a —y;t)dy = ||Uollooex- (2.9) 
R 

Therefore u defined by (2.7) is bounded in RN x R*. It remains to show 

that the initial datum is taken in the topology of uniform convergence over 

compact subsets of R™. Fix a compact set K C RX, recall the normalization 

(2.2), and write for « € K 


ult) — Wola) = aa [| fuoly) ~ wolwle dy 


Divide the domain of integration on the right-hand side into |a — y| < o and 
|x —y| > o where o > 0 is arbitrary but fixed. As t > 0, the integral extended 
over |x — y| > o tends to zero and the one extended over |x — y| < a is 
majorized by 


Therefore, for arbitrary 0 > 0 


lim |lu(2,t) — Uo(@)lloo,« S sup |to(y) — vo(a)]. Z 
t+0 cek 

le-yl<o 
The proof of uniqueness will make use of the maximum principle discussed 
in the next sections. A first form of such a principle can be read from (2.9), 
that is, the supremum of |u(-,¢)| at all instants t > 0 is no larger than the 
supremum of |u|. 


Remark 2.2 Suppose that in (2.7), uw. is non-negative, not identically zero, 
and supported in the ball B- of radius ¢« > 0 centered at some point in R™. 
Then u(a,t) is strictly positive for all (x,t) € Sr. In particular, the initial 
disturbance, confined in B-, for however small ¢, is felt by the solution at 
any |x| however large, and any positive t, however small. Thus the initial 
disturbance propagates with infinite speed. 
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2.1 The Backward Cauchy Problem 


Let S* = R% x (—T,0), and consider the problem of finding u € H(S7)/N 
C(S7) satisfying 

H(u)=0 in $7 

u(-,0) = Uo € C(RXY)N L& (RY). 


The backward problem (2.10) is ill posed in the sense that unlike the forward 
problem (1.4), it is not solvable in general within the class of bounded solu- 
tions. Indeed, if a bounded, continuous solution did exist for every choice of 
data uo € C(RY)M L® (RY), we would have by (2.7) and Theorem 2.1 


(2.10) 


uo(e) =f Pew T)uly 7) dy (2.11) 


and this would contradict (2.8), if for example, u, is merely continuous. 


3 The Maximum Principle and Uniqueness (Bounded 
Domains) 


Let E be a bounded open subset of RY and let 0,7 = OE; — Ex {T} denote 
the parabolic boundary of Er. 
Theorem 3.1. Let u€ H(Er)C(Er) satisfy H(u) < 0(> 0) in Er. Then 


supu = sup u infu = inf wu). 
Er 0, Er (inf 0, Er ) 


Proof. We prove the statement only for H(u) < 0. Let ¢ € (0,7) be arbitrary 
but fixed, and consider the function 


Er_- 2 (a,t) 3 v(2,t) = u(z, t) — et 


which satisfies H(v) < —e < 0 in Ep—e. Since v is continuous in E_e, it 
achieves its maximum at some (%,to) € Er—e. If (ao,t.) ¢ 0.Fr—-, then 
H(v)(%o, to) > 0, contradicting H(v) < 0. Thus (ao, t.) € 0.E7—- and 


u(x,t) <2eT + sup u for all (x,t) € Ep_e for all € > 0. Oo 
0, Ep 


Corollary 3.1 Let u¢ H(Er)NC(Er) satisfy H(u) =0 in Ep. Then 


IlUllo0,2r = ||Ull00,0..Br- 


Remark 3.1 Theorem 3.1 is a weak maximum principle since it does not 
exclude that u might obtain its extremal values also at some other points in 
Er. For example, u could be identically constant in Ep. A strong maximum 
principle would assert that this is the only other possibility. 
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3.1 A Priori Estimates 


Denote by \ the diameter of &. After a rotation and translation, we may, if 
necessary, arrange the coordinate axes so that 


for all x =(21,...,un)€E, ct2-AK<21< x? 


for some x° = (a29,...,2%,) € OE. This is possible since the heat opera- 
tor is invariant under rotations and translations of the space variables. Let 
u € H(Er)NC(Er) be such that ||H(u)||0,2, < co and construct the two 
functions 


I 
= 


wa (a, t) = |lullooa.r + e*[1 — e@ #0] 1 (u)]oo,nn + 


One verifies that H(w4) > 0 in Er and that 


Wt lyse lull 00,8.Er xu 


0, Ep * 
Therefore w4 > 0, by Theorem 3.1. This gives the following a priori estimate. 


Corollary 3.2 Let u€ H(Er)C(Er). Then 


| Ulloo,Br S |ltUlloo,a.Br + (eM) — 1)||H(u) loo, zr: 


3.2 Ill Posed Problems 


A boundary value problem for H(u) = 0 with data prescribed on the whole 
boundary of Ey in general is not well posed. For example, consider the 
rectangle R = [0 < a < 1] x [0 < t < IJ], and let y € C(OR) be non- 
constant and such that it takes an absolute maximum on the open line segment 
[0 <a <1] x [ft =1]. Then the problem 


wEH(R), uUt—Usce = 0 in R, il. = @ 


cannot have a solution, for it would violate Theorem 3.1. 


3.3 Uniqueness (Bounded Domains) 


Corollary 3.3 There exists at most one solution u € H(Er)C(Er) of the 
boundary value problem 


uz — Au = f € C(Er), =g9 € C(0,Er). 


Ul, p, 


Proof. Tf uw and v are solutions, w = u— v solves 


w,—- Aw =0 in Er, 0 


tls wee — 


and hence w = 0 by Theorem 3.1. o 
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4 The Maximum Principle in RY 


Results analogous to Theorem 3.1 are possible in R if one imposes some 
conditions on the behavior of 7 + u(a,t) as |a| — oo. Such conditions are 
dictated by the solution formula (2.7). For such a formula to have a meaning, 
uo does not have to be regular or bounded. It would suffice to require the 
convergence of the integral on the right-hand side for 0 < t < T. The next 
proposition gives some sufficient conditions for this to occur. 


Proposition 4.1 Assume that uo € Li,,(R%) and satisfies the growth condi- 
tion 
{ there exist positive constants Co,Qo,T%> such that 


4.1 
|uo(x)| < Cye%l*" for almost all |x| > ro. ee) 


Then (2.7) defines a function u € C®(Sr) for every T € (0, ac) Moreover, 
H(u) =0 in Sr, and for every € € (0, rome there exists positive constants a, 
C, andr depending upon ao, Co, To, N, and € such that 


Illa, + Cee 

=—)||voll1,z,,, + Ce 

2N 1 (4.2) 

for all |x| >r and for all 0<t< 7 
a 


|u(a, t)| < I'(e; 


=e. 
o 


Proof. Fix e € (0, z4-) and |z| >, +¢, and write the integral in (2.7) as 


> dao 


J I(x — y;t)uo(y)dy +f T(x — y;t)uo(y)dy = Ji + Je. 
lyl<ro 


lyl>ro 
For |z — y| > 


2 
& 
[Fa] <sup P(e), = 2 (es 5pp) tll, 


In estimating Jz we perform the change of variables y— x = 2\/tn, of Jacobian 
(4t)%/?, and use (4.1) to estimate |u,(y)| from above. This gives 


fol = reir eW ll? ecole+2VEnl? Gy. 


ly|>To 


By the Schwarz inequality, for all 6 > 0 
1 
|x + 2Vin|? < (1+ r |x|? + 4(1 + 6)¢\n]?. 
Therefore, for all |z| > r=ro+e 


| Jo| < Con Nreactsioyel e~ L—4ero(1+5)E) In” 
RN 
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The integral on the right-hand side is convergent if 


1 1 
= ——E. 


.<—_— 
4a,(1+65) 4a 


This defines the choice of 6. Therefore |Jo| < Cera!” where 


1 
CH Cag Nl f e~A-4001+5))I dy and a=a,(1+=). i 
RN 6 
In deriving a maximum principle for solutions of the heat equation in S7, we 
require that such solutions satisfy a behavior of the type (4.2) as |x| — ov, 
but we make no further reference to the representation formula (2.7). 


Theorem 4.1. Letu € H(Sr)NC(Sr) satisfy H(u) > 0 in Sr and u(-,0) > 0. 
Assume moreover that 


{ there exist positive constants C,a,r such that (4.3) 


u(a,t) > —Celtl’ for all ja) >r andall 0<t<T. 
Then u > 0 in Sr. 


1 def 


Proof. Choose 8 > @ so large that T > aa T,. We first prove that u > 0 


in the strip S;,. The function 


wln.t) = eflal?/(1—46t) 


1 
Tay 
satisfies H(v) = 0, and v(2,t) > e#l*l", in Sp,. Let ¢ > 0 be arbitrary but 
fixed and set w = u+ ev. In view of the arbitrariness of ¢, it will suffice to 
show that w > 0 in S7,. The function w satisfies H(w) > 0 in S7,, w(-,0) > 0, 
and 

ae inf w(a,t) >0, uniformly in ¢t € [0,T)]. 

«aI co 
Therefore, having fixed (1% ,t.) € Sr, and o > 0, there exists p > |a| such 
that w(a,t) > —o for |z| > p for all t € [0,7,]. On the (bounded) cylinder 
Q = ||z| < p] x (0,71) the function © = w +o satisfies H(w) > 0 in Q 
and w > 0 on the parabolic boundary 0,Q of Q. Therefore w > 0 in Q, by 
Theorem 3.1. In particular, w(x.,t.) > —o for all o > 0. Therefore w > 0 
in Sp,, since (a%o,t,) € Sr, is arbitrary. To conclude the proof we repeat the 
argument in adjacent non-overlapping strips of width not exceeding ae up to 
cover the whole of Sp. | 


Theorem 4.2. Let u € H(Sr) C(Sr) satisfy H(u) <0 in Sp and 


{ there exist positive constants C,a,r such that (4.4) 


u(x,t) < Cereal” for all |ja| >r andall 0<t<T. 


Then 


u(x,t) <supu(-,0) for all (a, t) € Sr. 
RN 
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Proof. We may assume that u(-,0) € L°(R%); otherwise, the statement 
is trivial. Assume first that Tis so small that 4a7’ < 1 and consider the 
(bounded) cylinder Q = [|x| < p] x (0,7). The function 


é ele? /A(T—t) 


[an(P HP aa 


w=u- 
satisfies H(w) < 0 in Sr, and w(x,0) < suppw u(-,0) for |z| < p. Moreover, 
for |x| = p, 


w Viney Cer” — e(4nT)—N/2 eh /40 


Therefore, since 4T < 1/a, having fixed c > 0, the parameter p can be chosen 

so large that w|i < 0. The conclusion now follows from Theorem 3.1 and 

the arbitrariness of ¢. If 4aT’ > 1, subdivide Sr into finitely many strips of 

width less than x: | 

4.1 A Priori Estimates 

Proposition 4.2 Let u€ H(Sr) NC(Sr) satisfy (4.3) and (4.4). Then 
Ilul]00,87 S |lu-, O)lloorx + T || (u)||00,87- 


Proof. Assume that ||Uo|loo.nv and ||H(u)|loo,s7 are finite; otherwise, the 
statement is trivial. The functions 


we = [uC O)lloory + tT (u)lloo,s7 + u 


satisfy H(wi) > 0 in Srp and w(-,0) > 0. Moreover, both w+ satisfy the 
asymptotic behavior (4.3). Therefore w4 > 0 in Sr, by Theorem 4.1. Oo 


Remark 4.1 The functional dependence of this estimate is optimal. Indeed, 
the estimate holds with equality for the function u = 1+ t. 


4.2 About the Growth Conditions (4.3) and (4.4) 
The conclusion of Theorem 4.1 fails if (4.3) is replaced by 
u(x,t) > —keblel’™ for any €>0. 


However Theorem 4.2 continues to hold for a growth slightly faster than (4.4). 
Precisely (S. Tacklind [249]) 


u(x,t) < Ce®l2) ag |x| > 00 


where h(-) is positive nondecreasing and satisfies the optimal condition 
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5 Uniqueness of Solutions to the Cauchy Problem 


Consider the class of functions w € H(S'r) satisfying the growth condition 


Le exist positive constants C,a,r such that (5.1) 


ju(x,t)| <Ce%l*l” for all ja] >r andall 0<t<T. 


Let u,v € H(Sr)M C(Sr) be solutions of the Cauchy problem (1.4) with 
initial data uo, vo € C(RY) MN L* (RY). If both u and v satisfy (5.1), then by 
Proposition 4.2, 

Iu — v|]o0,52 S |!to — Volloo,R- 


This inequality represents both a uniqueness and a stability result. Namely: 


(i). Uniqueness: solutions of the Cauchy problem (1.4) are unique within 
the class (5.1). 

(ii). Stability: within such a class, small variations on the data, measured 
in the norm of L° (RY), yield small variations on the solution measured 
in the same norm. 


Proof (of Theorem 2.1 (Uniqueness)). If up € L° (RY )NC(RY), the function 
u defined by the representation formula (2.7) is bounded by virtue of (2.9). 
It solves the heat equation in S'r, and it satisfies (5.1) by virtue of Propo- 
sition 4.1. Therefore, it is the only bounded solution of the Cauchy problem 
(1.4). ai 


5.1 A Counterexample of Tychonov ([263]) 


The growth condition (5.1) is essential for uniqueness, as shown by the fol- 
lowing counterexample due to Tychonov. 


Proposition 5.1 There exists a non-identically zero solution to the Cauchy 
problem 
Ut =Ure in Rx (0,00), u(a#,0) =0. 


Proof. For z € C, let 


(2) = a for 2 #0 


0 for z=0 
and define 
pe cee ee, 
— —. r 
u(a,t) = ¢ dir? Qn)! (5.2) 
0 for t= 0. 


Proceeding formally 
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co qd” 2n 


lim u(x,t) = ¥ F500 lice Ge =O (i) 
a = = <o(t)2n(2n a > 
-§ S05 (i) 
: > oe ; — = oe 


These calculations become rigorous after we prove the following 


Lemma 5.1 The series in (5.2) and (i)-(ii) are uniformly convergent in a 
neighborhood of every point of R x Rt. 


Proof. The function z + y(z) is holomorphic in C — {0}. We identify the 
t-axis as the real axis of the complex plane. If t > 0 is fixed, the circle 


y= {zEC|z=t+ sei}, 0<0< 27 


does not meet the origin, and by the Cauchy formula ([31] page 72) 


d” _ nl yp(z) 


—y(t) = — | ————d for all N. 
ate Qi eee ble Be APES Ue 


From this 
a” n! e7Re(z~”) nt f2\" £2" -2 
—yp(t)| < — | ————ldz|=—([- —Re(2"") ga. 
ame Ol <3. f at a Q0r (7) | . a 


For z€ ¥ 


i e\ 1 1(1+fe?+e-# 
2 = t? (1 + 50") and =) = Jee A ; 5) ) . 
vA ‘ 
(1+ ge%)"| 


From this Re(z~?) > (2t)~? and 


Fix a > 0. For all |x| < a, the series in (5.2) is majorized, term by term, by 
the uniformly convergent series 


fave) n An 
eo 1/40? 3 (+) (a*) = eo 1/40? 60? /t. 


n=0 


Here we have used the Stirling inequality 
2"n! 


(2n)! 


1 
<—. a 
n! 
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Remark 5.1 The function in (5.2) can also be defined for t < 0. Therefore 
the backward Cauchy problem 


uz — Au =0 in RY x (—00,0), u(x,0) =0 


fails in general to have a unique solution. 


6 Initial Data in L!} 


N 
loc(R ) 
The Cauchy problem for the heat equation can be solved uniquely for rather 
coarse initial data, for example u, € Lj,,(R%), provided they satisfy the 
growth condition (4.1). The solution will exist only within the strip Sp for 
0<T < z+, and the initial datum is taken in the sense of Lj,,(R), ie., 


||u(-,¢) — Uolli« 30 as t 0, for all compact K C RY. (6.1) 


Theorem 6.1. Let uo € Li,.(R%) satisfy (4.1). Then (2.7) defines a solution 
of the Cauchy problem 


H(u) =0 in Sp for 0<T <7 


loc 


(6.2) 
u(-,0) =u. in the sense of L 


Such a solution is unique within the class (5.1). 


Proof. Fix p > 19, where ro is the constant in the growth condition (4.1). For 
almost all x € B,, write 


Ju(a,t) — Uo(x)| < | D(a — y;t)|Wo(y) — Uo(a)|dy. 


RN 


Integrating in dx over B, 
| lu(e,£) — to(#)|de < | i P(e — y;t)|to(y) — too) |dydee 
By B, JRN 
Z | / P(e — y;t)|to(y) — to(o) |dyde 
Bo ja—y|<o 
‘. | / T'(e — y;#)|tto(y) — tho(2) |e 
B, J\z—y|>o 


=h+_1. 


Let h be a vector in R% of size |h| < o. Then the first integral is estimated 
by 


< sup [ |uo(a +h) — uo(a)|da. 
B 


nherN 


|ni<o 
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The second integral is estimated by 


In< | e~ lal? 1 \uo(x + 2Vin) — uo(x)|dxdn. 
|n|>o/2Vt B 


p 


For all t > 0 and 7 € RN such that 2V/#\n| < 2p, estimate 
1 ”) 


| liga + 2Vn) — tto(at)|dar < 2l|teoll2, 2. 
B 


Pp 


If 2V/t|n| > 2, by the growth condition (4.1) 


I, 


Therefore for p > ro fixed 


2 


2 
|uo(a + 2Vin) — Uo(x)|dx < ||Uolli,B2, + C|Bp| oy gee 
reEBp 


Pp 


iit Biel carat i eo A-8aot)Il? dy 
|n|>o/2Vt 


+ sup |luo(z +h) — uo(z)||1,2,- 

nheRN 
|h|<o 

The proof is concluded by recalling that the translation Thu, = uo(- + h) is 

continuous in Li,.(R™) ([50], Chapter IV, Section 20). a 


6.1 Initial Data in the Sense of L! 


loc 


(R) 


Part of the definition of a solution to the Cauchy problem (1.4) or (6.2) is 
to make precise in what sense the initial data are taken. The notion (6.1) is 
the weakest unambiguous requirement for data uo € Lj.,,(RY ). If (6.1) holds, 
then there exists a sequence of times {t,} — 0 such that 


u(x,tn) > uo(x) for almost all x € RY. 


and one might be tempted to take this as the sense in which u(-, t) takes its 
datum at t = 0. Such a definition might, however, generate ambiguity. Indeed, 
the uniqueness may be lost, as shown by the following examples. The function 
I satisfies the heat equation in S,, and the growth condition (5.1). Moreover, 
I(.,t) > 0 ae. in R¥, as t > 0, and yet I # 0. For such a “solution” the 
identically zero initial datum is not taken in the sense of Li.(R%). Indeed, 
for all p > 0 


I, 


Even more striking is the following example in one space dimension. The 
function 


I(a,t)dx = as | e7 ll" dy >1 ast—>0. 
In|<p/2Vt 


7) 
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2 
u(a, t)= WEES 4t 
is a solution of the heat equation in Rx R? satisfies all the previous properties, 
and in addition, v(a,t) + 0 ast > 0 for alla € R. And yet v # 0. One checks 
that for all p > 0 


p 1 
vi | |u(a,t)|dx + —= ast—>0 
= Vr 


that is, the initial datum u, = 0 is not taken in the sense of Th. 


(R™). 


7 Remarks on the Cauchy Problem 


7.1 About Regularity 


Let uo be locally analytic in RY and assume that it satisfies the growth 
condition (4.1). Then formula (2.7) defines the unique eolution: within the 
class (5.1), to the Cauchy problem (1.4) in Sp for0 << T < i . Such a solution 
is locally analytic in the space variables. It is also analytic in ‘the time variable 
within R% x (e,7) for all e € (0,7). Having in mind the Cauchy—Kowalewski 
theorem, it is natural to ask whether u is analytic in the x and t variables up 
to t = 0. This is in general false, as shown by the following argument. 

If u were analytic in ¢ up to t = 0, then u, uz, Au would have, in a right 
neighborhood of the origin, the absolutely convergent series representations 


Meta >, a(a)e” (7.1) 
ur(a, t) = > Yn(x)nt”—* 
Aule,t) = 2 Av, (a)t” 


with analytic coefficients y,. This in the equation H(u) = 0 gives 
: A 0,1 
= —_ n= ee 
Pn+l1 (n ca 1) Yn; aaa? | 
From this, by iteration, starting from yo = Uo 


A”™ Uo 


n! 


Yn = , n=0,1,2,... 
where A° = I and A” = A”™—!A, for n € N. Putting this in (7.1) gives a 
representation of u in the form 


n 


u(x,t) = y ll 


n=0 n! 
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From the uniform convergence, it follows that 


“t" +0 as noo (7.2) 


for (x,t) fixed in the domain of uniform convergence. Let Du, denote the 
generic derivative of uo, of order n . Expanding u, about x within a ball of 
radius t we must have 


| Duo(«)| 


“I t”>0 asn>o. (7.3) 


Now there exist locally analytic initial data u, satisfying (7.3) but not (7.2).1 


7.2 Instability of the Backward Problem 


We have already remarked that the backward Cauchy problem (2.10) in gen- 
eral does not have a solution. If it does, the datum u, must by analytic by 
Remark 2.1 and the representation formula (2.11). Stability however might 
be lost, as shown by the following example, due to Hadamard ([111]}): 


u(x,t) =ee~*/© sin (=) , €>0 


solves (2.10) with N = 1 and u,(x) = esin(a/e). As ¢ > 0, ue > 0 in the 
L°°(R)-norm. Yet for all ¢ < 0, for all intervals (—p, p), and for all 0 < p < co 


llu(-, 4) llp,(—p,p) 200 ase 0. 


8 Estimates Near t = 0 


Let uo € Lf.(RY) satisfy the growth condition (4.1), and let wu be defined by 
(2.7) in the strip S7 for0 <T < ome We will study the behavior of u(-,t) and 
|Du(-, t)| as t + 0. Since ue is locally bounded, in (4.1) we may take r, = 0, 
by possibly modifying the constant C,. We will also investigate the behavior 
of uz(-,t) and uz,2,(-,t) as t + 0, under the more stringent assumption that 


Uo € Ce, (RY) for some 6 € (0,1). 
Proposition 8.1 Let u, € L°°.(R™) satisfy (4.1) with ro =0. For all p > 0, 


there exist constants Ae, for € = 0,1, depending only on p, N, Qo, and Co, 
such that 


Ju(a,t)|< Ao, — |Du(a,t)| < Art7/? (8.1) 
for (x,t) € B, x (0,T]. 


'Give examples of such functions in R. Hint: Attempt e” or In(1 + x), or a 
variant of these. 
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Proposition 8.2 Let uo € C®,(R%), for some 6 > 0, satisfy (4.1) with 
ro = 0. For all p > 0 there exists a constant A depending only on p, N, 
Qo, Co, 6, and the Holder constant of uo over By such that 


|ue(a, t)| + |Uain, (a, t)| < At>/?-7 (8.2) 
for (x,t) € B, x (0,T] and for alli,j =1,...,N. 


Proof (Proposition 8.1). Both estimates will follow from estimating 


t 
n= | (=>) T(e—y;t)luoly)ldy for £=0,1. 
Ry \ ot 
The change of variable y — 2 = 2\/tn yields 


Je In|fen™" juo(a + 2VEn)|dn 


1 
= TN/2(/t)6 I. 


C e2%ola|? j é 
A ee eo (1-8aot)Inl? dn 
<a [vim " 


Thus if |z| < p and ¢ is so small that (1 — 8a,t) > 4 


2 const(Cy,N,Q) [f° n_i4se re = 
te/2 0 


Proof (Proposition 8.2). First one computes 


o? o 
=—— | [(x-y;tdy= | ——TI(r-y;t 
Bandas Ne (x — y;t)dy oe DE (x — y;t)dy 
o2 
—— I(x — y;t)dy. 
RN Oy;OYy; ( ae 


Then for |z| <p and0<t<T 
2 


N 
u(x, t)] + [Unins(@,t)| $2 do 
h,k=1 


<2n [ (HF. 5) Me vit)lualy) — olay 
-vf (GF +2) ree red lucta) = wole)lay 


ty 
tN (Rah eZ) re nate) ~ mole 
yl>2p 


P(x — y;t)(uo(y) — uo(x))dy 


RN OynOYk 


= HM, + Ho. 


Since u, € C?,,(RY) 
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_ 2+6 a 6 ely? 
Hy < 2Nhg(4nt)-¥? f Je =I cat | eo dy 


lyi<2p AP 7 


where h, is the Hélder constant of u, over Bz,. Perform the change of variables 
y—«x = 2v/tn, and majorize the resulting integral by extending it to the whole 
of R% to get 


A i N-1 246 5) ,—|n|? 
Ay < p52 In| (|| + |n|")e d|n| 
ty) 


where A = 4Nhor~N/?2wy2°. To estimate Hz, perform the same change of 
variables to get 


2 
An < ACpNaTNAebanie? (nl +1) .--sact)inl? ap 
Inl>p/2vt_ 


If t is so small that (1 — 8a,t) > 4, this gives Hz < At§/2-1, where 


2 
A= sup 4C, Na N/2¢200"” / (nl +) sin? ay) B 
1€(0,1/40) Inl>pjave 87? 
9 The Inhomogeneous Cauchy Problem 
Consider the problem of finding u € H(S'r) satisfying 
H(u)=fin Sp, ul(-,0) = uo. (9.1) 


Assume that uo is in Li.(R%) and satisfies the growth condition (4.1). The 
initial datum in (9.1) is taken in the sense of Li,.(R%). On the forcing term 
f, we assume 


f(t) € C2.(R¥) for some 5 > 0 uniformly in t > 0. (9.2) 


Moreover f(-,t) is required to satisfy the same growth condition as (4.1), 
uniformly in ¢, i.e., 


|f(a,t)| < Coel2l” for |x| >ro uniformly in t > 0. (9.3) 


Theorem 9.1. Let (9.2) and (9.3) hold. Then there exists a solution to the 
inhomogeneous Cauchy problem (9.1) in the strip Sp for0<T < eee More- 
over, the solution is unique within the class (5.1) and is represented by 


u(z,t) = a a= ni Ouoladdy + f I. I(x —y;t—s)f(y,s)dyds. (9.4) 
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Proof. Since the heat operator is linear, w can be constructed as the sum of 
the solution of the homogeneous Cauchy problem (f = 0) and the solution 
of (9.1) with u, = 0. Thus it suffices to take u, = 0 in (9.1). The family of 
homogeneous Cauchy problems 


(x, t;s) > u(a,t;s) € H(RN x [0< 5s <t<T)) 
v, — Av =0 in RY x (s,T) 
v(-, 858) = f(-,8) 


has, for all0 < s <t< T, the unique bounded solution 
v(a, t; 8) =} D(a —y;t — 8) f(y, s)dy 
RN 


valid for 0 < t—s < T. We claim that the function 


u(a,t) = | ead s)ds 


solves (9.1), with u, = 0. To show this, first observe that by virtue of the 
estimates of the previous section and assumption (9.2) and (9.2), the integrals 


t t t 
i u(a,t; s)dx, | ur(a, t; s)ds, | Veje,(B, 1; 8)ds (9.5) 
0 0 0 


are uniformly convergent over compact subsets of R‘. The convergence of 
the first integral implies that u(-,t) + 0 as t + 0, in the sense of Li.(RY). 
Moreover, by direct calculation 


fl 
Ut = (a, t; t) +f ur(2, t; s)ds 
0 


= f(a,t) +f Av(a,t;s)ds = f(a,t) + Au(z, t) 


where the calculation of the derivatives under the integral is justified by the 
uniform convergence of the integrals in (9.5). Thus w is a solution of (9.1) with 
Uo = 0. Such a solution is unique in view of (9.3). Oo 


This method is a particular case of the Duhamel principle. See Section 3.1c 
of the Complements of Chapter 6. 


10 Problems in Bounded Domains 


Let E be a bounded region of RY with boundary JE of class C! and consider 
the Dirichlet problem (1.2). If g = 0, the problem is referred to as the homoge- 
neous Dirichlet problem. We may solve such a homogeneous problem by sep- 
aration of variables, i.e., by seeking solutions of the form u(x,t) = X(x)T(t). 
Using the PDE, we find 
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T’(t) =—-AT(t), t> 0; AX =-\X, X|,,=0. (10.1) 


The second of these is solved by an infinite sequence of pairs (An, Un), where 
{An} is an increasing sequence of positive numbers and {v,} is a sequence 
of functions that form a complete orthonormal set in L?(E) (Section 11 of 
Chapter 4). In particular, the initial datum u,, regarded as an element of 
L?(E£), can be expanded as 


Uo(#) = © (Ut, ) Ca ) with — |fuoll3, 2 = 2 (uo, vi)? 


Then with A,, determined by (10.1), one has T;,(t) = Ty,ne~*"*, where Ty.» are 
selected to satisfy the initial condition u,. This gives approximate solutions 
of the form 


Un (a, t) = > Toe a, (2), Toi _ (Uo, Ui). 
i=1 
Lemma 10.1 The sequence {un(-,t)}, is Cauchy in L?(E), uniformly in t. 


Proof. Fix ¢ > 0 and let ng = no(€) be such that 


Y [tos v)[? <e. (10.2) 


i>No 


Next for allm >n>n, andallO<t<T 


m 
[tm (+, t) — Un(-,t)|I3. 5 < | >> (Uo, vi) e (@)|lo 0S = 3 |(to, vi)? <e. i 


i=n i>No 


Thus, formally, a solution to the homogeneous Dirichlet problem (1.2) is 


u(x,t) = >) (to, ve **u; (x) (10.3) 


e 
Il 
ua 


where the convergence of the series is meant in the sense of L?(F), uniformly 
in t € [0,7]. It remains to interpret in what sense the PDE is satisfied and in 
what sense u takes the boundary data. 


Lemma 10.2 Let u be defined by (10.3). Then t > u(-,t) is continuous in 
L?(E), Moreover, u(-,t) takes the initial datum uo in the sense of L?(E) 


lu(-,t) — Uollaz +0 ast 0. (10.4) 
Finally, u(-,t) satisfies the decay estimate 
lu(-, Alone < e™ luollep (10.5) 


where A, is the first eigenvalue of the Laplacean in E. 
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Proof. From the definitions 


u(a,t) — tole) = 35 Toa(e" — 1vi(a). 


Therefore, letting t — 0 gives 
lim sup ||u(-,¢) — wolloe < Ve. 
t30 


This proves (10.4) and also that t > u(-,t) is continuous at t = 0, in the 
topology of L?(E). The continuity at every t € [0,7] is proved in a similar 
fashion. The decay estimate (10.5) follows from the representation (10.3), 
Parseval’s identity, and the fact that {,,} is an increasing sequence. | 


Remark 10.1 This construction procedure as well as Lemmas 10.1 and 10.2 
require only that the initial datum u, be in L?(£). 


10.1 The Strong Solution 


Assume that N < 3 and that the initial datum u, is in C?(E) and satisfies 
Uo = 0 and Du, = 0 on OE. Then, by Corollary 10.2 of Chapter 4, the series 
in (10.3) is absolutely and uniformly convergent. This implies that u satisfies 
the homogeneous boundary data on OF, in the sense of continuous functions. 
Also, the series 


SS (to; vi) fo u(2) and => (uo, we * Av; (2) 
i=0 i=0 


are absolutely and uniformly convergent. Therefore, the heat operator H(-) 
can be applied term by term in (10.3) to give 


H(u) = Yo (uo, vi) H[e~*"u;(ax)| = 0. 
i=0 
We conclude that if 1 < N < 8, and if u, satisfies the indicated regular- 


ity properties, then u as defined by (10.3) is a solution of the homogeneous 
Dirichlet problem (1.2). 
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10.2 The Weak Solution and Energy Inequalities 


If N > 3, or if uo € L?(E), we will interpret the PDE in a weak sense. By 
construction, each u,, satisfies 


Un,t — AU, =0 in Er 


eos (10.6) 
Un(-, 0) = De (tos Vs) Ui. 


Let y € C?(Er) vanish on OE for all t. Multiply the PDE satisfied by un by 
y and integrate by parts over FE; to obtain 


iE (un) (t)dax — | [ [unYt + UnAy] da dt = [ (tonv)(2, 0) de. 


Letting n — oo gives 


7 COC | [ “ui” (ed) dedi = | uovo(2,0)de. (10.7) 


In this limiting process we use Lemma 10.1, which is valid for all N > 1. We 
regard (10.7), as a weak notion of a solution of the homogeneous Dirichlet 
problem (1.2), and we call u a weak solution. 


Lemma 10.3 Weak solutions in the sense of (10.5), (10.7) are unique. 


Proof. The difference w = u; — u2 of any two solutions satisfies (10.3), and in 


particular 
t 
| (wy)(t)da -f | wAy dx dr =0 (10.8) 
E 0 JE 


for all y € C}(E) independent of t. Since w € L?(Er), it must have for a.e. 
t € (0,7) a representation in terms of the eigenfunctions {v,}, ie., 
n 


w(a,t) = lim Y a;(t)u;(x) for a.e. t € (0,T). 


N00 j=H 


In (10.8) choose y = v; to get 
t 
ai (t) + | a;(s)ds =0 forall cE N. 
0 


Thus a;(-) = 0 for alli € N, and w = 0. Oo 


Remark 10.2 The choice y = v; is admissible if v; € C}(E). By Corol- 
lary 11.2 of Chapter 3, the eigenfunctions v; are Hélder continuous in E. By 
the Schauder estimates of Section 9 of Chapter 2, v; € C?*"(E), and by a 
bootstrap argument, vj; € C°(E). Actually v; are of class C}*” up to OE. 
Such an estimate up to the boundary, has been indicated in Section 9c of the 
Complements of Chapter 2. 
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Remark 10.3 If u, € C}(E), and u is smooth enough, we may take u = y 
in (10.7) to obtain the energy identity 


1 1 t 
= |lu(t)|2. p — =lleoll2 2 + | | |Dul2de dt = 0. 
2 2 0 E 


This identity also contains a statement of uniqueness since the PDE is linear. 
Indeed, wu. = 0 implies u(-,t) = 0. 


11 Energy and Logarithmic Convexity 


Let £ be a bounded open set in RN with boundary OE of class C! and let 
u € H(Er)NC(E7r) be a solution of the homogeneous Dirichlet problem (1.2). 
The quantity 


E(t) = |lu(-, llo,e 
is the thermal energy of the body EF at time t. 
Proposition 11.1 For everyO0 <t, <t<t<T 
E(t) < (EG) [E(6)] 4. (11.1) 


Proof. Assume first that u is sufficiently regular as to justify the formal cal- 
culations below. Multiply the first of (1.2) by u(-,¢) and integrate by parts 
over E, taking into account that u(-,t) vanishes on OE. This gives 


= 2 | uAu dx = -2 f Du: Dudz. 
E E 
From this 


eva | Duy: Dude =< [ uAudr=4 f urdx. 
B E E 


From this and Holder’s inequality 


2 
Er = (2 | uty ax) < €&". 
EB 


First assume that €(t) > 0 for all t € [t1, t2]. Then the function t > In E(t) is 
well defined and convex in such an interval, since 


d? Peat” 
Therefore, for all t) < t < te 
to -—t t—t 
In€(t) < —— ln €(t) + ~ In €(t2). 
to — ty tg —t 


If E(t) > 0, replacing it with €. = € +e for e > 0 proves (11.1) for E.. 
Then let ¢ — 0. These calculations can be made rigorous by working with the 
approximate solutions {u,,} of (10.5) and then by letting n — oo. Oo 
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Remark 11.1 The energy €(-) can also be defined for solutions of the homo- 
geneous Neumann problem (1.2), and (11.1) holds for it ([200]). 


11.1 Uniqueness for Some I] Posed Problems 


Corollary 11.1 There exists at most one solution to the homogeneous back- 
ward Dirichlet problem 


u€ H(Er)NC(Er), TH: u) =0 in — 
u(,T) =ur € C(£), ult lon= 0 

Proof. It suffices to show that ur = 0 implies u(-,t) = 0. This follows from 

(11.1) with tp =T. a 


12 Local Solutions 


We have observed that solutions of the Cauchy problem representable by (2.7) 
are analytic in the space variables and C® in time for t > 0. It turns out that 
this is also the case for every local solution of the heat equation in a space- 
time cylindrical domain Er. Let Q, = B, x (—p?, 0) denote the cylinder with 
“vertex” at the origin, height p?, and transversal cross section the ball By. 
For (ao, to) € RN*1, we let (xo, to) +Q, denote the box congruent to Q, and 
with “vertex” at (2, to), ie. 


(Za; to) +Q)= [|e — 2| < p] X [Eo — p*, to]. 


If (ao, to.) € Er, we let p > 0 be so small that (#,,t.) + Qap C Er. We also 
denote the integral average of |u| over (0, to) + Qap by 


1 
f |u| dy ds = —— |u| dy ds. 
(@o,to)+Qae 1Q4p| J (wo,to)+Qap 


Proposition 12.1 (Gevrey [97]) Let u © H(Er) be a solution of the heat 
equation in Ey. There exist constants y and C depending only on N such that 
for every box (%o,to) + Qap C Er 


Cleljal! 
sup | Du! <¥ a f |u| dy ds (12.1) 
(xo,to)+Qp p (Lo,to)+Qap 


for all multi-indices a. Moreover 


a CAr(oki 
sup |——|< if |u| dy ds (12.2) 
(xo,to)+Qp | otk | a (xo,to)+Qap 


for all positive integers k. 
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Proof. It suffices to prove only (12.1), since 
ok 


—u = A*u. 

otk 
After a translation, we may assume that (2, t.) coincides with the origin and 
u is a solution of the heat equation in Q4,. Construct a non-negative smooth 
cutoff function ¢ in Qa, satisfying 


1 i 
¢=1 m Q2p, IDE] = ? lSusus| FJ H1, 0. N 
f 4p p 


ee 


0<G< C(y, 8) =0 for |y| > 4p and s < —(4p)?. 


The function ; 
wad ¥ in [lyl S 40] x (—(4p)?, 0) 
0 otherwise 


coincides with wu within Q2, and satisfies 


H(w) =uH(0)—2Du.D¢@ fin R® x (—(4p)?, 0. 


Therefore, it can be viewed as the unique solution of the inhomogeneous 
Cauchy problem 


H(w) =f in RN x (-(4p)?,0], w(-,—(4p)?) = 0. 
By Theorem 9.1 


t 
w(z, t) =| | I(x —y;t— s) f(y, s) dyds. 
—(4p)? JRN 
From this, after an integration by parts 


wed= ff maslre—ut— uo 


+ 2DI°(a— y;t — s)- DC] dyds 


—(2p)? 
=f, 7 y I'(a—y;t—s)G,udyds 
—(4p 


|y|<4p 


t 
+f | I'(a —y;t — s)ACudyds 
— (4p)? J2p<|y|<4p 


t 
+2 f | DI'(a—y;t—s)- DOudyds. 
— (4p)? J2p<|y|<4p 


Observe that in these integrals, if |2| < p and —p? < t < 0, the kernel is not 
singular. Take the space derivatives of any order of both sides, for « and ¢ in 
such a range, and use the properties of the cutoff function ¢ to obtain 
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1 —(2p)? 
sup |D°u]| < =f i: |D°I'(x — y;t — s)||u| dy ds 
Qp P" J—(4p)? J \y|<4p 


1 t 
+5] | |D° I(x — y;t — s)||u| dy ds 
PY J—(4p)? 42p<|y|<4p 


1 rt n 
+2 ff Spero yt —s)lluldyas 
P J—(4p)? J2 


p<l|y|<4p t=1 
= J, + J. 4+ Jz. 


In the estimates to follow we denote by C' and ¥ generic positive constants that 
can be different in different contexts. These may be quantitatively determined 
a priori only in terms of N and are independent of the multi-index a. 


Lemma 12.1 There exists a positive constant C such that 


ja| ! 
ID°P(e—y;t-s)| < oll (4) i |e - wits) 


for all (x,t) € Qp and (y,s) € Qap, and for every multi-index a. 


Assuming the lemma for the moment, we proceed to estimate J;. In esti- 
mating J, observe that within the domain of integration t—s > p?. Therefore 


“i Cll}! 
|D°T(z — y;t — s)| SV Jer 
and a 
Cla! 1 
ee |u| dy ds. 


pial |Q4p| Qap 

The estimation of Jz and Js hinges on the supremum of the function 
1 

G(T) = —_e Alt, 


7m 


T>O 


where A and m are given positive constants. The supremum of g is achieved 
for T = A/m, and 
m 
la(r)| < (=) efor all 7 > 0. 


Within the domain of integration of Jz and Jz one has |x — y| > p, provided 
|x| < p. Therefore 


piel 
[AE — s\JleNre* 


lol! Lp? ates) 
plol [4(¢ — 8)]N/? 


|D° T(x — y;t — s)| < yc!" —p?/4(t—8) 


+yclel 
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By Stirling’s inequality m™e—™ < ym!. Therefore by modifying the constants 
C and y 
Cleljal! 1 

pial pN 
for (a, t) € Q, and (y, 8) € Q4y — Qay. With this estimate in hand, we deduce 
that for (x,t) € Q, and all multi-indices a 


|D°l(@=yt=s8)|<7 


Clllal! 1 


Jg<¥ — |u| dy ds. 
piel |Q4p| Qap 
As for J3, the previous calculations give 
Clol+1|qy! i ae 
< — i =) |u| dy ds. 
pie 1Q4p Q4p 


Now the constant C can be further modified so that 
clel+t (a) +1) < Cl! — for all multi-indices a 
and the theorem follows. | 


Proof (of Lemma 12.1). Fix a multi-index a of size |a| = n and let 6 bea 
multi-index of size |3| =n + 1. Then 


p®r = p*r,, = p> @—vir 


2(t — s) 
for some i = 1,..., N. From this 
a 
2\D8r| < (— ) |per| + —— pr 
t—s (t — s) 


where @ is a multi-index of size |@| = n — 1. The lemma holds for n = 1. By 
induction, assuming that it does hold for multi-indices a of size jal <n, we 
show that it continues to hold for multi-indices ( of size |3| = n+ 1. Using 
the induction hypothesis 


2 iver} <cn| (2 aon YO gf Oh 
rT = t—s t—s/] p” t—s Co | 


By Young’s inequality 
p\ ent 1 (_p_\" | 24a (n) 
t—s/ p®= ~n+1\t-s n+1. prt 


p Meta M. o n p ag ely 1 
t—s Co ~n+1\t-s n+l  Cnrtipnti’ 
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Using Stirling’s inequality and choosing C' sufficiently large 


(n -_ Lye 1 
n+1 Cnt — 


This in turn implies 


|D°T| cr p n+1 
ete le a a 
nn t—s = ae rach: 


The number (n!)V/n 


4n 


majorized by its arithmetic mean. Therefore 


x a 2n 


4n 


waren" s 


~ (n+ 1)? 


nr 


These remarks in the previous inequality yield 


|D°r| 


3 p n+1 ( 
< ian 
a ler) 


It remains to choose C so that 3C" < C"*1. 


12.1 Variable Cylinders 


< (n+ 1). 


n+1° 


n-+1)! 
prt 7 


yn) DH 


prt 


is the geometric mean of the first n integers, which is 


To simplify the symbolism, let us assume that (ao, t,) coincides with the origin. 
The estimates of Theorem 12.1 give information on D%u on the cylinder Q, 
in terms of the L'-norm of u over the larger box Q2p. The proof could be 
repeated with minor variations to derive a similar statement for any pair of 
boxes Q, and Qa, for o € (0,1). Tracing the constant dependence on a gives: 


Proposition 12.2 Let wu be a solution of the heat equation in Q,. There exist 
constants C and y, depending only on N, such that for every multi-index a, 
for every non-negative integer k, and for all o € (0,1) 


Clol\a 


Dull co < 
| D*Ulloo.Qep S 1G aH 


C* (2k)! 


|! 
Hal plal 


t2k 2k 


ok 
5g tllco,Qen © VG ag NFER 


f |u| dy ds 
Qp 
f |u| dy ds. 
Qp 


(12.3) 


(12.4) 


Remark 12.1 Estimates (12.3)—(12.4) hold for any pair of boxes (a5, to) +Qp 


and (%o,to) + Qop contained in Qr. 


12.2 The Case |a| = 0 


We state explicitly the estimate of Proposition 12.2 for the case |a| = 0. 
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Corollary 12.1 Let uw © H(Er) be a local solution of the heat equation in 
Er. There exists a constant C depending only on N such that for every box 
(%o,to) + Q, contained in Ep and all o € (0,1) 


C 
sup ful < ei |u| dy ds. (12.5) 
(®orte)+Qep (1—a)N* Jie, t0)+Q, 


These estimates have a number of consequences for local or global non- 
negative solutions. In the next two sections we present some of them. 


13 The Harnack Inequality 


Non-negative local solutions of the heat equation in Ey satisfy an inequal- 
ity similar to the Harnack estimate valid for non-negative harmonic func- 
tions(Section 5.1 of Chapter 2). This inequality can be stated as follows. For 
p > 0 consider the box Q, = B, x (—p?, p”), with its “center” at the origin. 
If (ao, to) € Er, let 

(Bo, ta) + QV, = a ata| <6) 3 (te — pote - p) 
be the box congruent to Q, and centered at (Xo, to). 


Theorem 13.1. Let u € H(Er) be a non-negative solution of the heat equa- 
tion in Er. There exists a constant c depending only upon N such that for 
every box (Xo, to) + Q4p C Er 


inf u(z,to + p”) > cul(2o, to). (13.1) 


(Tos to =r p) 
Rt 


(Zo, to) 


Fig. 13.1 


Such an estimate can be given different equivalent forms. We illustrate one of 
them, assuming for simplicity of notation that (xo,t.) = (0,0). To distinguish 
between the upper part and the lower part of Q,, let us set 


QO; = B, x (—p’,0), Or = By * (0, "). 
Fix o € (0,1), and inside QF and Q7 construct the two sub-boxes 


Q5 = Bop x (—ap", 0), O70 = Bap X ((1 — 0)”, p). 
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Theorem 13.2. Let u € H(Q4,) be a non-negative solution of the heat equa- 
tion in Q4,. For every o € (0,1) there exists a constant c depending only upon 
N ando such that 

inf u > c supu. (13.2) 


po 


Fig. 13.2 


In the case of harmonic functions, the main tool in the proof of the Harnack 
estimate was the explicit Poisson representation formula of the solution of 
the Dirichlet problem for the Laplacean over a ball (formula (3.9) of Chap- 
ter 2). The corresponding Dirichlet problem for the heat equation over cylin- 
ders whose cross section is a sphere does not have an explicit solution formula. 
However, local representations will play a major role via the regularity results 
of Proposition 12.1. 

The form (13.1) of the Harnack estimate is due independently to Pini 
({203]) and Hadamard ({112]). The form (13.2) was introduced by Moser in 
a more general context ({187]), which we will extensively deal with in Chap- 
ter 12. The proof we present here, based on an idea of Landis [153], is “nonlin- 
ear” in nature, and its main ideas can be applied to a large class of parabolic 
equations, including degenerate ones ([49], Chapters 6-7, and [55]). Alterna- 
tive forms of the parabolic Harnack inequality that resemble the mean value 
property of harmonic functions are in [56]. We will consider them in Sec- 
tion 10.4 of Chapter 12. 

The Harnack inequality is a property also shared by non-negative solu- 
tions of parabolic equations in nondivergence form, which are the subject of 
Chapter 13. In particular, Section 4 of such a chapter will be devoted to the 
Harnack estimate in this context. 


13.1 Compactly Supported Sub-Solutions 
For given positive numbers M, r, b, and (x,t) € So, consider the function 


M r?° 
(t+ re 


|x|? 


(4—|z|?)4, where |z|? = woh 


w(z,t) _ 
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One verifies that 7 € H(Ss.)C(S..), and it vanishes identically outside the 
paraboloid |z| < 2. 


Lemma 13.1 The number b > 0 can be chosen so that H(w) <0 in Soo, for 
all M > 0. 


Proof. By direct calculation 


ie 2 2 lzl* 
A(y) = Ga pat [z|")+ (-na- 2") 4+ 4N — 2) 


For #4 < |z/? < 4, we have H(w) < 0. For |z|? < #4 


+1 > +1 
Mr 4b 
A 6 87 —-—— +4N }. 
(0) s rt - la) (+a) 
To prove the lemma, choose b = N(N +1). | 


We will consider a version of 7 “centered” at points (xo, to) € RY ++. Precisely 
Mr? |x —ao|? \* 
Vo Keio. ¢=4,) = —_ | 4a | 
(wosto)(@st) = V(@ — a ) Tae ( t—totr?] 
Corollary 13.1 Let b= N(N +1). Then 


H(Le,,t.)) <0 in RY x (to, 00). 


13.2 Proof of Theorem 13.1 


We may assume that (2o,to) = (0,0), that p = 1, and that u(x,t.) = 1. This 
is achieved by the change of variables 
= L—Xo t—> t— to U 
«L— — ; 
p ” ep? u(0, 0) 

Thus we have to show that if u is a solution of the heat equation in the box 
QO, = By x (—4,4) such that u(0,0) = 1, then u(a,1) > c, for all x € By, for 
a positive constant c depending only on N. To prove this we proceed in three 
steps. 


13.2.1 Locating the Supremum of u in Qi 
For s € [0,1), consider the family of nested and expanding boxes 
Qs = [lz] < 5] x (-s?, 0] 


and the nondecreasing family of numbers 
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M,=supu, N,=(1—s)~§ 
where € is a positive constant to be chosen later. One checks that M, = No = 
1, andass—> 1 


limM,<oo and lmN,=o. 
sol sol 


Therefore the equation M, = N, has roots. Denote by s, the largest of such 
roots, so that 


supu= M,,=(1—s.)-§ and M,<(1—s)§ for s> 5%. 
Qso 


Since u € C(Q4), the supremum M,, is achieved at some (25, to) € Qs,, ie., 
tt tev= 1a). 


13.2.2 Positivity of u over a Ball 
We show next that the “largeness” of u at (a ,t ) spreads over a small ball 
centered at x, at the level to. 


Lemma 13.2 There exists ¢ > 0 depending only upon N and independent of 
8_ such that 


— So 


1 1 
u(x,t.) > g(t —s) > forall |x—a,| <e 


Proof. Costruct the box with “vertex” at (x,t) and radius $(1— 89) 


1l-s re 
(Zo, to) + Qia_s,) = ||@— Zol < ; | x to ( 5 :) to] 


By construction, (2, to) + Q1q_s,) C Q1(14s,), and by the definition of M, 
and N, 


sup u< sup u< Nits. = 2§(1 _ 80) 6. 
(torte) +Q3 464) Qt tse) ° 


Apply Proposition 12.2 with |a| = 1 over the pair of boxes (a, to) + Q2(1~s.) 
and (%o,to) + Qiq_s,), to obtain 


sup |Du| < : sup u 
(PortoJ+Q 155) — 80 (tote) +Q3 1 _5,) 


for a constant C' dependent only upon N. Let ¢ € (0, +) to be chosen later. 
Then forall |a — x | < €3(1 — 80) 


1— 5s, 


u(a,to) > u(ao, to) — € sup |Du| 


2 (tosto)+Q2 55) 
> (1— s,)~§(1 — 2&Ce). 


To prove the lemma we choose € small enough that 1 — 2§Ce = 4. o 
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13.2.3 Expansion of the Positivity Set 


The point (25,t,) being fixed, consider the comparison function YW, 4,) for 
the choice of parameters 


1 1—S>5 
M=5(1-8) 8 r= c——. 
By Lemma 13.2 
! ~€ 
u(x, to) > 5 — 50) * > %e,2,)(2:to), for ja—zo| <r. 


Therefore, by the maximum principle, u > YW, 4,) in the box By x [t,,4). In 
particular, for t = 1 and |a| < 1 


nel) oF ey, 


The knowledge of s, is only qualitative. We render the estimate independent 
of s, by choosing € = b. This gives u(x, 1) > 21-4? =e. oO 


Remark 13.1 A somewhat similar argument will be employed in Section 10.3 
of Chapter 12. 


14 Positive Solutions in Sy 


We have shown that uniqueness for the Cauchy problem (1.4) holds within 
the class of functions satisfying the growth condition (5.1). However, the rep- 
resentation formula (2.7) is well defined for initial data uo € Li,,(R%) for 
which the integral is convergent. This suggests that we consider the problem 


of uniqueness within the class of functions u € H(S7) such that 


| lu(y, s)|\I'(x — y;t— s)dy<oo for s € (0,2). (14.1) 
RN 


It turns out that uniqueness for the Cauchy problem holds for functions in such 
a class. More important, every non-negative solution of the heat equation in 
Sr satisfies (14.1). Therefore, uniqueness for the Cauchy problem (1.4) holds 
within the class of non-negative solutions. This was observed by Widder in 
one space dimension ({276]). Here we give a different proof, valid in any space 
dimension. 


Theorem 14.1. Let u € H(Sr) satisfy 
H(u)=0 in Sp, and u(-,t) 30 in Li.(RY) as t 0. 


Then, if u satisfies (14.1), it vanishes identically in S'r. 
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Proof. Let (x,t) € Sp be arbitrary but fixed. For p > 2|x| consider the balls 


Bo, and let y > ¢(y) € C?(Bop) be a non-negative cutoff function in Bo, 
satisfying 
2 


1 2 
p |D¢| ; Guin | ; 


For 6 > 0 let 
ifu>o 
hs(u) = if jul <6 (14.2) 
—1 if u<-—o. 
Multiply the PDE by hs(u)¢(y)I'(a — y;t — s), and integrate by parts in dyds 
over the cylindrical domain Bz, x (r,t —¢) forO <7 <t—eand0<e<t. 
This gives 


Ties ae hs(€)as) P(x yse)¢(y)dy 


1 t-e 
+f | |Du?? I(x — y;t — s)X;u < d]¢(y) dy ds 
T Bap 


=f ([ nsleyae) roe t= Needy 
+ 7 _ ( | : ns(@)aé) (PAC + 2DP'- DC) dy ds. 


As rt — 0, the first integral on the right-hand side tends to zero, since it is 
majorized by 


o]ee 


const f lu(y,7)|dy +0 as T> 0. 
B 


2p 
Discard the second term on the left-hand side since it is non-negative and let 
first 6 > 0 and then t + 0 to obtain 


i: lu(y,t — e)IF (ae — yse)e(u)ay 


<5 fr ff s)|['(a — y;t — s) dyds 
+2 f” T s)|| DP (x — yst ~5)| dy ds. 
Bop 


The right-hand side of this inequality tends to zero as p + oo. This is obvious 
for the first term in view of (14.1). The second term is majorized by 


1 t-eEe ae 
ff ut ieee aa 
P Jo p<ly|<2p t—s 


4 t—e 
25 7 ii lu(y, )|P(@ — yst — 0) dy do. 
E Jo p<|y|<2p 
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Letting p — oo gives 


/ lu(y,t —€)IF (@ — yre)dy =0 
B 


r 


for all r > 2|a| and alle € (0, ¢). Finally, we let « + 0. Arguing as in Section 2, 
in the derivation of the representation formula (2.7), gives u(x,t) = 0. ra 


14.1 Non-Negative Solutions 

Theorem 14.2. Let uc H(Sr) be a non-negative solution of 
H(u)=0 in Sp, and u(-,t) 30 in Li.(RY) as t 0. 

Then u vanishes identically in Sr. 

It will suffice to prove: 


Proposition 14.1 Let u € H(Sr) be a non-negative solution of the heat 
equation in Sp. Then V(ao, to) € Sr 


| u(y, s)I'(®o — y;to — s)dy < u(xo,to) for all O< 5 < to. (14.3) 
RN 


Proof. Fix (%o,to) € Sr and s € (0,t,) and introduce the change of variables 


t—s _— Y-Xo 


r= : F 
to—S to—S 


The function 
U(n,T) =u (to + Vto — 8,8 + (to — s)T) 


satisfies the heat equation in RY x [0,1]. For such a function, (14.3) becomes 
[oe 9rGr tan < 70.2). 
RN 


Thus it will be enough to prove that if u € H(S1) is a non-negative solution 
of the heat equation in $1 such that u(-,0) € C?(R%), then 


[ey 9PW:tdy < u(0,1). (14.4) 
RN 
To prove (14.4) fix p > 0 and consider the Cauchy problem 
=o _ Jf C(x)u(x,0) if |x| < 2p 
A(v)=0 in Si, v(a#,0) = it ‘seeds (14.5) 


where x > ¢(x) € C5°(Bo,) is non-negative and equals one on the ball Bp. 
Since the initial datum is compactly supported in Bg,, the unique bounded 
solution of (14.5) is given by 


veD= f So)uly. OP — uit. 
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Lemma 14.1 u>v in S;. 


Assuming this fact for the moment, it follows from the representation of vu 
and the structure of the cutoff function ¢ that 


u(o,1) > f u(y, 0)P(y; 1)dy. 


Pp 


This proves (14.4), since p > 0 is arbitrary. Oo 


Proof (of Lemma 14.1). The statement would follow from the maximum prin- 
ciple if u satisfed the growth condition (5.1). The positivity of wu will replace 
such information. Let n, be a positive integer larger than 2p, and for n > no, 
consider the sequence of homogeneous Dirichlet problems 


H(vn) = 0 in Qn = Bn x (0, 1) 


livin (14.6) 
_ J Clejule,0) if |2|<2p 
one {5 otherwise. 


We regard the functions v, as defined in the whole of S; by defining them 
to be zero outside Q,,. By the maximum principle applied over the bounded 
domains Q,, 

0 < un < Ungi < |lU(-,9)||00,B,, and Im <u (14.7) 
for all n > no. By the second of these, the proof of the lemma reduces to 
showing that the increasing sequence {v,,} converges to the unique solution 
of (14.5) uniformly over compact subsets of S;. Consider compact subsets of 
the type K = Br x [e,1—-] for « € (0, 4) and R > 2p. By the estimates 
of Proposition 12.1 and the uniform upper bound of the first of (14.7), for 
every multi-index a and every positive integer k, there exists a constant C 
depending only on N, ¢, R, |a|, k and independent of n such that 


<C forall n> 2R. 
oo Kk 


ok 
|D° al + | srt 


It follows, by a diagonalization process, that {v,}— w, uniformly over com- 
pact subsets of 5, where w € C°(S,) and satisfies the heat equation. It 
remains to prove that 


w(-,t) > Cu(-,0) in LL.(R%) as t 0. 
For this, rewrite (14.6) as 


fn = Un — Cu(a, 0), Frnt = AF, — Acu(a, 0) in S; 
fallejan = 9% fn(a, 0) = 0. 
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Let hs(-) be the approximation to the Heaviside function introduced in (14.2). 
Multiply the PDE by hs(f,) and integrate over B, x (0,t) for t € (0,1) to 
obtain 


fn 1 # 
Tooets U/ nutes) dy+ = f I, |DfnlX[|fn] < 6] dy ds 


7 | Ati ojviatsj, Ova Fay day de. 
0 J Bop 


Discard the second term on the left-hand side, which is non-negative, and let 
6 + 0 to get 


I lun (ys t) — C(y)ee(y, 0) [dy < t| Bopll| ACu(2, 0) oo, 
Letting n — oo 


Ilw(y, t) — C(y)u(y; O)|l1.Be S t|Bep||| ACu(@, 0)||00,B2,- 


By the first of (14.7), w is bounded; therefore by uniqueness of bounded 
solutions of the Cauchy problem, w = v. | 


Remark 14.1 The Tychonov function defined in (5.2) is of variable sign. 


Problems and Complements 


2c Similarity Methods 
2.1c The Heat Kernel Has Unit Mass 


To verify (2.2), disregard momentarily the factor t—N/?, and introduce the 


change of variables y— a = 2,\/(t — s)n, whose Jacobian is t[4(t — s)|‘/?. This 
transforms the integral into 


| ell” dn = ih emt +N diy ee dnn 
RN RN 
N 2 2 al 
= II e5 dn; = (/ as as) 
jJ=1/R R 
: , N/2 , \N-2 
_ ( Levian [ emam) = (/ ell an) 
R R R2 
= , \N/2 
— (2" rear) = 7N/2. 
0 
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2.2c The Porous Medium Equation 

Find similarity solutions for the nonlinear evolution equation 
up—- Au” =0 u>0, m>l. 


This equation arises in the filtration of a fluid in a porous medium [226]. 
Similarity solutions were derived independently by Barenblatt [14], and Pattle 
[199]. Attempt solutions of the form u(x,t) = h(t) f(€), where € = lel and a 
is a positive number to be found. 

Solution: By straightforward computation, we have 


uy, = hf — Eas 
2 
Du™ = mh™ ee 


bad 


2N 
Au™ = mh { [(m _ I kia cas 4 a = a. propa}. 
Enforcing the equation gives 


QIN € 4m 
/ m gm—-1 Pe ence / m-1 = m—2 ¢/2 m—1 gil 
Wf — mh frp = Sido fl +h (mpeg? + pep’ | t 
Stipulate to take 

A(t) =t® where @(m—1)=o0-1. 


This choice makes both sides homogeneous with respect to t. Next, to compute 
f, set to zero the term {--- }, ie., 


of’ ae 4m[(m _ 1 aaa ide a a ial = 0, 
which is equivalent to 
of’ + Am/(f™-1f")’ =0. 


Choose the integration constant to be zero to obtain 


o+4mpn?fi=0 => fe) =(C- on!) eye 


4m 


for a constant C’ to be chosen. Setting to zero the left-hand side of the equation 
gives 


2N 2N 
h' f = Sahm m fe fl =0 => h' f = a =0; 


Using the previously obtained form of f, compute 


2c Similarity Methods 


my oo 
(my = - FF. 
Therefore, 
2N No 
h! oe pm = 0 —- h’ —h™ = 0. 
i 4 t? i 7 2b 
This is integrated as 
N N(m-1 
h7™h’ = ai Pe — pi-™ = (m )O p-o 
2 l-o 
and it is compatible with the choice h(t) = ¢° if 
he N(m—l)o _ —N[1+ 6(m—1)] 
— I= 26 : 
This implies 
6=-— and o=-, where K=N(m-—1)+2. 


Lin (x, t) 1 Ny ts 
m\z, — tN] CYm p2/K ’ > 
-1 
‘in = > k= N(m—1) +42, 


where c > 0 is an arbitrary constant. 
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2.1. Show that asm —> 1, In(x,t) tends to the fundamental solution of the 


heat equation. 
2.2. Find the constant c such that the total mass of I, is 1, i.e., 


| Iin(a — y;t — T)dy =1 (c =4n). 
RN 
2.3. Show that if m > 1, possible solutions of the Cauchy problem 


u,p—- Au” =0 in Sp, u>O0 
u(-,0) = Uo € C(RY)N L& (RY) 


cannot be represented as the convolution of I, with the initial datum uy. 


2.4. Attempt to find similarity solutions when 0 < m <1. 
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2.3c The p-Laplacean Equation 

Carry on the same analysis for the nonlinear evolution equation 
uz — div|Du|?-?Du=0, p>2. 


A version of this equation arises in modelling certain non-Newtonian fluids 
({148]). Then for p = 2 this reduces to the heat equation. The similarity 
solutions are 


jal 
T(z, t) £N/A CYp (Fi ’ t>0 
+ 
1\?-t p—2 
Yp (5) - A= N(p—2)+p. 


Prove that IT, + I’ as p — 2. Find the constant c so that I has mass 1. 
Attempt to find similarity solutions when 1 < p < 2. 


2.4c The Error Function 
Prove that the unique solution of the Cauchy problem 


i > 
Ut — Uzz = 0 in Rx R™, u(e.0) = { j ae 
is given by 


u(z,t) = s[i+e()|. where E(s) = =f e" dr. 


The function s > E(s) is the error function. 


2.5c The Appell Transformation ([10]) 


Let u be a solution of the heat equation in R x Rt. Then 


w(2,t) =F (@, tu (¢ -+) 


i’ 


is also a solution of the heat equation in R x R*. 
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2.6c The Heat Kernel by Fourier Transform 


For f € L'(R%), let f denote its Fourier transform 


Tan)N/2 f(yve dy. 


Here i is the imaginary unit and (x,y) = x;y,;. In general, assuming that 
f € L(RY) or even that f is compactly supported in R™, does not guarantee 
that f € L1(R%), as shown by the following examples. 


2.5 Compute the Fourier transform of the characteristic function of the unit 
interval in R’. Show that 2 — (Xjo,1))*(2) ¢ L*(R). 

2.6. Let N =1, and let m bea ene integer larger than 2. Compute the 
Fourier transform of 


0 forz <1 
fe) = { —m forz > 1 
and show that f ¢ L'(R). 


2.7c Rapidly Decreasing Functions 


These examples show that Z1(IR) is not closed under the operation of Fourier 
transform, and raise the question of finding a class of functions that is closed 
under such an operation. The class of smooth and rapidly decreasing functions 
in RY, or the Schwartz class, is defined by ([228]) 


def 


f €C™(RY) | sup |z|"|D*f(x)| < 00 
N= rERN 


for all m € N and all multi-indices a of size |a| > 0 
Proposition 2.1c f € Sy => f € Sn. 


Proof. For f € Sy and multi-indices a and 8, compute 


f B 
a? D® f(x) = neF fon fly ioe D® en ite, “dy 
—j)lel . - 
= ayer feu Fue ay 
—7)ylal-1B| | 
7 Or be yf (y) Doe Ke) dy 


epee Biy? De ~i(x,y) 
(on aor f, D? [y’ D* f(y)je" "4 dy. | 
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2.8c The Fourier Transform of the Heat Kernel 
Proposition 2.2c Let p(x) = e-2l*l’, Then =o. 


Proof. Assume first that N = 1. One verifies that y and ¢ satisfy the same 
ODE 
y +2yp =0, @ +2~ =0, ceER. 


Therefore ¢ = Cy for a constant C. From (2.2) with t—s = 4 and N=1 


1 1,2 
a ~24 dy = (0) =1. 
ae fe tay = 90) 


Since also y(0) = 1, we conclude that C = 1, and the proposition follows in 
the case of one dimension. If N > 2, by Fubini’s theorem 


N 
= [1 (as) = TI eles) = vo). a 
j=l j=l 
2.7. Prove the rescaling formula o(ex) = e~Na(x/e), valid for all » € Sy 


and alle > 0. 
2.8. Verify the formula 


—|2—y|2(t-7)) _ 1 —|2—yl?/4(t—7) 
e =.———_—_=€ 
( ) ae — 7)" 


for allt — tT > O fixed. 


2.9c The Inversion Formula 


Theorem 2.1c. Let f € Sy. Then 


1 


A (a))et(@-Y) day. 
NTE fraw F(y)e y 


Proof. The formula folows by computing the limit 


1 


ze ‘ ul A 2 , 
ae HEM) dye = lies —— — —lul?(t-7) gle.) 
Om) N7 Jaw flyer" dy = lim (OmNTE fo Flyje ee dy. 


The integral on the right-hand side is computed by repeated application of 
Fubini’s theorem: 
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1 ra —ly|-(t—7) pi(x 
Pane a Flyer lute) eile-¥) dy 
1 —t —|y|?(t-7) pile 
=opF c Fly)en Hem) e-lvl?t—1) etl) dy dy 
fee , f(n) som | e-lu2t—7) -tt-2.0) gy ) dp 
(20 )N/? Jaw (20 )N/? Jaw 
1 _lyl2(t_-ry\ 
~ (Qn) N72 iL f(n) (c MeN ) (1 — x)dn 
1 2 
es —|2—n|?/4(t—7) 
ee PP? Jaw 1" : 
Therefore 


1 x ; 
oar £ flyet™™ dy = lim I. I(a—n;t—7)f(n)dn = f(z) 


where the last limit is computed by the same technique leading to the repre- 
sentation formula (2.7). Oo 


3c The Maximum Principle in Bounded Domains 


Let E be a bounded domain in R* with smooth boundary OL. 


3.1. Let uw be a solution of the Dirichlet problem (1.2) with g = 0. Prove 
that 


1 
l|u(-, t)llooe < (ant N72 I olls,2- 
3.2. State and prove a maximum principle for u € H(Er)C(E7) satisfying 
H(u)=v-Du+c in Ep. 


where v € R™ and c € R are given. 
3.3. Discuss a possible maximum principle for H(u) = Au for A € R. 
3.4. Let f € C(R*) and consider the boundary value problem 


U © H( Eo) 1 C( Eco) 


2 
uz — Au = f(t) (u- =) —1lin B, x Rt 
1 
u(-,t) 0.Bi1 = oN 


Prove that this problem has at most one solution, the solution is non- 
negative and satisfies 


|x? 


0<u(a,t) < ew (/ F(s)ds) + ON" 


In particular, if f < 0 then u(a,t) < 1/N. 
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3.5. In the previous problem assume that 
C 


for some C' > 0 and some ¢t, > 0. Prove that 

lel? 

2N- 

Moreover, if u(-,0) = |a|?/2N, then u(-,t) = u(-,0), for all f. 


3.6. Let f € C(Er) and a € (0,1). Prove that a non-negative solution of 
H(u) = u® in Ef satisfies 


Bim u(ast) = 


ae 
—a 


iam i 
alloca. + [(et™™ — 1) floor 


Ulloo.te $ 


3.1c The Blow-Up Phenomenon for Super-Linear Equations 
Consider non-negative classical solutions of 

up- Au=u% in ExRt, forsome a>1 
that are bounded on the parabolic boundary of Er, say 


sup ux M_ for some M > 0. 

0; Fas 
Prove that if = 1, then u < Me‘. Therefore if a € [0,1) the solution remains 
bounded for all t > 0, and if a = 1, it remains bounded for all t > 0 with 
bound increasing with t. If @ > 1, an upper bound is possible only for finite 
times. 


Lemma 3.1c Let a> 1. Then 


M 
Se 
u(a, ) = (1 _ (a = 1)Me-14]1/(a-1) 


Proof (Hint). Divide the PDE by wu® and introduce the function 
w=u'* + (a—1)é. 
Using that a > 1, prove that H(w) > 0 in FE... Therefore, by the maximum 


principle 


+(a—1)t> 


yo-t = Me-l° a 


Remark 3.1c This estimate is stable as a — 1 in the sense that as a — 1, 
the right-hand side converges to the corresponding exponential upper bound 
valid for a = 1. 
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3.1.1c An Example for a = 2 


Even though the boundary data are uniformly bounded, the solution might 
indeed blow up at interior points of F in finite time, as shown by the following 
example ([81]). 


oo), u(-,0) = Uo 


(t), forall t>0. (3.1c) 


Ut — Uge =u in (0,1) x 
1 = 


0 
1 


Assume that ‘. 

Uo; ho, hy 2C= = 

C2 
for positive constants c; and cz to be chosen. These constants can be cho- 
sen such that (3.1c) has no solution that remains bounded for finite times. 
Introduce the comparison function 
C1 

. cg —a(1—a)t 


By direct calculation 


vv, = —ae=2) 2crt __2e,t?(1 = 22)? 
pe Tea — 2 —a)t? © [e2—a(l—a)t?  [e2—2(1—a)e)8 


v= (1 
<—[-42t). 
~ Cy ( + ) 


Taking t € (0,4c2) and choosing c; sufficiently large, this last term is ma- 
jorized by v?. Therefore 


Ut — Ure <u? in (0,1) x (0, 4c2). 
Fix any time T € (0,4c2) and consider the domain Er = (0,1) x (0,7). If u 
is a solution of (3.1c), the function w = (v—u)e~* for A > 0 satisfies 


Wt — Wer < —(A—(u+u))w in Er, w|, Bp <9: 
Therefore, by choosing 4 sufficiently large, the maximum principle implies 


that w <Oin Ep. 


3.2c The Maximum Principle for General Parabolic Equations 


Let £,(-) be the differential operator introduced in (4.1c) of the Complements 
of Chapter 2. By using a technique similar to that of Theorem 4.1c, prove 


Theorem 3.1c. Let u € H(Er) C(Er) and let c < 0. then 


u—Lo(u) <0 in Ep => u(a,t)<supu in Er. 
0, E 
3.6. The maximum principle gives one-sided estimates for merely sub(super)- 
solutions of the heat equation. An important class of sub(super)-solutions is 
determined as follows. Let u € H(Er) be a solution of the heat equation in Er. 
Prove that for every convex(concave) function y(-) € C?(IR), the composition 
(wu) is a sub(super)-solution of the heat equation in Er. 
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4c The Maximum Principle in RY 


4.1. Show that u = 0 is the only solution of the Cauchy problem 
u€H(Sr)NC(Sr)NL? (Sr), uz— Au =0 in S7, u(-, 0) = 0, (4.1c) 


Hint: Let x — ¢(x) € C?(Bo,) be a non-negative cutoff function in Bo, 
satisfying 
0 if |z| <p 
=1i << 2, 
¢=lin B, |Del<4 2 ao er 
p 
0 if jzl<p 


eel <4 4 
Gar ar, | ~)s if p< |x| < 2p. 
p 


Multiply the PDE by uC? and integrate over Bz, x (0,t) to derive 


I, 


By the Cauchy-Schwarz inequality, the last integral is majorized by 


t t 
2 | ‘ |Dul*cdnds +2 f i u?|D¢|? dx ds 
0 JBo, o J Bap 
t 8 t 
2 | | u?|D¢|?dx ds < =/ / u?|D¢|?dz ds. 
0 J Bo, PY Jo JSp<|x|<2p 


Combine these estimates and let p + oo. 

4.2. Prove that the same conclusion holds if in (4.1c) one replaces L?(S7) 
with D\(Sr). 
Hint: Let hs(-) be the approximation to the Heaviside function introduced 
in (14.2). Multiply the PDE by hs(u)¢ and integrate over B, x (0,t) to 
obtain 


_— ([ hs(€) yas) ¢dx + :f [. |Dul?X(\u] < 6)¢ da ds 
--f [. D( [ors (6) D¢ dads. 


The last term is transformed and majorized by 


: [. (fr sas) At dvds < cost Tocca, ltltre 


t t 
u*(t)C2da + 2 | | |Dul?C?da ds = 1/ CuDuDCdz ds. 
0 Bap 0 Bap 


2p 


and 
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Combining these estimates and letting 6 > 0 we arrive at 


t 
ljuldads < _ |u| da ds. 
2 
B,x{t} p 0 Jp<|x|<2p 


To conclude, let p > oo. 
4.3. Prove that the same conclusion holds if u satisfies either one of the 
weaker conditions 


(1 + |2/) 


U 


Sr) TTP) 


é L (Sr). 


4.1c Counterexamples of the Tychonov Type 


4.1. Prove that the function 


u(z, t) =| [e*¥ cos(xy + 2ty”) 
0 
+e—* cos(xy — 2ty?)|yere cos(v3 y4/)dy 


is another nontrivial solution of the Cauchy problem in R x Rt with 
vanishing initial data ([220]). The interesting feature is that u is of class 
C@ over the whole plane. 

4.2. Prove that the function 


acs st+a s— 2/3 
u(x,t) = € ds, a> 0, 
a 


—t0o 


where the integration is along the line Re s = a of the complex s-plane, is a 
third nontrivial solution of the Cauchy problem in R x R* with vanishing 
initial data. Here u has the additional feature that it vanishes identically 
for negative t, which does not occur for the previous case. This example 
was proposed in [220] as an application of the theory developed in [126]. 


7c Remarks on the Cauchy Problem 


7.1. Write down the explicit solution of 


uz, — Au=ut+b-Vute'sin(z; — bit) in Sr 
u(x, 0) = |a| 


for a given b € RN. 
Hint: The function v(a,t) = u(x — bt, t) satisfies the PDE with b = 0. 
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7.2. Using the reflection technique, solve the homogeneous mixed boundary 
value problems 


Ut — Ugz =0 in R* x Rt Ut — Une =O in R* x Rt 
ur(0,t) =0 for t>0 u(0,t) =0 for t>0 
u(x,0) =U, € C'(R*) u(x,0) = up € C(R*) 
to,x(0) = 0 uo(0) = 0. 


where wu, is bounded in R*. 
7.3. Solve the inhomogeneous mixed boundary value problems 


Ut — Use = in R* xR Ut — Une =O in R* x Rt 
Uz(0,t) = A(t) € C1(RT) u(0,t) = h(t) € C*(R*) 
u(z,0) = Uo € C*(RT) u(x,0) = u, € C(R*) 
Uo,x(0) = A(0) Uo(0) = h(0). 


12c On the Local Behavior of Solutions 


Proposition 12.1¢c Let u € H(Er) be a local solution of the heat equation 
in Er. For every p > 0 there exists a constant C, depending only on N and p 
such that, for all (to, to) + Q, C Er 


1/p 
sup |u| < c(f |u|? dy as) : 
(xo,to)+Qp (xo,to)+Qo2p 


Proof. The case p = 1 is the content of Corollary 12.1. The case p > 1 follows 
from this and Hélder’s inequality. To prove the estimate for 0 < p < 1, one 
may assume that (a%5,t.) = (0,0). Consider the increasing sequence of radii 
{pn}, the family of nested expanding boxes {Q,,}, and the nondecreasing 
sequence of numbers {M,,}, defined by 


pn =p>2*, Qn=B,, x (—p,0), Mn =suplul, n=0,1,.... 
i=0 Qn 
Apply Corollary 12.1 to the pair of cylinders Q, and Qn4+1 to obtain 


M, < qaleiarsa) f |u| dy ds. 
Qn+1 
Fix p € (0,1). Then by Young’s inequality, for all 6 > 0 
M, < canis) yee |u|Pdy ds 


n+1 


1/ 1/p 
< 6Mn41 + pd? (c2im20n49)) (f |ulPdy as) , 
Q2 


2p 
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Setting 


K =po'-3 (cav+)) Bed , b=2° 


we arrive at the recursive inequalities 


1/p 
Mn < 6Mn41 + 0° RK @ |u|? dy as) . 


Qap 


By iteration 
1/p 
|u|? dy as) . 


Choose 6 small enough that 5b = 4, so that the series }>?°5(5b)' is convergent. 
Then let n — oo. ai 


My < 6" Mn41 + 0K >> (6b)! (f 
1=0 Qap 


Check for 


6 updates 
THE WAVE EQUATION 


1 The One-Dimensional Wave Equation 


Consider the hyperbolic equation in two variables 
Un — CUre = 0. (1.1) 


The variable ¢ stands for time, and one-dimensional refers to the number of 
space variables. A general solution of (1.1) in a conver domain E C R?, is 
given by 

u(x,t) = F(x — ct) + G(a 4+ ct) (1.2) 


where s + F(s), G(s) are of class C? within their domain of definition. Indeed, 
the change of variables 


E€=2-ct, n=x-+et (1.3) 


transforms E into a convex domain E of the (€,7)-plane, and in terms of € 
and 7, equation (1.1) becomes 


Uen =0 where U(é,n) = uf 


Therefore Ug = F'(€) and 
Ucn) = | P@ag + GQ. 


Rotating the axes back of an angle 6 = arctan(c”!), maps E into E back in 
the (x, t)-plane and 


u(x,t) = F(a@ — ct) + G(a4 ct). 


The graphs of € > F'(€) and 7 + G(n) are called undistorted waves propagat- 
ing to the right and left respectively (right and left here refer to the positive 
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orientation of the x- and t-axes). The two lines obtained from (1.3) by making 
€ and 7 constants are called characteristic lines. Write them in the parametric 
form 

ay(t)=ct+&, ao(t)=-ct+n, for teEeR 


and regard the abscissas t + 2;(t) for ¢ = 1,2 as points traveling on the 
a-axis, with velocities +c respectively. 


1.1 A Property of Solutions 


Consider any parallelogram of vertices A, B, C, D with sides parallel to the 
characteristics « = -+-ct + € and contained in some conver domain E C R?. 


Fig. 1.1 


We call it a characteristic parallelogram. Let 


A=(a,t), B=(«x+cs,t+s) 
C=(a+cs—crt,t+s+T), D=(«—cr,t+T) 
be the coordinates of the vertices of a characteristic parallelogram, where s 


and 7 are positive parameters. If a function u € C(£) is of the form (1.2), for 
two continuous functions F(-) and G(-), then 


u(A) = F(a — ct) + G(a + ct) 

u(C) = F(a — 2cr — ct) + G(a + 2cs + ct) 
u(B) = F(a — ct) + G(x + 2cs + ct) 

u(D) = F(a — 2cr — ct) + G(a + ct). 


Therefore 
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Therefore any solution of (1.1) satisfies (1.4). Vice versa if u € C?(E) is of the 
form (1.2) for F and G of class C? and satisfies (1.4) for any characteristic 
parallelogram, rewrite (1.4) as 


[u(a,t) — u(@ +cs,t+ s)] = [u(@ —cr,t+7) —u(a@t+cs—cr,t+s4+7)]. 


Using the Taylor formula one verifies that u satisfies the PDE (1.1). Since 
(1.4) only requires that u be continuous, it might be regarded as some sort of 
weak formulation of (1.1). 


2 The Cauchy Problem 


On the noncharacteristic line t = 0, prescribe the shape and speed of the 
undistorted waves, and seek to determine the shape and speed of the solution 
of (1.1), for all the later and previous times. Formally, seek to solve the Cauchy 
problem 


Utt — Ure =0 in R? 
u(-,0) = in R (2.1) 
url, 0) = w in R 


for given y € O?(R) and w € C1(R). According to (1.2) one has to determine 
the form of F' and G from the initial data, i.e., 


1 
F+G=y, FP+@=y, E+ G' =~. 


From this 


Gin) = Fen) += [Wolds +e 


for two constants c; and cy. Therefore 


a+ct 

u(x,t) = lol — ct) + p(x + ct)] + =f w(s)ds (2.2) 
since, in view of the second of (2.1), c; + cz = 0. Formula (2.2) is the explicit 
d’Alembert representation of the unique solution of the Cauchy problem (2.1). 
The right-hand side of (2.2) is well defined whenever y € Cioc(R) and w € 
Lj. (IR). However, in such a case, the corresponding function (x,t) > u(z,t) 
need not satisfy the PDE in the classical sense. For this reason, (2.2) might be 
regarded as some sort of weak solution of the Cauchy problem (2.1) whenever 
the data satisfy merely the indicated reduced regularity. 
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Remark 2.1 (Domain of Dependence) The value of u at (x,t) is de- 
termined by the restriction of the initial y and yw, data to the interval 
[x — ct,a+ct]. If the initial speed ~ vanishes on such an interval, then u(z,t) 
depends only n the datum y at the points x + ct of the z-axis. 


Remark 2.2 (Propagation of Disturbances) The value of the initial data 
(&), w() at a point € of the x-axis is felt by the solution only at points (x,t) 
within the sector 

le—ct <€|N|[e+ct > €). 


If w = 0, it is felt only at points of the characteristic curves x = ct + €. 


Remark 2.3 (Well Posedness) The Cauchy problem (2.1) is well posed in 
the sense of Hadamard, i.e., (a) there exists a solution; (b) the solution is 
unique; (c) the solution is stable. Statement (c) asserts that small perturba- 
tions of the data y and w yield small changes in the solution wu. This is also 
referred to as continuous dependence on the data. Such a statement becomes 
precise only when a topology is introduced to specify the meaning of “small” 
and “continuous” . 

Since the problem is linear, to prove (c) it will suffice to show that “small 
data” yield “small solutions”. As a smallness condition on y and w, take 


llylloor: |lWllorn <¢€ for some ¢ > 0. 


Then formula (2.2) gives that the solution u corresponding to such data sat- 
isfies 
IluC-, loo S (1+ de. 


This proves the continuous dependence on the data in the topology of L*°(R). 
If in addition, the initial velocity ~ is compactly supported in R, say in the 
interval (—L, L), then 


L 
ulloo,we < (1+ =)e. 


3 Inhomogeneous Problems 


Let f € C1(R?) and consider the inhomogeneous Cauchy problem 


Utt — Cre =f in R? 
u(-,0) = in R (3.1) 
ur(-,0) =~ in R. 


The solution of (3.1) can be constructed by superposing the unique solution 
of (2.1) with a solution of 


Vin — CVen = f in R? 


v(-,0)=%(-,0)=0 in R. (3.2) 
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To solve the latter, introduce the change of variables (1.3), which transforms 
(3.2) into 


en a 


Uen(§, n) = aa (6), where P(e, n) = r( 2 > 2 


The initial conditions translate into 
U(s,s) = Ue(s,s) = U, (s,s) =0 Vs ER. 


Integrate the transformed PDE in the first variable, over the interval (7, &). 
Taking into account the initial conditions 


al g 
U,(E,7) --z / F(s,n)ds. 
” 


Next integrate in the second variable, over (€,77). This gives 


1 Wf 
U(é,n) = a / i F(s, z)ds dz. (3.3) 
Ac? € € 
In (3.3) perform the change of variables 
87% ; SrZ ; 
2%” 2 


whose Jacobian is 2c. The domain of integration is transformed into 
z—-ct=E<o-cer<o+er<n=24+ ct. 


Therefore, in terms of x and t, (3.3) gives the unique solution of (3.2) in the 
form 


1 t pa+e(t—r) 
v(a,t) = =| / f(o,7)do dr. (3.4) 
2c 0 Ja—c(t—T) 


Remark 3.1 (Duhamel’s Principle ([61])) Consider the one-parameter 
family of initial value problems 


vit — CVne = 0 in R x (7,0) 
v(-,7) =0 in 
vt(+, 7) = f(-,7) in R. 


By the d’Alembert formula (2.2) 


1 a+c(t—T) 
7) =— do. 
uain)= 5 f “en {TM 
Therefore, it follows from (3.4), that the solution of (3.2) is given by “super- 
posing” 7 > v(x,t;7) for r € (0,t). This is a particular case of Duhamel’s 
principle (see Section 3.1¢ of the Complements). 


Remark 3.2 It follows from the solution formula (3.4) that if «> f(a,t) is 
odd about some 2,, then x > v(a,t) is also odd about 2, for all t € R. In 
particular, u(a,,t) = 0 for allt ER. 
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4 A Boundary Value Problem (Vibrating String) 


A string of length L vibrates with its end-points kept fixed. Let (7, t) > u(z, t) 
denote the vertical displacement at time t of the point « € (0,L). Assume 
that at time t = 0 the shape of the string and its speed are known, say 
y,v € C?[0,L]. At all times t € R the phenomenon is described by the 
boundary value problem 


Ut = C Ure in (0,L)xR 
u(0,-) = u(L,-) =0 in R (4.1) 
u(-, 0) =F, ut(-, 0) = wy in (0, L). 


The data y and ~ are required to satisfy the compatibility conditions 


At each point of [0, LZ] x R, the solution u(x,t) of (4.1), can be determined 
by making use of the solution formula (2.2) for the Cauchy problem, and 
formula (1.4). First draw the characteristic x = ct originating at (0,0), and the 
characteristic « = —ct+L originating at (L,0), and let A be their intersection. 
As they intersect the vertical axes x = 0 and x = JL, reflect them by following 
the characteristic of opposite slope, as in Figure 4.2. The solution u(z,t) is 
determined for all (a, ¢) in the closed triangle OAL by means of (2.2). Every 
point P of the triangle OAM is a vertex of a parallelogram with sides parallel 
to the characteristics, and such that of the three remaining vertices, two lie 
on the characteristic « = ct, where u is known, and the other is on the vertical 
line x = 0, where u = 0. Thus u(P) can be calculated from (1.4). Analogously 
u can be computed at every point of the closure of LAN. We may now proceed 
in this fashion to determine u progressively at every point of the closure of 
the regions a, 3, etc. 
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4.1 Separation of Variables 
Seek a solution of (4.1) in the form u(x,t) = X(x)T(t). The equation yields 


T’=2)\T inR 


3s mo °F * 2) 


The first of these implies that only negative values of \ yield bounded solu- 
tions. Setting \ = —77, the second gives the one-parameter family of solutions 


X (av) = Cy sinyx + Co cos ya. 


These will satisfy the boundary conditions at « = 0 and « = L if Cj = 0 and 
y =nr/L for n € N. Therefore, the functions 


X,(x) = sin =a, neN 


represent a family of solutions for the second of (4.2). With the indicated 
choice of 7, the first of (4.2) gives 


T(t) = An sin (=) + By cos (=) ; 


The solutions u, = X,T;, can be superposed to give the general solution in 
the form 


u(a,t) = >) [An sin (=) + Bn cos (=) sin (2) ‘ (4.3) 
The numbers A, and B,, are called the Fourier coefficients of the series in 
(4.3), and are computed from the initial conditions, i.e., 


35 B,,sin oe = (2), So An 


Since the system {sin 2#} is orthogonal and complete in L?(0,L) (10.2 of 


the Complements of Chapter 4), one computes 


if L 
An = as sin rt w(x)de, By, = 7 sin nT p(a)dz. (4.4) 
nme Jo L L Jo L 

Remark 4.1 We have assumed y, w € C?[0, L]. Actually, the method leading 
to (4.3) requires only that y and ~ be in L?(0, L). Therefore, one might define 
the solutions obtained by (4.3) as weak solutions of (4.1), whenever merely 
y,v € L?(0,L). The PDE, however, need not be satisfied in the classical 
sense. 
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Remark 4.2 The nth term in (4.3) is called the nth mode of vibration or 
the nth harmonic. We rewrite the n‘* harmonic as 


_ nw NTC 
Gy, sin T7008 Zz — Tn) 

where G,, and 7, are two new constants called amplitude and phase angle 

respectively. The solution u can be thought of as the superposition of inde- 

pendent harmonics, each vibrating with amplitude G,, phase angle 7,, and 

frequency Vv, = nc/L. 


The method of separation of variables and the principle of superposition were 
introduced by D. Bernoulli ([16, 18]), even though not in the context of a for- 
mal PDE. In the context of the wave equation, the method was suggested, on 
a more formal basis by d’Alembert; it was employed by Poisson and developed 
by Fourier [78]. 


4.2 Odd Reflection 


We describe another method to solve (4.1) by referring to the Cauchy problem 
(2.1). If the initial data y and w are odd with respect to « = 0, then wu is odd 
with respect to x = 0. Analogously, if gy and w are odd about x« = L, the same 
holds for wu. It follows that the solution of the Cauchy problem (2.1) with y 
and ~# odd about both points « = 0 and x = L must be zero at « = 0 and 
x = L, for all t € R, ie., it satisfies the boundary conditions at « = 0 and 
x = L prescribed by (4.1). This suggests constructing a solution of (4.1) by 
converting it into an initial value problem (a Cauchy problem) with initial 
data given by the odd extension of y and w about both « = 0 and x = L. For 
vy, such an extension is given by 


ee p(x — nL) for x € (nL,(n+1)L) n€Z even 
ea —9((n+1)L—2) for ce (nL,(n+1)L) n€Z odd. 


An analogous formula holds for 7. Then the solution of (4.1) is given by the 
restriction to (0, L) x R of 


at+ct — 


[P(x — ct) + (a + ct)] + al w(s)ds 


ers 
u(x,t) a 


1 
2 
constructed by the d’Alembert formula. 

Remark 4.3 Even if y and w are in C?(0, L], their odd extensions might fail 
to be of class C? across x = nL. However, for (x,t) € (0, L) x R, the points 


x + ct are in the interior of some interval (nL, (n+ 1)L) for some n € N, so 
that u is actually a classical solution of (4.1). 
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4.3 Energy and Uniqueness 


Let u € C?((0, L] x R) be a solution of (4.1). The quantity 


i 
E(t) -| (u? + c?u2)(a, t)dx (4.5) 


is called the energy of the system at the instant t. Multiplying the first of (4.1) 
by uz, integrating by parts over (0, LZ), and using the boundary conditions at 
x =Oand «= L gives 


d L 


— (u? + c7u2)(a, t)dx = €'(t) =0. 
dt Jo 


Thus €(t) = €(0) for all t € R, and the energy is conserved. Also, if yp = w = 0, 
then wu = 0 in (0,2) x R. In view of the linearity of the PDE one concludes 
that C? solutions of (4.1) are unique. 


4.4 Inhomogeneous Problems 


Let f € C1((0, L) x R), and consider the inhomogeneous boundary value 
problem 
Ut — Ure = f in (0,L) xR 
u(0,-) = u(L,-) =0 in R (4.6) 
u(-,0) = y, uz(-,0) = w in (0,L). 


The solution u(x,t) represents the position, at point a and at time t, of a 
string vibrating under the action of a load f applied at time ¢ at its points 
x € (0,L). The solution of (4.6) can be constructed by superposing the unique 
solution of (4.1) with the unique solution of 


Ut — C Ure = f in (0,L)xR 
v(0,-) = o(Z,-) =0 in R 
v(-,0) = u;(-,0) = 0 in (0, L). 


This, in turn, can be solved by reducing it to an initial value problem, through 
an odd reflection of « > f(ax,t), for all t € R, about « = 0 and x = L, as 
suggested by Remark 3.1. 


5 The Initial Value Problem in N Dimensions 


Introduce formally the d’Alembertian 
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and, given y € C?(R%) and w € C?(RY), consider the Cauchy problem 


Ou =0 
7 in RYXR 


5.1 
in RN, on 


If N > 3, the problem (5.1) can be solved by the Poisson method of spherical 
means, and if N = 2 by the Hadamard method of descent. 


5.1 Spherical Means 


Let wy denote the measure of the unit sphere in R% and let dw denote the 
surface measure on the unit sphere of RY, that is, the infinitesimal solid angle 
in R%. If v € C(RY), the spherical mean of v at x of radius p is 


1 
M . SS AD PLAT ‘ 
(v; v, p) meas[0B,(2)] lee _ 


1 1 
ere ast i= v(y)do(y) = — ed v(a + pv)dw 


WNP 


where v ranges over the unit sphere of RY. 


Remark 5.1 The function p > M(v;2,p) can be defined in all of R by an 
even reflection about the origin since 


7 v(x + py)dw = I. v(x — p(—v))dw = / Hapa 


jul=1 
Remark 5.2 If v € C*(RY) for some s EN, then x + M(v;2, p) € C*(RY). 


Remark 5.3 Knowing (x, p) > M(v;x,p) permits one to recover x > v(x), 
since 

lim M(v;2,p) = v(x) for all « E RN. 

p—0 


5.2 The Darboux Formula 


Assume that v € C?(R%). By the divergence theorem 
[ Aewav =f vet) -vdavy) 
|z—y|<p |z—y|=p 
= | Vo(a + pv) + vdw 
|v|=1 


d i; 
N-1 
=p. = u(x + pv)dw. 
dp J\y|=1 
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Therefore 
Mos j=— / Av(y)d 
U;2,p) = o(y)dy 
a wp" Jie —yl<p 
l ° N-1 
=e rr LA; o(a + rv)dwdr. 
NP 0 |v|=1 


Multiplying by p’~1! and taking the derivative with respect to p yields 


Of Ke i, _ Way: 
5 (SM (wie, p)) = Salo? M (ws, )). 


This, in turn, gives Darboux’s formula 
x ? 


oe? N-10 
(5 4: A) twice) = A,M(v;2, p) (5.2) 


valid for all v € C?(RY). 


5.3 An Equivalent Formulation of the Cauchy Problem 


Let u € C?(IR% x R) be a solution of (5.1). Then for all z € R% and for all 
p>d0 


1 
A,M(u; 2, p) = x! = A,u(x£ + pv, t)dw 
1 ae to 
—— 2 t)dw = =—=M(us2, p). 
aw diay BENE HOMO Me = eM 0) 


Therefore, setting 
M(p,t) = M(u(a, t); 2, p) 


and recalling Remarks 5.1 and 5.3, one concludes that u € C?(R% x R) isa 
solution of (5.1) if and only if 


ar (2 N-18\. 
gp Mle.) = (5 + Xo) Mot) 
M(p,0) = M(y;2, p) = Mg(2, p) 


Mz(p, 0) = M(w; x, p) = My(z, p). 


(5.3) 


6 The Cauchy Problem in R? 


If N = 3, the initial value problem (5.3) becomes, on multiplication by p 
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Oo? ee 
pp PM (p,t)) =e ape PM (e, t)) nRxR on 
pM (p,0) = pM,(z, p) , 
pM, (p,0) = pMy(2, p). 
By the d’Alembert formula (2.2) 
1 
pM (p,t) = alle — ct) My(x, p — ct) + (p + ct) My(z, p + ct)| 
1 ptct 
+ Ie i sM,(a, s)ds. 
Differentiating with respect to p 
1 
M(p,t) + pM,(o,t) = 5[My(#,p— et) + Mg(a,p + et) 
il 0 a) 
+5 |(e- Pe p— at) + (p+ ta Mala p+ ct) 
1 
+ ” to + ct)My(x, p+ ct) — (p — ct)My (a, p — 2) é 
Letting p > 0 gives the solution formula for (5.1) 
1 
u(x,t) = — (| p(a + cvt)dw + / p(a — cvt)de) (6.2) 
|v|=1 |v|=1 


+— at | Veo(a + vet) + v dw — at | V¢y(a — crt) - vd) 
8a |v|=1 |v|=1 


v(a — cvt)dw) 


+ (i w(a + vct)dw +t 
|v|=1 |v|=1 


From this and Remark 5.1 


ite 10 Cf pla + vet}dw) a = w(a+vct)dw. (6.3) 


= dn Ot T |jv|=1 


This can be written in the equivalent form 


Of1 1 
Anc’u(zx,t) = — (= / oly)do + -/ w(y)do. (6.4) 
Ot\t J\c—y|=ct t S\a-y|=ct 
By carrying out the differentiation under the integral in (6.3) 
1 
incue.)= a] ww +e) +Ve-(e-wldo. (65) 
x—y|=ct 
Theorem 6.1. Let N = 3 and assume that y € C3(R°) and w € C?(R°). 


Then there exists a unique solution to the Cauchy problem (5.1), and it is 
given by (6.2)-(6.5). 
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Proof. We have only to prove the uniqueness. If u,v € C?(IR° x R) are two 
solutions, the spherical mean of their difference 


ae: 


M (u — v)(a + pv)dw 


An Jiy|=1 


satisfies (6.1) with homogeneous data. By the uniqueness of solutions to the 
one dimensional Cauchy problem, WM = 0 for all p > 0. Thus u = v. | 


Formulas (6.2)—(6.5) are the Kirchoff formulas; they permit one to read the 
relevant properties of the solution u. 


Remark 6.1 (Domain of Dependence) The solution at a point (x,t) € 
IR‘+! for N =3 depends on the data y and w and the derivatives y,, on the 
sphere |a — y| = ct. Unlike the 1-dimensional case, the data in the interior of 
Ber(x) are not relevant to the value of u at (a, t). 


Remark 6.2 (Regularity) In the case N = 1 the solution is as regular as 
the data. If N = 3, because of the t-derivative intervening in the representation 
(6.4), solutions of (5.1) are less regular than the data y and w. In general, 
if p € C™*1(R3) and w € C™(R®) for some m € N, then u € C™(R® x R). 
Thus if y and w are merely of class C? in R®, then uz,2, might blow up at 
some point (x,t) € R® x R even though 2,2;, and {z,2,; are bounded. This is 
known as the focussing effect. In view of Remark 6.1, the set of singularities 
might become compressed for t > 0 into a smaller set called the caustic. 


Remark 6.3 (Compactly Supported Data) In the remainder of this sec- 
tion we assume that the initial data y and w are compactly supported, say 
in the ball B,.(0), and discuss the stability in L°(R*) for all t € R. From the 
solution formula (6.3), it follows that x > u(x,t) is supported in the spherical 
annulus (ct —1r)4 < |a| <1r-+ct. A disturbance concentrated in B,(0) affects 
the solution only within such a spherical annulus. 


Remark 6.4 (Decay for Large Times) We continue to assume that the 
data y and w are supported in the ball B,(0). By Remark 6.3, the solution 
x — u(x,t) is also compactly supported in R’. The solution is also compactly 
supported in the t variable, in the following sense: 


t > u(x,t) =0 if for fixed |z|, |¢| is sufficiently large. 


A stronger statement holds, ie., ||u||o0,R(¢) + 0 as t — oo. Indeed, from (6.5), 
for large times 


(1+ c)r? 


|u()Iloe <3 


(I¢lloo,r + IV ¢lloo.rs + ||¥lloo,es) (6.6) 


since the sphere |a — y| = ct intersects the support of the data, at most in a 
disc of radius r. 
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Remark 6.5 (Energy) Let €(t) denote the energy of the system at time t 


E(t) -| (uz + c?|Dul”) dx 
R3 


where D denotes the gradient with respect to the space variables only. Mul- 
tiplying the PDE Ou = 0 by uw, and integrating by parts in R® yields 

d 

—E(t) =0. 

ae) 


The compactly supported nature of « — u(a,t) is employed here in justi- 
fying the integration by parts. The same result would hold for a solution 
u € C?(R3 x R) satisfying 


|Dul(-,t) € L°(R?) for all tE R. (6.7) 
A consequence is 


Lemma 6.1 There exists at most one solution to the Cauchy problem (5.1) 
within the class (6.7). 


Also, taking into account (6.6) and Theorem 6.1, 


Theorem 6.2. Let N = 3 and assume that y and w are supported in the ball 
B,. for some r > 0. Assume further that y € C3(R°) and w € C?(R%). Then 
there exists a unique solution to the Cauchy problem (5.1), and it is given by 
(6.2)-(6.4). Moreover, such a solution is stable in L°(R?). 


Therefore, for smooth and compactly supported initial data, (5.1) is well posed 
in the sense of Hadamard, in the topology of L°(R?). 


7 The Cauchy Problem in R? 


Consider the Cauchy problem for the wave equation in two space dimensions 


Un — C’ (Use, + Usex,) = 0 in R? xR 
u(-,0) = in R? (7.1) 
uz(-, 0) = in R?. 


Theorem 7.1. Assume that yp € C?(R?) and w € C?(R?). Then the Cauchy 
problem (7.1) has the unique solution 


vened=2( hf  — —_eewiind __) 
BN Be I pge(er,02) (EP — Wi — M1)? — Wa — 82)? 


+ / (yr, y2)dyr ye 
2c Det(%1,%2) 7? — (tn — a1)? — (yo — ma)? 


where Det(a1, 22) is the disc of center (1,22) and radius ct. 


(7.2) 
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The Hadamard method of descent ([111]), consists in viewing the solution of 
(7.1) as an x3-independent solution of (5.1) for N = 3, for which one has 
the explicit representations (6.2)—(6.5). Let S be the sphere in R®, of center 
(%1,%2,0) and radius ct 


S = {(y1,y2,y3) € R® | (wi — 1)? + (w2 — yw)? +y3 = ct? } . 
From (6.5) 


u(x, £2,t) = u(a1, £2, 0, t) 


afi 1 
= 5 (gam [| etna) + ay | vvme) de. 


If P = (y1, y2, y3) € S and if v(P) is the outward unit normal to S at P, then 
for |y3| > 0 
t 
Vy: ae ee and do = dys dys 
lys| et lys| 
where dy = dyidyz is the Lebesgue measure in R? and (y1, y2) ranges over the 
disc (yi: — #1)? + (y2 — @2)? < (ct)?. Also 


lys| = Vc7t? — [(y1 — 21)? + (yo — 22)?]. 


Carry these remarks in the previous formula and denote by x = (21,72) and 
y = (y1, yz) points in R? to obtain 


1 
eo 
Ot \ re Iiy—a}<ct ft? — [y — a? 
1 
n = / vy) re 
2nC J\y—a|<ct ct? — ly — a/? 


where we have used that as P = (y1, y2, y3) = (y, y3) runs over S, y runs twice 
over the disc |y— | < ct. Formula (7.3) is the Poisson formula for the solution 
of (7.1). 


(7.3) 


Remark 7.1 (Domain of Dependence) The solution u at a point (#,t) € 
IR? x R depends on the values of the initial data y, Vy, and ~ on the whole 
disc |y — 2| < ct. This is in contrast to the three-dimensional case in which 
only the values on the sphere of center x and radius ct were relevant. 


Remark 7.2 (Disturbances and the Huygens Principle) The values of 
the data y, Vy, and j at some x, € R? (initial disturbances at x.) will not 
affect a point x until time ct(a) = |a—x,|, and will affect u(x,t) at all further 
times t > ¢(x). Therefore a signal starting at x, at time t = 0 is received by 
x at t = t(a) and keeps being “received” thereafter. This explains the propa- 
gation of circular waves in still water originating from a “nearly-a-point” dis- 
turbance. In the three-dimensional case, an initial disturbance y(2.), Vyp(“o), 
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and a(a,) at 2, € R® reaches x at time ct = |x — | and will not affect u(z, t) 
for all later times. This is a special case of the Huygens principle, which states 


that if N > 3 and N is odd, signals originating at some x, € R™ are received 
by an observer at 2 € R only at a single instant. 


8 The Inhomogeneous Cauchy Problem 


Consider the inhomogeneous initial value problem 


Ou=fecr(R® xR) in RYxR, N=2,3 
u(-,0) = y € C?(RY) in RY (8.1) 
ur(-,0) =~ € C?(RY) in RY, 


The solution is the sum of the unique solution of (5.1) (f = 0), and 


Ov=f in RY xR 


v(x,0) =%(z,0)=0 in RN, (8.2) 


The Duhamel principle permits one to reduce the solution of (8.2) to the 
solution of the family of homogeneous problems (f = 0) 


Elle fr) in RX x (t > 7) 
w(-,7;T) =0 —, 
w(an=fer) 


By Duhamel’s principle, the solution of (8.2) is given by 
t 
u(x,t) = | w(a,t;7)dr. 
0 
Indeed, by direct calculation 
t 
wx(e.t) =f wi(a,ter)dr 
0 
since w(x, t;t) = 0. Therefore u(x, 0) = v4: (7,0) = 0. Next 
t 
Viz = wz (a, t; t) +f We (a, t; 7dr 
0 
t 
= f(x,t) + e | Auw(a2,t;7)dr = f +c?Av 
0 


so that (8.2) holds. If N = 3 and t > 0 


1 ‘I 
v(a,t) = i = | Rec (8.3) 
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If N=2 andt>0 


t 
u(x,t) = | / st) __ (8.4) 
2m Jo Se-yl<c(t-7) V(t — 7)? — |x — yl? 


Remark 8.1 (Domain of Dependence) If N = 3, the value of v at a point 
(x,t), for t > 0, depends only on the values of the forcing term f on the surface 
of the truncated backward characteristic cone 


[la —yl=c(t—T)]N[O<7r <7. 
If N = 2, the domain of dependence is the full truncated backward character- 
istic cone 

[lz-yl<et—7)]N<r7 <i). 
Remark 8.2 (Disturbances) The effect of a source disturbance at a point 
(%o,to) is not felt at x until the time 


1 
t(z) =to + —|e — 2,|. 
Cc 


Notice that +|x — «,| is the time it takes for an initial disturbance at x, to 
affect x. Thus f(a ,t,) can be viewed as an initial datum delayed to a time ty. 
For this reason, the solution formulas (8.3), (8.4) are referred to as retarded 
potentials. 


9 The Cauchy Problem for Inhomogeneous Surfaces 


The methods introduced for the inhomogeneous initial value problem permit 
one to solve the following noncharacteristic Cauchy problem 


Ou=f in R®x(t>9) 
u-,®)=y in R? (9.1) 
ur(-, 8) =p in R®. 


The data y, and w are now given on the surface Y’ = [t = &]. Such a surface 
must be noncharacteristic in the sense that c|V®| 4 1 in R°. We require that 
+’ is nearly flat, in the sense 


cll VO lloc.rs <1. (9.2) 


To convey the main ideas of the technique, we will assume that y, w, and & 
are as smooth as needed to carry out the calculations below. Finally, without 
loss of generality, we may assume that @ > 0. 
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9.1 Reduction to Homogeneous Data on t = & 
First consider the problem of finding v € C3(IR® x R), a solution of 


(Qu — tess = (v- Peas = (v- ftlie =0 
(9.3) 
u(-,®) =P u(-, ®) =. 
Lemma 9.1 Let (9.2) hold. Then there exists a solution to problem (9.3). 


Proof. Seek v of the form 


4 . 
v(z,t) = » a;(x)(t — B(x)’ 
where x — a;(x), for i=1,...,4, are smooth functions to be calculated. The 


last two of (9.3) give ag = y and a; = w. Next, by direct calculation 


Ov= 5 it — 1)a;(x)(t — &(x))'? 


— 0 ¥ Aa;(x)(t — 8(2))! 


i=0 


—2¢ > iVa;(x)V(t — B(x))(t — B(x))*" 


i=1 


ai(t — B(x))** A(t — O(z)) 


| 
Q 
No 
Ma 


Il 
un 


i(é — Lai(x)(t — O(a)? |VE— G(x)’. 


| 
io) 
No 
Mea 


s 
Il 
wo 


From this and (9.2)—(9.3) 


2(1 — c?|VO)")az = [A (py — ai ®) + Aaj] + f 
6(1 — c?|V@|?)a3 = c?[A(w — 2a2) + 26Aaz] + fr 
24(1 — c?|V|*)aq = 2c?[A(az — 3a3) + 36Aas] + fit. o 


9.2 The Problem with Homogeneous Data 


Look for a solution of (9.1) of the form w = u—v, and set F = f —Ov. Then 
w satisfies 


Ow=F in R? x (t> 4) 


By the construction process of the solution of (9.3) F = F; = Fy = 0 on 
t = ®, so that the function 
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F(a,t) for t > (2) 
Palast) = {4 for 1 5) 


is of class C? in R? x R. Then solve 


Ow =F, in R® x (t > 0) 
w(x,0) = &(x,0) = 0 in R® 


whose solution is given by the representation formula (8.3). The restriction of 
w to [t > ® is the solution of (9.4). This will follow from (8.3) and the next 
lemma. 


Lemma 9.2 Let (9.2) hold. Then w(ax,t) =0 fort < @(a). 


Proof. In (8.3), written for @ and Fj, fix x and t < @(x). For all y on the 
lateral surface of the backward truncated characteristic cone 


|e - yl =c(t—T)]N[0< 7 <t< Hx) 
we must have r < @(y). Indeed, if not 
jz — y| < c(P(2) — Oy) < VO(E)||z — y| 


for some € on the line segment rx + (1 —17)y for rv € (0,1). In view of (9.2) 
this yields a contradiction. Since F, vanishes for (y,7) such that rT < ®(y), 
the lemma follows. ial 


The solution obtained this way is unique. This is shown as in Theorem 6.1. 
Unlike the Cauchy—Kowalewski theorem, the data are not required to be an- 
alytic and the solution is global. Analytic data would yield analytic solutions 
only near »’. 


10 Solutions in Half Space. The Reflection Technique 


Consider the initial boundary value problem 


Ou=f in (R? x Rt)xR 
= for x3 > 0 
aun) e bis (10.1) 
ut(-,0) = ~ for r3 > 0 
u(a1,22,0,t) = h(x, x2,t) for 73 =0,t>0. 


If the data are sufficiently smooth, and there is a solution of class C? in the 
closed half-space R? x [3 > 0] x [¢ > 0], the following compatibility conditions 
must be satisfied 
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A(x1, 22,0) = p(a1, £2) 
hi (a1, £2, 0)= W(x1, £2) 
ce? Ay + f (21, £2,0,t) = hee(a1, 22, 0) 
c2 Aw + fi(a1, £2,0,t) = Aete(21, 22, 0) 


(10.2) 


Assume henceforth that (10.2) are satisfied and reduce the problem to one 
with homogeneous data on the hyperplane x3 = 0. 

10.1 An Auxiliary Problem 

First find a solution v € C3(R® x R) of the problem 


= fii, Op, (Be = OS Gags =0 


v| x3=0 


£3 =0 


(Ov — Desc = (OQv- fz... _p = Qv- fests |,,~0 =0. 


(10.3) 


Lemma 10.1 There exists a smooth solution to (10.3). 


Proof. Look for solutions of the form 
4 : 
u(t) = h(a, 22, t) + YD ai-1(21, 2, t)r5 
i=2 
and calculate 


3 
Olu — f = (A — c? Ah) (21, 20, t) + Y Ba-1 (a1, v2, t)]x5 
j=2 


-3y i(i — 1)as_iz4 ? — f(z, t). 


Therefore the conditions (10.3) yield 


2 2 2 
2c’a, =Oh — Flees 6c*a2 = Fis | 6) 24c*a3 = —Foastes bes 0° | 


10.2 Homogeneous Data on the Hyperplane x3 = 0 

Set w=u-—vand F = f —Ov. Then 
BOS! in (R? x [23 > OJ) x [E> 0] 
def 

w(-,0) = Po = p= v(-,0) in R? x [x3 > 0] 


wz(-,0) = Vo ie uz(-, 0) in R a [v3 Z 0] 
for 73 = 0, t>0. 


Let F, Po, and Wo be the odd extensions of F’, y,, and w, about x3 = 0, and 
consider the problem 
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Ow=F in R?xR 
@(-,0)=¢(£) in R® 
@(-,0) =%o(x) in R®. 


If this problem has a smooth solution w, it must be odd about x3 = 0, that is, 
(a1, 22,0,t) = 0, so that the restriction of W to x3 > 0 is the unique solution 
of the indicated problem with homogeneous data on 23 = 0. To establish the 
existence of ti we have only to check that ¢, € C3(R°),  € C?(R*) and 
F € C?(R° x R). For this it will suffice to check that 


P= fy, = Pasa — 0 
Po = Po,x3 _ P0,x323 =0 for 3 = 0. 
Wo = 0,25 = Wo,caca =.0 


These conditions follow from the definition of odd reflection about x3 = 0, the 
compatibility conditions (10.2), and the construction (10.3) of the auxiliary 
function v. 


11 A Boundary Value Problem 


Let E be a bounded open set in RY with smooth boundary OE and consider 
the initial boundary value problem 


Ou=0 in Ex Rt 
u(t) |» = 0 in Rt (11.1) 
u,0)=~e in B 
ur(-,0) = w in EF. 


Here u(z, t) represents the displacement, at the point x at time t, of a vibrating 
ideal body, kept at rest at the boundary at OF. By the energy method, (11.1) 
has at most one solution. To find such a solution we use an N-dimensional 
version of the method of separation of variables of Section 4.1. Solutions of 
the type T(t)X (x) yield 


-AX, =A,X in E 


x, =0 onde ” EN (11.2) 


and 

T(t) =—-CrnTn(t) for t>0, neéN. (11.3) 
The next proposition is a consequence of Theorem 11.1 of Section 11 of Chap- 
ter 4. 


Proposition 11.1 There exists an increasing sequence {A,,} of positive num- 
bers and a sequence of corresponding functions {vn} C C?(E) satisfying 
(11.2). Moreover {vn} form a complete orthonormal system in L?(E). 
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Using this fact, write the solution u as 


u(x,t) = >> Ty (t)vn (2) (11.4) 


and deduce that the initial conditions to be associated to (11.3) are derived 
from (11.4) and the initial data in (11.1), ie., 


T.,(0) = [ unyde, TE(0) = I cata 


Thus 


Tn (t) = ant ne + 2) cos(cy Ant)| Un da. 


Even though the method is elegant and simple, the eigenvalues and eigen- 
functions for the Laplace operator in EF can be calculated explicitly only for 
domains with a simple geometry (see Section 8c of the Complements of Chap- 
ter 3). The approximate solutions 


sin(cV/Xnt) 
1 


satisfy, for all 7 € N, the approximating problems 


Ou, =0 
CO oe a0 in ExR 
def in R 
tn(a0) = n(a) So (p,u)i(0) an (11.5) 
def 2 in E 


Un,t (x, 0) = Un (x) = d= (ey, v;) ui (z) 


t=1 


The function u(-,¢) defined by (11.4) is meant as the limit of up(-,¢) in L?(E), 
uniformly in ¢ € R. The PDE in (11.1) and the initial data are verified in the 
following weak sense. Let f be any function in C?(E x R), and vanishing on 
OE. Multiply the PDE in (11.5) by any such f and integrate by parts over 
E x (0,t), where t € R is arbitrary but fixed. This gives 


[unt see.tae+ ff unte.t(er)O fae dr 
= f vnfle.0) da ff enife(2,0) de. 


Letting n > oo gives the weak form of (11.1) 
t 
[wen sed ae+ f [ wen(e. Ds deat 
= f vt.o)ae- f pfile,0)ae 
B B 


for all f € C?(E x R) vanishing on OE. 
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12 Hyperbolic Equations in Two Variables 


The most general linear hyperbolic equation in two variables « = (21, x2) 
takes the form 
Pu 


= 0x1 022 


where b = (bi, b2) and c, f are given continuous functions in R?. For this, the 
characteristics are the lines 2; = (const); for i = 1,2. If b= c= f = 0, then, 
up to a change of variables, (12.1) can be rewritten in the form of the wave 
equation 


L(u) +b-Vu+cu=f (12.1) 


Vit — Vex =O in R? (12.2) 


where 
2=x-t 
and u(x,t) = u(a— t,a + ¢). 
vy =2+t 


Therefore if v is prescribed on the characteristics « + t = const, the method 
of the characteristic parallelograms of Section 1.1 permits one to solve (12.2) 
in the whole of R?. 


13 The Characteristic Goursat Problem 

The characteristic Goursat problem consists in finding u € C?(R?) satisfying! 
L(u) =f in R’, u|,,-07 G1 €C*(R), 1=1,2. (13.1) 

Theorem 13.1. There exists a unique solution to the characteristic Goursat 

problem (18.1). 

13.1 Proof of Theorem 13.1: Existence 


Setting Vu = (wi, we) = w, by virtue of (12.1) 


a) 
WwW = —— wn = f-—b-w-cu. 
a a 

Integrate the first of these equations over (0,2) and the second over (0, #1). 

Taking into account the data y; on the characteristics x; = 0, 1 = 1,2, recast 

(13.1) into the equivalent form 


'The problem is also referred to as the Darboux-Goursat problem. For L(-) 
linear, the problem was posed and solved by Darboux, [42](Tome II, pages 91-94). 
The nonlinear case of Uz,25 = F'(@1,%2,U,0x,, Ux.) was solved by E. Goursat, [108, 
Vol. 3 part I]. See also J. Hadamard, [110](pages 107-108). 
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v2 
wi(0) = eh(r) + ff —b- w= cw)ler,s)ds 
0 


w(x) = y (x2) + [oo —b-w-—cu)(s,v2)ds (13.2) 


u(x) = p2(x1) + a w(x1, 8)ds. 


The last equation could be equivalently replaced by 


Xy 
u(x) = yi (x2) +f w1(s, @2)ds. 
0 
To solve (13.2), define 
Uo = 2; W1,0 = Po, W2,0 = Yi 


and recursively, for n = 0,1,... 


tii ane) = Bilin) + | “Sb ede 


wen+1(2) = Yi (t2) + i [f —b- (Win, Wan) — CUn|(s, 2)ds (13.2) n 


x2 
Un+1 = ¥2(#1) +f W2n(#1, 8)ds. 
0 


A solution of (13.2) can be found by letting n — oo in (13.2), provided the 
sequences {uy} and {w;,,} for i = 1,2 are uniformly convergent over compact 
subsets of R?. For this it suffices to prove that the telescopic series 


Wot o(Un —Un-1) and = Wig + Y3(Win — Win—1) (13.3) 


are absolutely and uniformly convergent on compact subsets K C R?. Having 
fixed one such K, one may assume that it is a square about the origin with 
sides parallel to the coordinate axes, and such that meas(/) < 1. Set 


Vn = (Un, Win, W2,n)s |x| = |x| +r |x| 


Vin _ Vn-1|| = |Un —_ Un—1| + |Win _ Win—1| lr |Win _ W2,n—1| 
Ck =1+|[blloo,xK + |lelloo,« +||flloo,n, Ax =1+4||Volloo,x- 


Lemma 13.1 For alla ec K and allneN 


|x|" 


[Vn — Vn-alI(2) S Ax (2CK)"— -. (13.4) 


Proof. From (13.2)n=0 
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rQ 
W141 — Wi,o = | [f — b> (w1,o, W2,0) — CUo](@1, s)ds 
a, 
W2,1 — W2,0 = [ [f — b> (wo, W2,0) — CUo](S, 2)ds 


x2 
Ul — Up = , W2,0(#1, 8)ds. 
0 
From this 


Vi — Voll(@) < IlFlleo.xe + (([blloo.x¢ + Ilelloo, x) Valloo.x | dis 
Ly 
+ [floc + (([Blloo, 1 + llelloo.1¢)|IVolloo.xe | ds 


x2 
+ [Veloce f ds 
0 
< AKC |2|. 


Therefore (13.4) holds for n = 1. We show by induction that if it does hold 
for n it continues to hold for n + 1. From (13.2), for all ¢ € K 


I[Vn4a — Vall(@) 


2G ( [i= Vo-allear, sas + f Ia ~ Va-alls.22)4s 
0 0 
gnontl x2 Gr. 
< Kk n n 
5 Ag OES ( [ (ar.s)itas [ |(s.0a)!"as) 


[eee 


< Ax(2Cx)"" |x r 


(n+1)P 


Returning to the absolute convergence of the series in (13.3), it follows from 
the lemma that for all « € Kk 


xL n 
IVoll(2) + IVs = Vall) < Ax (14 52K" EE) = Agere, 
13.2 Proof of Theorem 13.1: Uniqueness 


Let us assume that there exist two locally bounded solutions of the system 
(13.2), say (u, w{?, ws) = V© for i = 1,2, and set 


VO — VO] = ful) — aw] + feo? — w?| + Jews? — wo? 


Write the system (13.2) for V“ and V), and subtract the resulting equa- 
tions, to obtain for all « © K 


VO —V|I(a) < [VO — Vj. xBeclat 


where Br = |\blloo,« + ||clloo,K. Since K is an arbitrary compact subset of 
R?, this implies V = V®) identically. al 


220 6 THE WAVE EQUATION 
13.3 Goursat Problems in Rectangles 


Let ay < 6; and ag < (2, and let R be the rectangle [a1, 5] x [az, 39]. 
Prescribe data y1 € C?[a1, i] and v2 € C?[az, 82] on the segments [ay, 31] 
and [ag, G2], and consider the problem of finding u € C?(R) satisfying 


L(u) = f in R 
u(a1, a2) = (p2(x1) for v1 -€ far, 61] (13.5) 
u(a1,@2) = yi (x2) for 2 € [a2, Bo]. 


The same proof applies, and one may conclude that (13.5) has a unique solu- 
tion. Analogously, there exists a unique solution to the characteristic problem 
L(u) = f in R 
u(x1, B2) = pa(21) for 1 € [a1, §1] (13.6) 
u(B1, £2) = y1(r2) for x2 € [a2, Ba]. 


14 The Noncharacteristic Cauchy Problem and the 
Riemann Function 


Let I’ be a regular curve in R? whose tangent is nowhere parallel to either of 
the coordinate axes. For example 


m=8s seR 
=< g.=h(s) € C1(R) 
h'(s) <0 for all se R. 


Consider the problem of finding u € C?(R?) satisfying 
Koj=7 aR, vp =a | p=0 (14.1) 


where £(-) is defined in (12.1). As an example, take the case b = c = 0, and 
I’ is the line x2 = —2. Then (14.1) reduces to the Cauchy problem for the 
wave equation 7 
Utt — Vex = f in R? 
v(-,0) = 0 t=2,+ 22 
uz(-,0) = 0 L= 214+ 42, 


where 


t-—2 +") 


t-—2z +") 
2° 9 , 


it) =u( f(w,t) = f(—*, 
v(x,t) =u fe) =(=4 
This problem has a unique solution is given by the representation formula 
(3.4). We will prove that (14.1) has a unique solution and will exhibit a rep- 


resentation formula for it. 
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Through a point x € R? — I, draw two lines parallel to the coordinate 
axes and let FE, be the region enclosed by these lines and J’, as in Figure 14.3 


Ex = {(0,8) | h(a) <s<a;a<0 <a}. 


(a, £2) Giga | = 


eae B) 
Fig. 14.3 


Let £*(-) denote the adjoint operator to L(-) 


_ O7v 
7 021022 


L*(v) — div(bv) + cv. 
This is well defined if b; € C1(IR?), which we assume henceforth. Let u,v be 
a pair of functions in C?(R?), and compute the quantity 


/ ie [vL(u) — uL* (v)]dy. 


The outward unit normal to EF, on I’ is n = (—h’,1)/V1+h”. Therefore by 
Green’s theorem 


/ | [u£(u) — ul" (v)]dy = (uv) (e) — (uv)(ay, 2) 
= . ulVe. — vb1| (11, 8)ds — “ ulUz, — uba](s,x2)ds . 
| (ue, — vba](1, 8) i I(s, a2) (14.2) 


- l vh'(s)[uc. + ubi](s, h(s))ds — ‘ ulvbz — Vx, |(s, h(s))ds. 


Qa 


If uw is a solution to (14.1), then (14.2) reduces to 


x2 


If [of ue" (W)]dy = (o)(2) - | ufve, — bre|(21, 8)ds 


-f uve, — bou](s, 72)ds. 


Next, in (14.3), we make a particular choice of the function v. For each fixed 
x € R’, let y > R(y;x) € C?(R?) satisfy 
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* < _ : 2 
LyR(iy;z)]}=0 in R 


bar s)ds| 


y2 


R(x1, y2;z) = exp | (14.4) 


2 
YL 


R(y1,¢2;2) = exp | | bas. a)ds|. 


1 


Such a function exists, and it can be constructed by the method of successive 
approximations of the previous section. The last two of (14.4) imply that 
R(a#;x) = 1. Therefore, writing (14.3) for y > v(y) = R(y;x) yields the 
representation formula 


u(a) = | :. Riya) Soda (14.5) 


This formula, derived under the assumption that a solution of (14.1) exists, 
indeed does give the unique solution of such a noncharacteristic problem, as 
can be verified by direct calculation. The function y > R(y;x) is called the 
Riemann function ([218]), with pole at x, for the operator £(-) in R?.? 


Remark 14.1 The integral formula (14.3) and the Riemann function R(-; -) 
permit us to give a representation formula for the unique solution of the 
noncharacteristic problem (12.1) with inhomogeneous data on I" 


Liu)=f in R?, ul, =¢%, ue|p=v (14.1)’ 


for given smooth functions in R. 


15 Symmetry of the Riemann Function 


The Riemann function y > R*(y;x), with pole at x, for £*(-) satisfies 
L[R*(y;2)| =0 in R? 


R* (ys, 22; 2) = exp |- 


YI 


ba(s.)ds| (15.1) 


1 
y2 


R" (x1, ye; 2) = exp |- f bilarss)ds|. 


2 
It follows from this that R*(x; x2) = 1. 
Lemma 15.1 R(y; x) = R*(az;y). 


Proof. Let x = (1,22) and y = (y1, yz) be fixed in R? and be such that the 
line through them is not parallel to either coordinate axis. Without loss of 
generality may assume that y; < x, and y2 < £2, and construct the rectangle 


?For an N-dimensional version of the Riemann function, see Hadamard [110]. 
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Qe4 = iyi <8 <a] X [yo < 7 < wl. 


By Green’s theorem, for every pair of functions u,v € C?(R?) 


If! [v£(u) — ul*(v)]dsdr = (uv) (x) — (uv) (y) 
=f v[Ur, + bru] (41,7 nar fe v[uz, + b2u](s,y2)ds (15.2) 


-f U[Ve. — byu](x1, 7) dr -[ ulve, — bgu](s, x2)dr. 
y 


y2 Y1 
Write this identity for v = R(-;x7) and u = R*(-;y). re 


Remark 15.1 (The Characteristic Goursat Problem) The integral for- 
mula (15.2) and the Riemann function permit one to give a representation 
formula in terms of R(-;-) of the characteristic Goursat problems (13.5) and 
(13.6). 


Problems and Complements 


2c The d’Alembert Formula 


2.1. Solve the Cauchy problems 


Utt — Uee = f in RXR f(x,t) =et-* 
u(-,0) = u(-,0) =0 fini) =a". 


3c Inhomogeneous Problems 


3.1c The Duhamel Principle ([61]) 


A linear differential operator with constant coefficients and of order n € N in 
the space variables x = (x1,..., uy) is defined by 


L(w)= Y AaD*w, Aa ER, we C"(R). 


lal<n 


Let f € C(R**"*), and for a positive integer m > 2 let 
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(x,t;7) > v(z,t;7), 2 ERX, t€ (7,00), TER 


be a family of solutions to the homogeneous Cauchy problems 


a L(u) in RY x (7,00), m>2 

oi 

ga at) =0 for 7 =0,1,...,m—2 (3.1c) 
om-l 


Rymai UC 757) _ Fiye) 


parametrized with 7 € R. Then, the inhomogeneous Cauchy problem 


m 


ae L(u)+ f(z,t) in RYxR 


(3.2c) 
oi 
ptt 0) = 0 for 7 =0,1,...,m—1 
has a solution given by 
t 
u(x, t) a u(x,t; T)dr (a,t) ERX xR. (3.3¢) 
0 


Formulate a general Duhamel’s principle ([61]) if m = 1. 


Ac Solutions for the Vibrating String 


4.1. Solve the boundary value problems 


Utt — Ure = f in (0,L)xR f(a,t) =e” 
u(0,-) = u(L,-) =0 for f(v,t) =sinaa 
u(-,0) = uz(-,0) =0 fiahas*. 


4.2. Solve the boundary value problem 
Ut — Ure =x in (0,1)xR 
u(-, 0) = ol o z), url, 0) =0 
Ux(0,-) = 0, u(1,-) = 0. 
4.3. Let 6 € R be a given constant. Solve 
Ut — Ure = B(2u,— Bu) in (0,1) x R 
u(-, 0) FH=Pe C7(0, 1), uz(-, 0) =0 
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4.4. Solve the previous problem for y € C(0,1) but not necessarily of class 
C?(0,1). Take, for example 


(ai = 2he for x € (0,4) 
ol a 2h(1—a) for x € (5,1) 
where h is a given positive constant. 
4.5. Let a € R, and consider the boundary value problem 
Ute + QUt — Ure = 0 in (0,1) x (t > 0) 
u(0,t) = u(1,t) =0 for t>0 
u(-,0) = 9, ut(-,0) =~ in (0,1), 
Find an expression for the energy €(t), introduced in (4.5) in terms of uz, 
and estimate €(t) in terms of the initial data only. 


Hint: Setting 
tol 
f(t) = | u?(x, s) dx ds 
o Jo 


derive a differential inequality f’ < A— Bf, for suitable constants A, B. 
4.6. In the previous problem take 


a=1, (a) =sinn7x4+2sin5raz, Y=0. 


Write down the explicit solution. Find constants cy and cz such that |u| + 
jue| < cyeo??. 
4.7. Solve by the separation of variables 
Utt — Ure = COs 2t 
u(0,t) = u(1,t) = 0 
u(a,0) =0 


in (0,1) x Rt 
for t > 0 
a in (0,1) 
ur(a,0) = SO sin2nrx in (0,1). 

n=l 


4.8. Solve by the separation of variables 
Utt — Ura = 0 in (0,1) x Rt 
u(0,t) = u(1,t) =0 for t >0 
u(z,0)=a23(1—2)? in (0,1) 
u(x, 0) = 0 in (0,1). 
Discuss the regularity of wu. 
4.9. Solve by the separation of variables 


Utt — Ura = 0 in (0,7) x Rt 
u(0,t) = u(m,t) = 0 for t>0 
; ) = 3sin? 2 in (0, 77) 


u(a 
Ut (a 


0 
,0) =0 in (0,7). 
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Discuss the regularity of wu. 
4.10. Solve by the separation of variables 


Utt — Use = O in (0, 1) x Rt 
uz(0,t) = ux(m,t) = 0 for t > 0 


7 7 . 
u(a,0) = x la — il _ (0, 7) 
uz(a,0) = 0 in (0,7). 


Hint: It might be useful to draw a graph of f(x) = = — |x — ]. 
4.11. Solve by the separation of variables 


Utt — Ure tu =0 in (0,7) x Rt 
u(0,t) = u(z,t) = 0 for t>0 
u(#,0) = & in (0,7) 
ut(x, 0) = Xjo,z)(2) in (0,7). 
4.12. Relying on (1.4) solve the problem 
Utt — Ure = O in (0,1) x Rt 
u(0,t) = u(1,t) =0 for t>0 
u(x,0) =0 in (0,1) 
uz(x,0) =1 in (0,1). 


Hint: It might be useful to solve first in [0, 1] x [0, 1] and then in [0, 1]x R*. 
4.13. Relying on (1.4) in D = [0,1] x [0,1] solve the problem 


Utt — Ure = 0 in (0,1) x Rt 
u(0,t) = 1 for t>0 
u(1,t) =0 for t>0 
u(x,0) = 1-2? in (0,1) 

ur(x,0) = 0 in (0,1). 


4.14. Let u be the solution of (4.1) defined in (4.3)—(4.4). Discuss questions 
of convergence of the formal approximating solutions 


n 
Un = >> (Aj sin jat + B; cos jrt) sin jre. 
j=l 


Take L = c= 1 and verify that for all p,¢,j7 €¢ N 


case < 35 (jm)?*4(\Ayl + [Byl) 
OxP Ota” oo,(0,1)xR ~ j=l # : ae 


4.15. Let m be a positive even integer, and let C%,(0,1) be defined as 
in 10.3 of the Complements of Chapter 4. Assume that y and w are in 
o7 ,(0, 1), and prove that u, > u in C™{[(0,1) x RJ. 
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6c Cauchy Problems in R? 


6.1. Solve the Cauchy problem 
Ou=0 in R?xR, u(z,0)=|2\?, us(z,0) = 23 in R®. 


t 


6.2. Find a space-independent solution of Ou = e~' in R? x R, and use it to 


find the solution of 


Ou=e% in R®xR, ul-,0)=a1, u(-,0) = xorg. 


6.1c Asymptotic Behavior 
6.3. Let u be the solution of 
Ou=0 in R?xR, u(-,0)=0, uw(-,0) = |x|* 


for some k > 0. Compute the limit of u(0,t) as t + oo. Prove that as 
|x| + oo the solution has the form 


u(x,t) = a(x, t)(1 + |a|*) 


for a smooth function a(z,t) uniformly bounded on compact subsets of 
the t-axis. 
6.4. Let uz be the unique solution of Ou. = 0 in R® x R, with initial data 


ee 


ue(-,0) = 0, —u,(2,0) = e “lel? for |z| <é 


ot 0 for |a| >. 


Study the limit of uz, as e > 0, in some appropriate topology. 


6.2c Radial Solutions 


6.5. Let B be the unit ball about the origin in R® and consider the problem 
(internal vibrations of a contracted sphere) 


ute — Au =0 


in BxR 
tis) | 55°20 for te R 61 
u(x, 0) =0 in B oe 
uz(a, 0) = cos =a in B. 
Find a radial solution of (6.1c) by the following steps: 
(i) Set |z] = p and recast the problem as 
Utt — Upp — —Up = 0 in (0,1)xR 
u(1,t) = u,(0,t) = 0 for te R (6.2c) 


u(p,0) = 0, uze(p, 0) = cos <p for p € (0,1). 
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(ii) Let v be the symmetric extension of u(-,¢) about the origin 


_ fu(p,t) for O<p<l1 
uo) = {5 for —l<p<0O. 


Verify that v,(0,t) = 0, and that v solves 


2 
Vit — Upp — —Up =0 in (-1,1)xR 
o(—1,t) = v(1,t) =0 for te R (6.3c) 
v(p,0) = 0, vz(p, 0) = cos <p for p € (-1,1). 


(iii) Solve (6.3c) and verify that 
T 
v(0, t) = tcos ou for |t| <1. 


6.6. Now consider (6.2c) in the whole of R®, i.e., 


ure — Au=0 in R?xR 
u(x,0) =0 in R? 
T 
uz(x, 0) = COs 52 in R3. 


Write down the explicit solution and check that u = v. 
6.7. Prove that all radial solutions of the wave equation in R° x R are of the 


form 
F (|x| — ct) + G(|2| + ct) 


u(x,t) = al 


for functions F(-) and G(-) of class C?(R). 
6.8. Write down the explicit solution of 


Ou=0 in R?xR, u(-.0) =0, u(-,0) =o, (6.4c) 


where w is radial. 
6.9. In the case c= 1 and 


1 for |a|<1 


we = . for |a| >1 


prove that the unique solution of (6.4c) is 
t if 0<|a|<1-t, t€ (0, 1] 
u(x,t) = i if |l—t|<|z|<t+1, t2>0 
if O<|a|<t+1. 


In particular, the solution is discontinuous at (0,1). 
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6.3c Solving the Cauchy Problem by Fourier Transform 


We will use here notions and techniques introduced in Sections 2.6c—2.9c of 
the Complements of Chapter 5. Consider the Cauchy problem 


v4 — Av =0 in RN x Rt, v(-,0)=0, u%(-,0) =v. (6.5¢c) 


We assume that 7 is in the class of the rapidly decreasing functions or the 
Schwartz class Sy, and seek a solution v(-, ) in the same class with respect to 
the space variables. Taking the Fourier transform of the PDE in (6.5c) with 
respect to the space variables gives 


Out + ly|?6 = 0, o(y, 0) _ 0, o1(y, 0) = w. 
This can be solved explicitly to give 


Auch= tow. 


Prove that 
sin |ylt 


D 
ly| 


sup | <oo, for every multi-index a. 


yERN 


Deduce that 6(-,t) € Sy. By the inversion formula obtain the solution of 
(6.5c) in the form 


_ 1 sin |y|t “ i(a,y) 
v(a,t) = (ony¥ I. ri w(yje’ dy. (6.6c) 


Now consider the general Cauchy problem 
uz —Au=0 in RN xRt, u(-,0)=y, u(-,0) =~ (6.7c) 


with both y and w in Sy. Verify that if w solves (6.5c) with the initial con- 
dition w;(-,0) = y, then the solution of (6.7c) is given by 


u(x,t) = v(x, t) + wi(2, t). 


It follows from (6.6c) that the solution of (6.7c) can be represented by the 
formula 


1 i a : 
wee) = aarw [| (ity) + cosluleey) ean 


6.3.1c The 1-Dimensional Case 


If N = 1, by the inversion formula 
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civ(ett) 4 ety(a—t) 


u(z, t) “wah” 7 ty 


el’ (a+t) _ ety (a— t) 


te [| ay 
“fest [ (F Lembenay) an 


i> ae 


wl 


lows) toed] +5 f voday 


6.3.2c The Case N = 3 


We refer to the representation formula (6.6c). Let N = 3 and prove the formula 


el) dg = t etn) de, 


yl Art Sin) =t © Am Sig 


sin|ylt 1 


Hint: If T is a rotation matrix in R®, then 


/ e™Y) da(n) = i eT) do(y). 
|n|=t In|=t 


Next, choose T such that Ty = |y|(0,0,1) and compute the integral by intro- 
ducing polar coordinates. By the Fubini theorem and the inversion formula, 
one computes from (6.6c) 


1 1 ily, 7 ix 
u(a,t) = mi. aa Se Ody 
i 
- af. ve tnde= Fz f vovdoty 


ae yl=t 


The solution of (6.7c) is given by 


weN= Fal ewe) +f vd. 


7c Cauchy Problems in R? and the Method of Descent 


7.1. Solve the Cauchy problem 
ut —-Au=0 in R?xR, u(z,0)=|2|?, u(2,0) =1 in R?. 
7.2. Write down the explicit solution of 
uz —Mu=0 in R?xR, u(-,0)=p(-), u(-,0) =0 


where p is a homogeneous polynomial of degree 10 in x; and x2. Write 
down u(0,0,t) in the case p(x1, 22) = (a7 + v3)°. 
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7.3. Solve the problem 
uz —Au=0 in R?xR, u(z,0)=0, (2,0) =sin (x1 + 22). 
Find the solution in the form u(a,t) = a(t) sin (a + x2). 


7.4. Recover the d’Alembert formula (2.2) from the Poisson formula (7.3) 
and the method of descent. 


7.1c The Cauchy Problem for N = 4,5 


In the Darboux formula (5.2) take N = 5 and let 
2 0 
w(z, P; t) =Pp 95 tu zr, Pp, t) + 3pM (u; L, Pp, t). 
p 


Verify that wy = Chas and solve (5.1) for N = 5. Prove that the solution of 
(5.1) is given by 


Use the previous result and the method of descent to solve (5.1) for N = 4. 


8c Inhomogeneous Cauchy Problems 


8.1c The Wave Equation for the N and (N + 1)-Laplacean 

Denote by Ay the Laplacean with respect to the N variables x = (x1,...,uN) 
and by An +1 the Laplacean with respect to the (NV + 1) variables (x, 741). 
Let k € R be a given constant and let u € C?(IR™ x R) be a solution of 


un = CAnu—k?u in RY xR. 


Then, for any two given constants A and B, the function 


v(a@,tn41,t) = [A cos (F2n+1) + Bsin (Fens1))u(a,t) 


solves 
ve =CAyaiv in RAtYR. (8.1c) 


Similarly, if u solves 


un =CAnutk?u in RYxR 
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then 
k . k 
v(a@,@n41,t) = [4 cosh (=v) + Bsinh (=v11)| u(a,t) 
c c 


solves (8.1c). Use these remarks and the method of descent to solve the Cauchy 
problems 


Ur = CAgu+ A*u in R?xR 
u(-,0) = y € C?(R?) in R? 
ue(0) = PE C(R) in RY, 


where  € R is a given constant. 


8.1.1c The Telegraph Equation 


Solve the Cauchy problems 


Utt = Une + A7u in RxR 
u(-,0) = 9 € C(R) in R (1) 
u(-,0)=y~ecr(R) mR 


The equation (T)_ is called the telegraph equation. Set 


2 n/2 2 m/2 
BG) = =| cos(ssin@)d0, B(s)= =| cosh(s sin 0)d0 
0 0 


T 


where s is a real parameter. Prove that the solutions ux of (T)4 are 


us(e,t) = 5 - w(o)B* (AvE= (esp) ds 
BL an vr) 


The functions B*(-) are the Bessel functions of order zero [19]. 


8.2c Miscellaneous Problems 
8.1. Let a,b,c be given constants. Solve 


Utt = Une + aU, + bu;+cu in Rx R 
u(-,0)=yeC3(R), u(-,0) =p € C?(R). 


Hint: Reduce the problem to the previous one by exponential shifts in x 
and t. The solution is 
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where 


if a2>b?+4ce, A= 


if a®@<b?+4ce, A= 4/e—- 
8.2. Solve 
Utt = Ue + GUz +bu,;+cu+f in RxR 
u(-, 0) =y € C?(R), uz(-, 0) =WeE C?(R), hie C?(R?). 
8.3. Let 6 be a given constant. Solve the boundary value problem 


Utt — Uer = —Bu, in (0,1) x Rt, u(0,-) = u(1,-) =0 


u(-,0) =~ € C7(0,1)NC[0, 1), uz(-,0) = 0. 
8.4. Solve the problem 


2 
Us — Use — Ue = 0 in (-1,1)xR 
u(—1,-) = u(1,-) =0 in R 
u(x,0) =0 for x € (—1,1) 
uz(a, 0) = cos se for xe€ (—1,1). 


Verify that the solution is symmetric about the origin, that u,(0,t) = 0 
for all t, and moreover 


u(0,t) = tcos st for |t] <1. 


Hint: O(cu) = 0. 


8.5. Using the Fourier Transform, solve the problem 


Utt — Ure = —a” u in Rx Rt 
ooo aie 

ia =el, o<d<q Hr eeR 

ite) 20 for c ER. 


Hint: After determining the expression of i(y,t), use the Inversion The- 
orem for the Fourier Transform and leave u(«#,t) written as an integral. 
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8.6. Solve explicitly 


in (-4 =) x Rx Rt 


Utt — ey + Uyy 


u(t 5,y,t) = 


)= 
0) = aaa 


5 
ae 
JA 
)A 
ae 
x 
Zs 


we. Uy; 
ur(@,Y, 


0) = in 


| 
nm] a 
nm] > 
hie 

x 

wa 


Solution: Direct inspection from the data suggests that the solution might 
be 

u(z, y,t) = cosa cosy cos V2 t. 
The point is to arrive at such a solution in a constructive way. Periodic 
extension of cos x reduces the problem to a Cauchy problem set in R? x Rt 
with the same initial data. The solution of such a Cauchy problem is 


0 cos € cos 


2 th=— ——— 
eH BF Ioceu) VO= EP Wa 
_ oO cos(a — u) cos(y =U) a dy. 
dt J, (0,0) t2 — u2 — v2 


Therefore, the expression of u(x, y,t) hinges upon computing the integral 


T= i cos(a — u) cos(y — v) Ake 
D,(0,0) or ee 


The numerator of the integrand separates into 


cos(a — u) cos(y — v) = (cosacosu + sin x sin u)(cos y cos vu + sin y sin v) 
=cosxcosy cosucosv+cosxsiny cosusinv 


+sinzcosy sinucosu+ sinzsiny sinusinv. 


Therefore, J is the sum of the four integrals 


COS U COS 
i= cos reosy [ eee dudu 
D,(0,0) oft? — (u? +?) 
COS U Si 
In = cosasiny | one dudv 
mG oa — (a? + o7) 
sin u cos 
Iz = sinceosy | _—_ ees dudu 
Dx(0,0) Vt? — (u* + v?) 


; 5 sin usin v 
I, = sina siny | ————————————_ dud. 
Dz(0,0) +t? — (u? + v2) 


We claim that Iz = Iz = I, = 0. To see this, disregard the (a, y)-dependent 
coefficients and call by J; the resulting integrals for 7 = 2,3, 4. In all of 
these effect a polar change of variables u = rcos@ and v = rsin@, to get 
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t Qn 

| =(/ cos(r cos 8) sin(r sin 6)<0) dr 
t r Qn 

= | ra ( | sin(r cos @) cos(r sin 6)<0) dr 
t r Pug 

i= i. Tra ( | sin(r cos 8) sin(r sin 6)<0) dr. 


Now, If = I, = 0 since the integrand is odd. The integrand of I is even 
and hence 


rb) 


x 


1 20 5 
5 ( | sin(r cos @) cos(r sin 6)<0) = | sin(r cos @) cos(r sin 0)d0 
0 0 


+- | sin(r cos @) cos(r sin 0)d@ 


2 


= 13, + Igo. 
In I3.2 effect the change of variables 0 > im +a to find 
hRo=-h, = &=0. 


Thus, the only nonzero integral is Ij. To compute it recall that I, = 0 
and write 


R=h+ 
=} cosucosv + sinusinv 
D,(0,0) t? — (u? + v?) 


= | _cos(u= 2) dy. 
D 


(0,0) \/t? — (u? + v7) 


dudvu 


In this last integral effect the change of variables 
utvu= v2, u—v=Vv2n. 
This is a rotation of (u,v) of 47 about the origin. Therefore, 
{wt+uv<#} 3 {@+7? <t?} and dudv =ddn 


since a rotation does not deform the areas. Thus, 


2 
T= ; _908V2n sean, 
Di( 


0,0) t2 = 1? = & 


Since the integrand is even in € and 7 
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ei tee 
H=af cos V2n( A ere)” 


=4 f cosvin( [ do) dn 


t 
27 

a an f cos V2ndn = == sin V2t. 
0 V2 


Combining these calculations, the solution has the form 


d sin V/2t 


u(x, y, t) = cos x cos y— 


dt 3 


8.7. Solve the problem 


Ury = sy in y>a2, u(s,s)=0, u(s,—s) = 3° 


Vu(s,s):(—1,1) = a —s) if s€(0,1) 


otherwise. 


10c The Reflection Technique 


10.1. Find the solution of the boundary value problem 
Utt — Ure = O in Rt x Rt 
u(0,-)=h for t >0 
u(-,0) = for « >0 
ut(-,0) =~ for x >0 
where the data h, y, v are smooth and satisfy the compatibility conditions 
h(0) = (0), h(0)=¥(0), bh" (0) = y"(0). 
10.2. Transform the problem 
Utt — Ure =O, in [x > 0] x [> 0] 
u(0,t)=0 for t>0 


0 in [(0<a<lUle> 2] 
u2,0)={ fo »)fa—1) in [la <2). 


u(z,0)=0 in e>0 


into another one in the whole of R. Find the times t such that u(3,t) 4 0. 
Find the extrema of « + u(x, 10). 
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11c Problems in Bounded Domains 


11.1c Uniqueness 


Let E C R% be bounded, open, and with boundary OE of class C1. Prove 
that there exists at most one solution of the boundary value problem 


un — Au+k(2,thu=0, in EXxXR 
0 
on +q(z,thu=0, on 0ExR 
u(-, 0) =; in EB 
uz(-, 0) = vy, in & 


where y and ~ are smooth and k(-,-) and q(-,-) are bounded and non-negative 
in their domain of definition. 


Hint: Multiply the PDE by u; and integrate by parts over E x (0,t) to get 


t t 
E(t) + 2 | | kuu, dxdt + 2 | | quuz dadr = Ep, (11.1c) 
0 JB 0 Jab 


where 
E(t) = ‘: [u? + |Vul?](-, td and €= | (yy? + |Vy|?)da. (11.2c) 
EB E 


Next, multiply the PDE by wu and integrate by parts over E x (0,t) to get 


t 
fo wetae+ | | [|Vul?] — uz] dadr 
E 0 JE 
t t 
+f i kutdedr + | f nedodr = | puda. 
0 JE 0 JOE E 


Integrate (11.1c) in dr over (0,t), multiply by 2 and add it to (11.3c) to get 


t t t 
re u?(-,t) dx + | E(r)dr + | } ku?dadr + | | qu? dodr 
2dt Jr 0 0 JE 0 Jag 


t T t TF 
= 2t€, + €, — 1/ | | kuu, dadsdt — af | i quu, dodsdr. 
0 Jo JE 0 Jo JOE ( 


11.4c) 


(11.3c) 


By the Cauchy—Schwarz inequality and the assumptions on k 


t pr t t 
a [ | | kuu, dadsdr| < ant f | ku? dadr + 2 f E(r) dr, 
0 Jo JE 0 JE 0 


where 7 = supk. Stipulate taking t so small that 


1 — 2tmax{1;7} > }. 11.5¢ 
2 
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Then, inserting this estimation in (11.4c) and integrating in dr over (0, t) gives 


t © t T 

[ eonace | | g(s)dsdr+ ff [ bu? dasa 
E 0 Jo 0 Jo JE 
t 5 a 
+2 i | | qu*dodsdr (11.6c) 
0 Jo JOE 
t Bd Ss 

= 406, +216, + | Pde—s | | | | quu, dodédsdr 

E 0 Jo Jo JOE 


To establish uniqueness assume y = w = 0 and infer from (11.6c) 


t T 
f we, Ode+2 | | | qu? dodsdr 
E 0 Jo JOB 
t T s 
< -8 [ | if | quu, dodldsdt 
0 Jo Jo JdE 


Formulate assumptions for uniqueness to hold. Possible assumptions are: 


(11.7c) 


a <Cq™ for given non-negative constants C and m. 


11.2c Separation of Variables 
11.2. Let R = [0,1] x [0,7], and consider the problem 
unt — Au = 0, in Rx Rt 
u(-, lor =~ 
u(z,0) =0 
uz(2, 0) = f(x1)9 (#2), 


where f(0) = f(1) = g(0) = g(z) = 0. Solve by the separation of variables. 
In particular, write down the explicit solution for the data 


asd . 
g(y) = do sinny. 
n=1 


11.3. Solve (11.1) for E = [0,1] in terms of the eigenvalues and eigenfunc- 
tions (A?,v;) of the Laplacean in E 
Av; = Ny. (11.8) 


11.3-(i). Solve (11.8c) by the separation of variables. Denote by 2, y,z the 


coordinates in R° and seek a solution of the form v; = X;(x)W;i(y, z). 
Then, 


Xf =-GX, and Ay,.Wi = —v7 Wi 


where €; and 1; are positive numbers linked by €? + v? = )?. 
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11.3-(ii). Find W; of the form W;(y, z) = Yi(y)Z;(z). Then, 
Y'=-n2Y; and Zf =-@?Z,, 


where 7; and ¢; are positive numbers linked by 7? + ¢? = v?. 


11.3-(iii). Verify that for all triples (m,n, @) of positive integers, the pairs 
a = (m? +n24 ) , ¥ =sina7msina7n sin rl 


are eigenvalues and eigenfunctions of (11.8c). Prove that these are all the 
eigenvalues and eigenfunctions of (11.8c). 


12c Hyperbolic Equations in Two Variables 


12.1c The General Telegraph Equation 


Let u(s,t) be the intensity of electric current in a conductor, considered as a 
function of t and the distance s from a fixed point of the conductor. Let a 
denote the capacity and 8 the induction coefficients. Then, 


Ut — C’Uss + (a+ B)um +o8u=0 in RXR. 


Setting 
eV Mtu(s,t)=v(2,y), c= stet, y=e—cet 


transforms the equation into 


Vay + Av = 0, eS ()" 


14c Goursat Problems 


14.1. Prove that (14.5) is the unique solution of (14.1) 

14.2. Prove that (14.1)’ has a unique solution and give a representation 
formula in terms of R(-;-). 

14.3. Give a representation formula for the characteristic Goursat problems 
(13.5) and (13.6) in terms of R(-;-). 

14.4. Use the method of successive approximations of Section 13, to find the 
Riemann function for the operator 


2 


Sagas + Vut+cu, 


L(v) 


where 61, bz, and c are constants. 
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14.1c The Riemann Function and the Fundamental Solution of the 
Heat Equation 


The fundamental solution of the heat equation uy = uz, can be recovered 
as the limit, as ¢« > 0, of the Riemann function for the hyperbolic equation 
({110], 145-147). 

Una + EUgy — Uy = 0. 


The change of variables € = y and 7 = x — ty transforms this equation into 
EUEn + sun —ug = 0. 


Using the previous problem, show that the Riemann function, with pole at 
the origin, for such an equation is given by 


R[(E,n);(0,0)] =e * Jo (2 i) 


where J,(-) is the Bessel function of order zero. Returning to the original 
coordinates 


Let ¢ > 0 to recover the fundamental solution of the heat equation in one 
space dimension with pole at the origin. For the asymptotic behavior of J,(s) 
as Ss — oo, see Bowman [19]. 


Check for 


7 updates 


QUASI-LINEAR EQUATIONS OF FIRST 
ORDER 


1 Quasi-Linear Equations 


A first-order quasi-linear PDE is an expression of the form 
aj (a, u(r) Ue, = do(x, u(x) (1.1) 


where z ranges over a region E C RN, the function u is in C1(E), and (x, z) > 
a;(a,z) are given smooth functions of their arguments. Introduce the vector 
a = (q,,...,@y), and rewrite (1.1) as 


(a,a,) (Vu, —1) =0. (1.1)’ 


Thus if wu is a solution of (1.1), the vector (a,a,) is tangent to the graph of 
u at each of its points. For this reason, the graph of wu is called an integral 
surface for (1.1). More generally, an N-dimensional surface »' of class C+ is 
an integral surface for (1.1) if for every point P = (x,z) € 2, the vector 
(a(P),a.(P)) is tangent to Y at P. The curves 


a(t) = a;(x(t),2(t)), i=1,...,N 
Shae { (0) = a(e(t), 2(0)) 1.2) 
(x(0), z(0)) = (@o, 2) CE Ex R 


defined for some 6 > 0, are the characteristics associated to (1.1), originating 
at (Yo, Zo). The solution of (1.2) is local in t, and the number 6 that defines 
the interval of existence might depend upon (9, 2,). For simplicity we assume 
that there exists some 6 > 0 such that the range of the parameter t is (—d, 6), 
for all (%, 2) € Ex R. 


Proposition 1.1 An N-dimensional hypersurface 37 is an integral surface 
for (1.1) if and only if it is the union of characteristics. 


Proof. Up to possibly relabeling the coordinate variables and the components 
aj, represent »’, locally as z = u(x) for some u of class Ct. For (%o, Zo) € , 
let t > (a(t), z(t)) be the characteristic trough (a, Zo), set 
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w(t) = 2(t) — u(a2(t)) 
and compute 
W = 2— Ug, 4;i = Ao(x, Zz) — aj (a, z)Ux, (x) 
= do(a, u(x) + w) — a;(a, u(x) + w)ue, (2). 
Since (29, Z.) € ©’, w(0) = 0. Therefore w satisfies the initial value problem 


Ww = ao(x, u(x) + w) — a(x, u(x) + w)uz, (2) 


w(0) = 0. ae) 


This problem has a unique solution. If X’, represented as z = u(x), is an inte- 
gral surface, then w = 0 is a solution of (1.3) and therefore is its only solution. 
Thus z(t) = u(ax(t),t), and X’ is the union of characteristics. Conversely, if 3 
is the union of characteristics, then w = 0, and (1.3) implies that ©’ is an 
integral surface. | 


2 The Cauchy Problem 


Let s = (s1,...,5~—1) be an (N — 1)-dimensional parameter ranging over the 
cube Qs = (—6,5)%~1. The Cauchy problem associated with (1.1) consists 
in assigning an (N — 1)-dimensional hypersurface [ C R‘*+ of parametric 


equations 
x = €(s) = (&i(s),-.., 
5.8 > 
wee (: =(s), (E(s),¢(s)) €£ 
and seeking a function u € C1(E) such that ¢(s) = u(€(s)) for s € Qs and 
the graph z = u(x) is an integral surface of (1.1). 


(2.1) 


2.1 The Case of Two Independent Variables 
If N = 2, then s is a scalar parameter and I’ is a curve in R°, say for example 


(—6,6) 5 8 r(s) = (€1,&2,¢)(s)- 


Any such a curve is noncharacteristic if the two vectors (a1, a2,¢)(r(s)) and 
(€1,65, ¢’)(s) are not parallel for all s € (—6,6). The projection of s > r(s) 
into the plane [z = 0] is the planar curve 


(—4,6) 5 8 — ro(s) = (1, £2)(s) 


of tangent vector (£{,£5)(s). The projections of the characteristics through 
r(s) into the plane [z = 0] are called characteristic projections, and have 
tangent vector (a1, a2)(r(s)). We impose on s + r(s) that its projection into 
the plane [z = 0] be nowhere parallel to the characteristic projections, that 
is, the two vectors (a1,a2)(r(s)) and (€,,&5)(s) are required to be linearly 
independent for all s € (—d, 4). 
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2.2 The Case of N Independent Variables 


Returning to I’ as given in (2.1), one may freeze all the components of s but 
the i*®, and consider the map 


si (f1,---,&n,¢)(81,--+5 Si,--+) SN—1)- 


This is a curve traced on I’ with the tangent vector 


(= | = (= OEN =) 
Os;’ Os; 7 Os; ’ Os; OS; : 


Introduce the (N — 1) x (N +1) matrix 


Os Os Os; O08; 


The (N — 1)-dimensional surface I’ is noncharacteristic if the vectors 


(a, as)(E(8),¢(8)), (=) (s) 


are linearly independent for all s € Qs, equivalently, if the N x (N +1) matrix 


a(é(s),¢(s)) ao((s); 6(s)) 
( dg(s) ac(s) (2.2) 


Os Os 


has rank N. We impose that the characteristic projections be nowhere parallel 
to s > €(s), that is 


("ee 5’) 
det OE(s) #0 forall s € Qs. (2.3) 


Thus we require that the first N x N minor of the matrix (2.2) be nontrivial. 


3 Solving the Cauchy Problem 


In view of Proposition 1.1, the integral surface »’ is constructed as the union 
of the characteristics drawn from points (€,¢)(s) € I’, that is, ©’ is the surface 


(—6,6) x Q5 3 (t, 8) 9 (z(t, s), 2(t, 8)) 


given by 


d 
att §) = a(x(t, s), z(t, s)), «(0, 8) = €(s) 
(3.1) 


d 
ats) = a,(a(t,s),2(t,s)), 2(0,s) = ¢(s). 
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Fig. 3.1 


The solutions of (3.1) are local in t. That is, for each s € Qs, (3.1) is solvable 
for t ranging in some interval (—t(s),t(s)). By taking 6 smaller if necessary, 
we may assume that t(s) = 6 for all s € Qs. If the map 


M : (—6,6) x Qs 3 (t, 8) > a(t, s) 


is invertible, then there exist functions S: E > Qs and T : E — (—0,6) such 
that s = S(x) and t = T(x) and the unique solution of the Cauchy problem 
(1.1), (2.1) is given by 
def 
u(x) = 2(t,s) = z(T(2x), S(2)). 
The invertibility of MM must be realized in particular at I’, so that the deter- 
minant of the Jacobian matrix 


must not vanish, that is, 7 cannot contain characteristics. In view of (3.1) for 
t = 0, this is precisely condition (2.3). 

The actual computation of the solution involves solving (3.1), calculating 
the expressions of s and ¢ in terms of x, and substituting them into the 
expression of z(t, s). The method is best illustrated by some specific examples. 


3.1 Constant Coefficients 


In (1.1), assume that the coefficients a; for 7 = 0,...,N are constant. The 
characteristics are lines of parametric equations 


u(t) = ao +at, z(t) = Zo +do,t teR. 


The first N of these are the characteristic projections. It follows from (1.1)’ 
that the function f(x, z) = u(x) — z is constant along such lines. If I is given 
as in (2.1), the integral surface is 


x(t, s) = €(s) +at 


z(t, 8) = C(s) + aot 5 = (81,---,5-1). (3.2) 
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The solution z = u(x) is obtained from the last of these upon substitution of 
s and t calculated from the first N. As an example, let N = 2 and let I bea 
curve in the plane x2 = 0, say 


T= {&1(s) = s; £2(s) =0; ¢(s) € C*(R)}. 
The characteristics are the lines of symmetric equations 


T1— 1,0 LQ — X2,0 z— Zo 3 
= = ; (1,0, ©2,0; Zo) ER 
ay a2 Qo 


with the obvious modifications if some of the a; are zero. The characteristic 
projections are the lines 


ag21 = a4X%2 + const. 


These are not parallel to the projection of I’ on the plane z = 0, provided 
a2 #0, which we assume. Then (3.2) implies 


ay 
rg=agt, €(s)=s=21—- —22 
a2 


and the solution is given by 


ay, GQ, 
u(a1,22) = C(ar _ a) + — a. 
a a 


3.2 Solutions in Implicit Form 
Consider the quasi-linear equation 
a(u)-Vu =0, a = (a, 42,...,aNn) (3.3) 


where a; € C(IR), and ay 4 0. The characteristics through points (a,, 20) € 
R*+! are the lines 


u(t) =a +a(z.)t lying on the hyperplane z = 2p. 


A solution u of (3.3) is constant along these lines. Consider the Cauchy prob- 
lem with data on the hyperplane ry = 0, ie., 


u(zy,.++,%n0-1;0) = C(a1;...;2n-1) € C(R* ™). 
In such a case the hypersurface I” is given by 


v= Si, a=1,...,N-1 


RN-1 353 < gn =0 (3.4) 
2(s) = ¢(s). 
Setting Z = (a1,...,@N—1), and a = (a1,...,@y~1), the integral surface as- 


sociated with (3.3) and I as in (3.4), is 
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Z(t,s) =s+a(C(s))t 


tn (t,s) = an(C(s))t (3.5) 
z(t, s) = C(s). 
From the first two compute 
ap AC) 
an((s)) 


Since a solution wu of (3.3) must be constant along z(s,t) = ¢(s), we have 
¢(s) = u(x). Substitute this in the expression of s, and substitute the resulting 
s into the third of (3.5). This gives the solution of the Cauchy problem (3.3)— 
(3.4) in the implicit form 

u(x) = ¢(a- 24) ,,.) (3.6) 

ay (u(x) 

as long as this defines a function u of class C!. By the implicit function 
theorem this is the case in a neighborhood of «xy = 0. In general, however, 
(3.6) fails to give a solution global in xy. 


4 Equations in Divergence Form and Weak Solutions 


Let (x,u) + F(zx,u) be a measurable vector-valued function in RY x R and 
consider formally, equations of the type 


div F(z, u) =0 in RY. (4.1) 


The equation (3.3) can be written in this form for F(u) = [“a(o)do. A 
measurable function u is a weak solution of (4.1) if F(-,u) € [ZL,.(R%)|%, and 


| F(a,u)-Vydz=0 for all g € CX (RY). (4.2) 
RN 


This is formally obtained from (4.1) by multiplying by y and integrating by 
parts. Every classical solution is a weak solution. Every weak solution such 
that F(-,u) is of class C1 in some open set E C RN is a classical solution of 
(4.1) in E. Indeed, writing (4.2) for all y € CS°(E) implies that (4.1) holds in 
the classical sense within EF. Weak solutions could be classical in sub-domains 
of RY. In general, however, weak solutions fail to be classical in the whole of 
R” as shown by the following example. Denote by (a, y) the coordinates in 
R? and consider the Burgers equation ([24, 25] 


Oy 2 Ox 


ea (4.3) 


One verifies that the function 
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dein ge ne for 4x + y? >0 


for 4z + y? <0 


solves the PDE in the weak form 
1,2 _ 00 (TR2 
| {upy + 4u’y,}drdy =0 for all y € CS°(R’). 
R2 
The solution is discontinuous across the parabola 3x + y? = 0. 


4.1 Surfaces of Discontinuity 


Let R be divided into two parts, E, and E2, by a smooth surface I’ of unit 
normal v oriented, say, toward E2. Let u € Cl(E;) for i = 1,2 be a weak 
solution of (4.1), discontinuous across I’. Assume also that F(-,u) € C'(E;), 
so that 

divF(a,u)=0 in EF; for i=1,2 


in the classical sense. Let [F(-,w)] denote the jump of F(-,u) across I’, ice., 


[F(a,u)] = 5p u) — ple u). 


Rewrite (4.2) as 


| F(z, u)- Vydx +f F(z,u)-Vydc =0 for all p € CS°(RY). 
Ey E2 


Integrating by parts with the aid of Green’s theorem gives 
| y|F(a,u)]-vdo =0 for all p € CX(RY). 
r 


Thus if a weak solution suffers a discontinuity across a smooth surface I’, then 


[F(z,u)}-v=0 on Fr. (4.4) 
Even though this equation has been derived globally, it has a local thrust, and 


it can be used to find possible local discontinuities of weak solutions. 


4.2 The Shock Line 
Consider the PDE in two independent variables 

Uy +a(u)u,z =0 for some a € C(R) (4.5) 
and rewrite it as 


() () 


—— = ] 2 
5g oY) 0 inR 
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where 


R(u)=u and S(u)= / a(s)ds. 
More generally, R(-) and S(-) could be any two functions satisfying 
S'(u) = a(u)R’(u). 


Let u be a weak solution of (4.5) in R?, discontinuous across a smooth curve 
of parametric equations = {x = a(t), y = y(t)}. Then, according to (4.4), 
I must satisfy the shock condition! 


[R(u)]2" — [S(u)]y" = 0. (4.6) 


In particular, if I is the graph of a function y = y(x), then y(-) satisfies the 
differential equation 
»_ [R(w)] 


 (S(u)] 

As an example, consider the case of the Burgers equation (4.3). Let u be a 

weak solution of (4.3), discontinuous across a smooth curve I’ parametrized 

locally as [ = {x = a(t), y = t}. Then (4.6) gives the differential equation of 
the shock line? 

[u* (a(t), t) + u(x), 8) 


’ _ a == ii t). A, 
x'(t) 5 pS u(x, t) (4.7) 


5 The Initial Value Problem 


Denote by (x,t) points in R“ x R*, and consider the quasi-linear equation in 
N +1 variables 
ut + aj(@,t, UUs, = A(x, t, w) (5.1) 


with data prescribed on the N-dimensional surface [t = 0], say 
u(x,0) = uo(a) € C1(RY). (5.2) 


Using the (NV + 1)st variable t as a parameter, the characteristic projections 
are 
w(t) =a,(x(t),t,z(t)) for i=1,...,N 


tnNair=t for t € (—d,6) for some 6 > 0 
z(0)=2,€R*. 
Therefore t = 0 is noncharacteristic and the Cauchy problem (5.1)—(5.2) is 


solvable. If the coefficients a; are constant, the integral surface is given by 


'This is a special case of the Rankine-Hugoniot shock condition ([211, 129]). 
?The notion of shock will be made more precise in Section 13.3. 
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x(t,s)= stat, z(t,s) = uo(s) + dot 


and the solution is 
u(x,t) = Uo(a — at) + aot. 


In the case N = 1 and a, = 0, this is a traveling wave in the sense that the 
graph of u, travels with velocity a, in the positive direction of the x-axis, 
keeping the same shape. 


5.1 Conservation Laws 


Let (x,t, u) + F(z, t, u) be a measurable vector-valued function in RN x R*+ x 
R and consider formally homogeneous, initial value problems of the type 


uz, + div F(2,t,u) =0 in RN x Rt 


(5.3) 

u(-,0) =u, € L(RY). 
These are called conservation laws. The variable t represents the time, and u 
is prescribed at some initial time t = 0. 


Remark 5.1 The method of integral surfaces outlined in Section 2, gives 
solutions near the noncharacteristic surface t = 0. Because of the physics un- 
derlying these problems we are interested in solutions defined only for positive 
times, that is defined only on one side of the surface carrying the data. 


A function u is a weak solution of the initial value problem (5.3) if 


(a) u(-,t) € Li (RY) for all t > 0, and for all i = 1,...,N we have 
F;(-,+,%) € Ly, (RN x R*), 


loc 


(b) the PDE is satisfied in the sense 


i i lupe + F(a, t,u)- Dey|dxdt = 0 (5.4) 
0 JRN 


for all y € CS°(IRX x R*), and where D denotes the gradient with respect 
to the space variables only, 
(c) the initial datum is taken in the sense of Li.(R%), that is 


lim |lu(-,t) — Uolli,x = 0 (5.5) 


Rt3t0 


for all compact sets K C RN. 


6 Conservation Laws in One Space Dimension 


Let a(-) be a continuous function in R and consider the initial value problem 


uzt+a(ujuz=0 in Rx Rt, u(-,0) =u. € C(R). (6.1) 
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The characteristic through (x, 0, 2), using t as a parameter, is 
z(t) = 2%, x(t) = 2% +a(Zo)t 
and the integral surface is 
x(s,t) =s+a(uo(s))t, 2(s,t) = ud(s). 


Therefore the solution, whenever it is well defined, can be written implicitly 
as 
u(x,t) = u(x — a(u)t). (6.2) 


The characteristic projections through points (s,0) of the x-axis are the lines 


x= s+a(uo(s))t 
and u remains constant along such lines. Two of these characteristic projec- 
tions, say 
v= s;,+a(uo(s;))t *=1,2, such that a(uo(si)) 4 a(uo(s2)) (vi) 
intersect at (€,7) given by 


A(Uo($1))$2 — a(Uo(s2)) $1 
a(uo(s1)) — a(vo(s2)) (6.3) 


T ~a(uo(si)) — a(to(S2)) 


f= 


Fig. 6.1 
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Since wu is constant along each of the 7%, it must be discontinuous at (€,1), 
unless uo(s) = const. Therefore the solution exists only in a neighborhood of 
the z-axis. It follows from (6.3) and Remark 5.1 that the solution exists for 
allt > 0 if the function s + a(uo(s)) is increasing. Indeed, in such a case, the 
intersection point of the characteristic lines 7; and yz occurs in the half-plane 
t < 0. If a(-) and u,(-) are differentiable, compute from (6.2) 


=~ Tul (@ —a(u)ta' (ut 
tile = alu) 
* 1+ul(a—a(u)t)a’(u)t 


These are implicitly well defined if a(-) and u.(-) are increasing functions, and 
when substituted into (6.1) satisfy the PDE for all t > 0. Rewrite the initial 
value problem (6.1) as 


uz+F(u), =0 in Rx Rt 


u(-,0) = ue where F'(u) =| a(s)ds. (6.4) 


Proposition 6.1 Let F(-) be convex and of class C?, and assume that the 
initial datum uo(-) is nondecreasing and of class C!. Then the initial value 
problem (6.4) has a unique classical solution in R x Rt. 


6.1 Weak Solutions and Shocks 


If the initial datum wu, is decreasing, then a solution global in time is neces- 
sarily a weak solution. The shock condition (4.6) might be used to construct 
weak solutions, as shown by the following example. The initial value problem 


uz t+ $(u?)z =0 in Rx Rt 


1 for «<0 (6.5) 
u(z,0) =< l—a for 0<a2<1 
0 for x >1 


has a unique weak solution for 0 < t < 1, given by 


1 for x <t 
x-—1 

i for t<a<l (6.6) 
0) for «> 1. 


For t > 1 the geometric construction of (6.2) fails for the sector 1 < x < t. 
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0 1 x 


Fig. 6.2 


The jump discontinuity across the lines x = 1 and x = t is 1. Therefore, 
starting at (1,1) we draw a curve satisfying (4.7). This gives the shock line 
2% =t+1, and we define the weak solution u for t > 1 as 


u={q for 2x <t+1 (6.7) 


0 for 2x>t+1. 


Remark 6.1 For t > 1 fixed, the solution « — u(a#,t) drops from 1 to 0 as 
the increasing variable « crosses the shock line. 


6.2 Lack of Uniqueness 


If wo is nondecreasing and somewhere discontinuous, then (6.4) has, in gen- 
eral, more than one weak solution. This is shown by the following Riemann 
problem: 
1 
Ut + 5 ("a =0 in Rx Rt 
(6.8) 


0 for «<0 
ux.) = {9 for « > 0. 


No points of the sector 0 < x < t can be reached by characteristics originating 
from the x-axis and carrying the data (Figure 6.3). The solution is zero for 
x <0, and it is 1 for x > t. Enforcing the shock condition (4.7) gives 


0 for 2x <t 
ula, t) = { 1 for 2x4 >t. (6.9) 
However, the continuous function 
0 for «<0 
u(a,t) = for 0<a<t (6.10) 
l. for @>¢ 


is also a weak solution of (6.8). 
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t 


0 x 
Fig. 6.3 


7 Hopf Solution of The Burgers Equation 


Insight into the solvability of the initial value problem (6.4) is gained by 
considering first the special case of the Burgers equation, for which Fu) = 
4u*. Hopf’s method [122] consists in solving first the regularized parabolic 
problems 


1 
Un,t — TUn ex = —UnUn,x in Rx Rt 
. a , (7.1) 
Un(-, 0) = Uo 


and then letting n > oo in a suitable topology. Setting 
x 
U(z, t) = | Un(y, t)dy 
Bo 


for some arbitrary but fixed x, € R transforms the Cauchy problem (7.1) into 
1 if 2: 4. 
U,— —Uze = —=(Uz)* in RxR 
n 2 


U(a,0) = i wae 


o 


Next, one introduces the new unknown function w = e~ 2” and verifies that 
w is a positive solution of the Cauchy problem 


1 
Wt — —Wer =0 in Rx Rt 
n (7.2) 


w(a, 0) = e-? le Uo(s)ds_ 


Such a positive solution is uniquely determined by the representation formula 


1 nn f2 uo(s)ds— |x-y|? 
e 24x “e ea — qd 
af ¥ 


provided wu, satisfies the growth condition? 


w(a,t) = 


3See (2.7) and Theorem 2.1 of Chapter V, and Section 14 of the same Chapter. 
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Juo(s)| < Cols|*~£e for all |s| > ro 


for some given positive constants Cy, ro, and €9. The unique solutions u,, of 
(7.1) are then given explicitly by 


un(est) = [| Barty) 
R t 
where dX,,(y) are the probability measures 


ai |@ 
oo Bz, moloidst ea ) 


dXn(y) 


foe FUs. Heledder aE) ay 


The a priori estimates needed to pass to the limit can be derived either from 
the parabolic problems (7.1)—(7.2) or from the explicit representation of uy, 
and the corresponding probability measures \,,(y). In either case they depend 
on the fact that F(-) is convex and F” = a(-) is strictly increasing.* 

Because of the parabolic regularization (7.1), it is reasonable to expect 
that those solutions of (6.4) constructed in this way satisfy some form of the 
maximum principle.° It turns out that Hopf’s approach, and in particular the 
explicit representation of the approximating solutions u, and the correspond- 
ing probability measures A,,(y), continues to hold for the more general initial 
value problem (6.4). It has been observed that these problems fail, in general, 
to have a unique solution. It turns out that those solutions of (6.4) that sat- 
isfy the maximum principle, form a special subclass of solutions within which 
uniqueness holds. These are called entropy solutions. 


8 Weak Solutions to (6.4) When a(-) is Strictly 
Increasing 


We let a(-) be continuous and strictly increasing in R, that is, there exists a 
positive constant LZ such that 


1 
a'(s) > 7 we SE R. (8.1) 


Assume that the initial datum wu, satisfies 
Up € L®(R) ON L1(—o0, x) for alla eR 


lim sup |uo(x)| = 0 
im sup |u(2) i 


int | Uo(s)ds > —C for some C > 0. 
rE 


—Cco 


“Some cases of nonconvex F are in [133]. 
°By 3.2. of the Complements of Chapter 5, the presence of the term UnUn,z in 
(7.1) is immaterial for a maximum principle to hold. 
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For example, the datum of the Riemann problem (6.8) satisfies such a condi- 
tion. The initial datum is not required to be increasing, nor in L1(R). Since 
F(-) is convex ([50], Chapter IV, Section 13) 


F(u) — F(v) >a(v)(u-v) uyveR, av) = F’(v) (8.3) 


and since F” is strictly increasing, equality holds only if u = v. This inequality 
permits one to solve (6.4) in a weak sense and to identify a class of solutions, 
called entropy solutions, within which uniqueness holds ([157, 158}). 


8.1 Lax Variational Solution 


To illustrate the method assume first that F'(-) is of class C? and that uo is 
regular, increasing and satisfies 


Uo(x) = 0 for all « <b for some b <0. 


The geometric construction of (6.2) guarantees that a solution must vanish 
for « < b for all t > 0. Therefore the function 


U (a, t) =| u(s,t)ds 
is well defined in R x R*. Integrating (6.4) in dx over (—oo, x) shows that U 
satisfies the initial value problem 


U,+F(Uz)=0 in Rx Rt, U(z,0) Fi Uo(s)ds. 


It follows from (8.3), with u = U, and all v € R, that 
U, + a(v)Uz < a(v)jv — F(v) (8.4) 


and equality holds only if v = u(z,t). For (x,t) € R x R® fixed, consider the 
line of slope 1/a(v) through (x,t). Denoting by (€,7) the variables, such a 
line has equation x — € = a(v)(t — T), and it intersects the axis T = 0 at the 
abscissa 

n=x—a(v)et. (8.5) 


The left-hand side of (8.4) is the derivative of U along such a line. Therefore 


Sula —a(v)(t—7),7) =U, + a(v)Uz < alv)v — F(v). 


Integrating this over 7 € (0,t) gives 


U(a,t) < Uo(s)ds + t[a(v)uv — F(v)] 


—Co 
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valid for all v € R, and equality holds only for v = u(a, t). From (8.5) compute 


vaot(") (8.6) 


and rewrite the previous inequality for U(x, t) in terms of 7 only, that is 


U(2,t) <W(2,t;n) forall 7ER (8.7) 


where 


ve (252) 0252) —#for(252)]} _ 


Therefore, having fixed (x,t), for that value of 7 = (x,t) for which v in 
(8.6) equals u(x,t), equality must hold in (8.7). Returning now to F(-) con- 
vex and u, satisfying (8.1)—(8.2), the arguments leading to (8.7) suggest the 
construction of the weak solution of (6.4) in the following two steps: 


Step 1: For (z, t) fixed, minimize the function W (z, t; 7), ie., find 7 = n(z, t) 
such that 


W (x, t;n(a,t)) <W(a,t;s) forall se R. (8.9) 
Step 2: Compute u(x,t) from (8.6), that is 
u(x,t) = a7? (ae). (8.10) 


9 Constructing Variational Solutions I 


Proposition 9.1 For fixed t > 0 and a.e. x € R there exists a unique n = 
n(a,t) that minimizes W (x,t;-). The function « > u(a,t) defined by (8.10) is 
a.e. differentiable in R and satisfies 
u(x,t) — u(21, t) 
ED) ET. 


L 
ee 
— ¢ 


for ae. 4 <2 ER. (9.1) 


Moreover, for a.e. (x,t) € Rx Rt 


u(x, t)| < = ( i, ula ~ inf / . uo(s)ds) - (9.2) 


Proof. The function 7 > W (x, t;7) is bounded below. Indeed, by the expres- 
sions (8.6) and (8.8) and the assumptions (8.1)—(8.2) 
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W (a, t;n) > int [ Uo(s)ds + tlva(v) — F(v)] > —C+ =O (9.3) 


—cCo 
for 7 = «—a(v)t. A minimizer can be found by a minimizing sequences {7}, 


that is one for which 


WV (x, tm) > (a,timn41) and limW(a,t;n,) = inf W(a,t;n). 
n 


By (9.3), the sequence {7,} is bounded. Therefore, a subsequence can be 
selected and relabeled with n such that {n,} — n(a,t). Since W(a,t;-) is 
continuous in R 


lim W (x, tm) =V (a,t; n(x, t)) < W(a2,tin), forall nER. 


This process guarantees the existence of at least one minimizer for every fixed 
xz € R. Next we prove that such a minimizer is unique, for ae. « € R. 


Let H(x) denote the set of all the minimizers of Y (x, t;-), and define a function 
x — (x,t) as an arbitrary selection out of H(x). 


Lemma 9.1 Jf 7 < %2, then n(x1,t) < (a2, t). 


Proof (of Proposition 9.1 assuming Lemma 9.1). Since « + n(a,t) is increas- 
ing, it is continuous in R except possibly for countably many points. Therefore, 
n(a,t) is uniquely defined for a.e. « € R. From (8.10) it follows that for a.e. 
Z1 <2 and some €€ R 


(7254) — ular, t) < ©) (a — 21) — fn(ovast) — nfo, t)]} 
a L 
Sy awa) SS et) 


This proves (9.1). To prove (9.2), write (9.3) for 7 = (x,t), the unique mini- 
mizer of W(x, t;-). For such a choice, by (8.10), v = u. Therefore 


_ _. ff 
pa < = : 
he (x,t) < W(2, t; n(2, t)) int | Uo(s)ds 
y 
< W (x,t;n) — inf o(s)d 
< WV (2, t;n) int fw (s)ds 


for all 7 € R, since n(a,t) is a minimizer. Taking 7 = x — a(0)t and recalling 
the definitions (8.8) of Y (a, t;-) proves (9.2). Oo 


9.1 Proof of Lemma 9.1 


Let 7; = (ai, t) for i = 1,2. It will suffice to prove that 
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W(x, tm) <W(x2,t;n) for all n< m. (9.4) 
By minimality, (a1, t;71) < W(a1,t;7) for all 7 < m. From this 


Y (x2, t;m)+ (a1, t3m1) — (v2, t3m1)] 
< WV (x2, tn) + (a1, t; 9) — Y (eo, t)n)]. 
Therefore inequality (9.4) will follow if the function 
n> L(n) = (21, tn) — Y (x2, t;n) 
is increasing. Rewrite L(7) in terms of v; = v;(7) given by (8.6) with x = a; 
for 7 = 1,2. This gives 
V1 
L(y) = tlvia(v,) — F(v1)] — tlvga(v2) — F(v2)] = a sa'(s)ds. 
- 


From this one computes 


L'(n) =t fia (oy = ena (o2) | 


=o (2=1) - «7! (4=1) > 0. |_| 
t b 


10 Constructing Variational Solutions IT 


For fixed t > 0, the minimizer 7(a,t) of YW (a, t;-) exists and is unique for a.e. 
x €R. We will establish that for all such (z, t) 


(ne) = lim ot ( 2) ant (10.1) 


t n—+0o 


where dX,,(7) are the probability measures on R 


e771 (x, t3n) 


te er (x,t) dn 


d\n(n) dn for nEN. (10.2) 


Therefore the expected solution 


u(x,t) = a7 (ae) 


t 


can be constructed by the limiting process (10.1). More generally, we will 
establish the following 
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Lemma 10.1 Let f be a continuous function in R satisfying the growth con- 
dition 
If (v)| < Colvles Jo 9°(9)48 for all |u| > Yo (10.3) 


for given positive constants Co, Co and Yo. Then for fixvedt > 0 and a.e.x ER 


rae fsfe-(%2) 


Proof. Introduce the change of variables 


v=at(221), wart (He) (10.4) 


and rewrite W (x, t;7) as 


(v)t 
V(v) = / wd idedtiona = PN. (10.5) 


The probability measures dX,,(7) are transformed into the probability mea- 
sures 


e Pa! (v) el (v)— ¥ (rola! (v) 


d =m = eer, | tT .=nlwp\=]wle ayia. 
Ln (v) fp en al (v) du ia i e~nlY(v)— ¥(vo)la’(u)du 


dv (10.6) 


and the statement of the lemma is equivalent to 


= lim [ie din (v 
noo 


where v, is the unique minimizer of v + W(v). For this it suffices to show that 


1,2 f 1gc) |f(v) — f(vo)|dun(v) 30 as n> oo. 


By (9.3) the function Y(-) grows to infinity as |v] > oo. Since v, is the only 
minimizer, for each ¢ > 0 there exists 6 = d(€) > 0 such that 


W(v) >W(vo) +46 for all Ju — v9] >. (10.7) 


Moreover, the numbers ¢ and 6 being fixed, there exists some positive number 
o such that 
V(v) <W(v.) +46 forall ju—w| <a. 


From this we estimate from below 


/ eo n¥)-Vodal(ydv > 4 o—nlY(v)—¥(vol dy > Bent, 
R 


Ju-—vo|<o 


Therefore 
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diin(v) < Seber MPO HOal (ude, 
o 


Next estimate [,, by using these remarks as 


I< / peg lf) Hleodldsnto) 


+ sup ole | e MZ) —¥ ola! (y)du 
|u—v.|<27 20 E<|v—vo|<2y 


LD 
4 Lesnstnm (ve) / (F(@)| + Lf (@e) Jen” a! (w) ao 
20 ju—ve|>27 


= 7) 4 72) 4 7) 
where 7 is a positive number to be chosen. Denoting by w(-) the modulus of 
continuity of f, estimate 1? < w(e), since du,(v) is a probability measure. 
The second term 1) is estimated by means of (10.7) as 
(2) ty Bes —n[¥(v)—¥(v.)] 
In’ S sup |f(v)la'(v)<~e? e o' du 
ju—vo|<2y7 20 e<|u—v0|<2y7 
< C(y,0, Le 2" 


for a constant C' depending only on the indicated quantities. Thus i? > 0 


as n — oo. The last term i) is estimated using the lower bound 
W(v) > -—C+#[va(v) — F(v)| > -—C + ae sa’'(s)ds. 
0 


Also choose y > Yo, where Yo is the constant in the growth condition (10.3). 
By choosing y even larger if necessary, we may ensure that [|v — vo| > 24] C 
[|v] > 7]. For this choice 


HO) <SeRentsroewtent f ertnteo) Lee's ylal(ujdv. (10.8) 
7 lul>y 


If n is so large that nt — c, > 0, the integral on the right-hand side of (10.8) 
can be computed explicitly, and estimated as follows 


, ca ~Y 
, e7 (nt—co) JP sa (8)48 lala! (v)du = : eee dut / --- du 
lul>y Y —o 


2 en (nt—Co) [J sa'(s)ds < 2 
nt — Co ~ nt — Co 


2 
e- (nt—co) + : 


This in (10.8) gives 


2C,, Les —n(-6-C-W(v.)+ 37) 
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The number t > 0 being fixed, choose y large enough that 


try? 
—d-C-—Wu, — . 
6—-C (vo) + oF > 9 


Then let n — 00 to conclude that limps. In < w(e) for all e > 0. |_| 


11 The Theorems of Existence and Stability 


11.1 Existence of Variational Solutions 


Theorem 11.1 (Existence). Let the assumptions (8.1)—(8.2) hold, and let 
u(-,t) denote the function constructed in Sections 8-10. Then 


|u(-,t)|loor < |[Uollor forall t>0. (11.1) 


The function u solves the initial value problem (6.4) in the weak sense 


| : i [wpe + F(u)po|dedr = i ula, t)p(x, t)dx — [ u(x) y(a,0)dx (11.2) 


for all p € C'[R*; CS°(R)] and a.e. t > 0. Moreover, u takes the initial datum 
Uo in the sense of L},.(IR), that is, for every compact subset K CR 


loc 


lim ||u(-,¢) — vella,~ = 0. (11.3) 
t>0 
Finally, if uo(-) is continuous, then for all t > 0 


u(a,t) = uo(a—alu(a2,t)]t) forae. «ER. (11.4) 


11.2 Stability of Variational Solutions 


Assuming the existence theorem for the moment, we establish that the solu- 
tions constructed by the method of Sections 8-10 are stable in Li.,.(R). Let 


loc 
{Uo,m} be a sequence of functions satisfying (8.2) and in addition 


{ l|ttomlloo,R < 7||Uolloo,.e for all m, for some y > 0 


Uom — Uo weakly in L1(—oo,x) for all ER. (11.5) 


Denote by um the functions constructed by the methods of Sections 8-10, cor- 
responding to the initial datum uo m. Specifically, first consider the functions 
W(a,t;-) defined as in (8.8), with u, replaced by uo.m. For fixed t > 0, let 
Nm(a,t) be a minimizer of W,,(x,t;-). Such a minimizer is unique for almost 


all z € R. Then set 
ined) =Se* Ee "im (2, t) 
mm ? t bd 
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Theorem 11.2 (Stability in Lj,.(R)). For fixed t > 0 and all compact sub- 
sets K CR 
l|tim(-,t) — ul, t)|a.~ 40 as m— oo. 


Proof. Denote by €, and €,, the subsets of R where u(-,¢) and um(-,t) are not 
uniquely defined. The set € = UE, has measure zero and {tm/(-,t), u(-, t)} 
are all uniquely well defined in R — €. We claim that 

im Um(x,t) = u(a,t) and im Nm (a, t) = n(x, t) 
for all « € R—€, where n(a,t) is the unique minimizer of W(x, t;-). By (11.1) 
and the first of (11.5), {wm(a,t)} is bounded. Therefore also {7m(x,t)} is 


bounded, and a subsequence {7m/(x, t)} contains in turn a convergent subse- 
quence, say for example {1m (x, t)} > no(#,t). By minimality 


Yin (2, t; Nm (x, t)) < Yin (x, t; (2, t)). 


Letting m” > co 
W(x, t;No(z,t)) < Y(a, t; (2, t)). 


Therefore 7,(x,t) = (x,t), since the minimizer of W(x, t;-) is unique. There- 
fore any subsequence out of {7(#,t)} contains in turn a subsequence conver- 
gent to the same limit 7(2,t). Thus the entire sequence converges to 7(z, t). 
Such a convergence holds for all « € R— €, ie., {um(-,t)} > u(-,t) ae. in R. 
Since {um(-,t)} is uniformly bounded in R, the stability theorem in Lj.,.(R) 
follows from the Lebesgue dominated convergence theorem. | 


12 Proof of Theorem 11.1 


12.1 The Representation Formula (11.4) 


Let dXn(7) and duy»(v) be the probability measures introduced in (10.2) and 
(10.6), and set 


aed = [ a (224) rnin) 2 [ ‘diagtsh 
RG =f jer (")) d\n(v) = [ Pe)dun(v) 


Hy (x,t) = in f eH (50) dy = in [ ea! (y)du 
R R 


(12.1) 


where the integrals on the right are computed from those on the left by the 
change of variables (10.4)-(10.5). From the definitions (8.8) and (10.5) of 
W (x,t;n) and W(v), and recalling that F’ = a(-) 
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t 
(12.2) 
W(x,t;n) = -F|o (- 7 “| = —F(v) 
Then compute 
SoHn(25t) =n [ Vale,ten)ddn(n) = =n f vdqin(v) 
0 R R 
= =n f uote = a(u)t)din(v) 
R 
2 Ed - =n [ Hc, t; 7) dXn ( (=n fF F(v)dpin(v 
Ot ie 
Therefore 
(7,t)=-22 4,0), Frat) = 22H, (0,1) 
Un\2, n Ox ne, ’ nlx 
These imply 
Ope! pe sy: An ieee (12.3) 
a” ae m , 
and 
Un(a, t) = | Uo(x — a(v)t)dpn(v). (12.4) 
R 


Since uo € L°(R) and du, (v) is a probability measure 
lltn(-; B)\loo,R < ||Uolloo.n forall t>0. 


Therefore by Lemma 10.1 and Lebesgue’s dominated convergence theorem, 
{un(-,t)} and {F,,(-,t)} converge to u(-,t) and Fu(-,t)] respectively in 
Lj,.(R), for all ¢ > 0. Moreover {u,} and {F,} converge to u and Fu) 
respectively, in Lj.,,.(R x R*). This also proves (11.1). 

If uo is continuous, the representation formula (11.4) follows from (12.4) 


and Lemma 10.1, upon letting n > oo. | 


12.2 Initial Datum in the Sense of Lj,,.(R) 


Assume first uo € C(R). Then by the representation formula (11.4) 
lim |Ju(-,¢) — wolli«n = tim, |uo(a@ — alu(a, t)|t) — uo(x)|dx = 0 
t—0 : t0 Ji 


since u is uniformly bounded in K for all t > 0. If uo merely satisfies (8.2), 
construct a sequence of smooth functions uo satisfying (11.5), and in ad- 
dition {Uom}— Uo in Li,.(R). Such a construction may be realized through 
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a mollification kernel Jj/, by setting Uom = Ji/m * Uo. By the stability 
Theorem 11.2 


|u(-,t) — Um(-,t)||aK for all t > 0. 
Moreover, since Uo,m are continuous 
|| Um (-, t) o— Uo,mll1,.K = as t— 0. 


This last limit is actually uniform in m. Indeed 
| |Um(a,t) — Uo,m(x)\dx = : |Uo,m(a — altim(x, t)|t) — Uom(x)|dx 
K K 
= flip * ole ~ alum (ett) — wo(e)] la 
K 
< | |uo(a — alum (a, t)]t) — uo(x)|da. 
K 


Since a[u,(x, t)] is uniformly bounded in K for all ¢ > 0, the right-hand side 
tends to zero as t > 0, uniformly in m. 
Fix a compact subset K C R and e > 0. Then choose t > 0 such that 


|| Um (-, t) _ Uo,mll1,.K <e. 


Such a time ¢ can be chosen independent of m, in view of the indicated uniform 
convergence. Then we write 


Ilu(t) — wollaw < |]u(t) — Um (E) lla + []Um(t) — Uo,mlla,x + |ltlo,m — Uolla,x- 


Letting m — oo gives ||u(-,t) — uolli,K <€. | 


12.3 Weak Forms of the PDE 


Multiply (12.3) by y € C'[R*; CS°(R)] and integrate over (€,t) x R for some 
fixed ¢ > 0. Integrating by parts and letting n — oo gives 


JP [(wer+ Pedealdrdr = f ule,tyete,t)dte~ f ule,e)ole, ear 


Now (11.2) follows, since u(-,t) > uo in Li.(R) as t > 0. i 


loc 


The following proposition provides another weak form of the PDE. 


Proposition 12.1 For allt > 0 andae.xER 


[ u(s, t)ds = Wx, t; u(a, t)] 
_ x—alu(a,t)]t (12.5) 
= / Uo(s)ds + t[ua(u) — F(u)](2, t). 


—co 


13 The Entropy Condition 265 


Proof. Integrate (12.3) in dr over (¢,t) and then in ds over (k,x), where k 
is a negative integer, and in the resulting expression let n — oo. Taking into 
account the expression (12.1) of F, and the second of (12.2), compute 


[ u(s, t)ds — i, u(s,e)ds = aim [ [we (2,750) — W-(k,73)] dAn (mdr 


= Wx, t;u(ax,t)] — Uk, 2; u(k, €)] 


by virtue of Lemma 10.1. To prove the proposition first let ¢ — 0 and then 
k + —oo. a 


13 The Entropy Condition 


A consequence of (9.1) is that the variational solution claimed by Theo- 
rem 11.1 satisfies the entropy condition 


lim sup [u(z + h,t) — u(z, t)] < 0 (13.1) 
0<h—+0 


for all fixed t > 0 and a.e. x € R. The notion of a weak solution introduced 
in Section 5.1 does not require that (13.1) be satisfied. However, as shown by 
the examples in Section 6.2, weak solutions need not be unique. We will prove 
that weak solutions of the initial value problem (6.4) that in addition satisfy 
the entropy condition (13.1), are unique. The method, due to Kruzhkov [141], 
is N-dimensional and uses a notion of entropy condition more general than 
(13.1). 


13.1 Entropy Solutions 
Consider the initial value problem 
uz + div F(u) =0 in Sp = RY x (0,T] 
u(-,0) = to € Lige(R™) 


where F € [C1(R)|*. A weak solution of (13.2), in the sense of (5.4)—(5.5), is 
an entropy solution if 


If. sign(u — k){(u — k)y; + [F(u) — F(k)]- Dy}daxdt > 0 (13.3) 


(13.2) 


for all non-negative y € C}(S) and all k € R, where D denotes the gradient 
with respect to the space variables only. 
The first notion of entropy solution is due to Lax [157, 158], and it amounts 
o (13.1). A more general notion, that would cover some cases of nonconvex 
F(-), and would ensure stability, still in one space dimension, was introduced 
by Oleinik [197, 198]. A formal derivation and a motivation of Kruzhkov notion 
of entropy solution (13.3) is in Section 13c of the Complements. When N = 1 
the Kruzhkov and Lax notions are equivalent, as we show next. 
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13.2 Variational Solutions of (6.4) Are Entropy Solutions 


Proposition 13.1 Let u be the weak variational solution claimed by Theo- 
rem 11.1. Then for every convex function ® € C?(R) and all non-negative 
yp € C%(R x R*) 


II ou) uye + (f F'(s}0"(s)ds) o,| dxdt >0 forall KER. 
RxR+ k 


Corollary 13.1 The variational solutions claimed by Theorem 11.1 are en- 
tropy solutions. 


Proof. Apply the proposition with @(s) = |s — k|, modulo an approximation 
procedure. Then #'(s) = sign(s — k) for s £ k. | 


The proof of Proposition 13.1 uses the notion of Steklov averages of a function 
f € Li,.(R x R*). These are defined as 


fal2,t) =f" i. t)ds, (2, t) -{" fle,r) 


t+é 
fre(x, t) -} p (s, T)dsdr 


for all h € R and all €€ R such that t+ ¢ > 0. One verifies that as h, > 0 


fr(-.t) > f(t) in Ly.(R) ae. tE Rt 
fe(x,-) > f(z,-) in Li. (Rt) ae. ceER 
tne of in Ly,.(R x R*). 


Lemma 13.1 The variational solutions of Theorem 11.1 satisfy the weak for- 
mulation 


a , + 

Bz Enelu) =0 in RxR 
é 

une(-, 0) =f un(-,7)dr. 
0 


Moreover, une(-,0) > Uo in Li.(R) as h,l 0. 


ae 
a, Une 
ot (13.4) 


Proof. Fix (a,t) € Rx Rt andh € R and ¢ > 0. Integrate (12.3) in dr over 
(t,t + €) and in ds over (%,x +h), and divide by hé. Letting n — oo proves 
the lemma. a 


Proof (of Proposition 13.1). Let 6 € C?(R) be convex and let y € CS°(R x 
Rt) be non-negative. Multiplying the first of (13.4) by ® (unc) and integrat- 
ing over R x R™, gives 
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= II [P(unc) ve = F' (une)®' (une)tnes) dxdt 
RxRt 
= ff lFhalu) — Flune)]0" une)unesededt 
RxRt 
+ II [Fre(u) = F(une)|© (une) vrdadt. 
RxRt 


The second term on the left-hand side is transformed by an integration by 


parts and equals 
Une 
i (/ F'(s}0'(s)ds) padaxdt 
RxR+ \Jk 


where & is an arbitrary constant. Then let @— 0 and h = 0 in the indicated 
order to obtain 


a owe m (f F'(s}0/(s)ds) e.| dedt 


=— lim IL... [Fi (u) — F(un)|®” (un) (un)epdadt. 


h-0 


It remains to show that the right-hand side is non-negative. Since F'(-) is 
convex, by Jensen’s inequality F;,(u) > F(un). By (9.1), for a.e. (x,t) € RxR* 


ore u(x +h,t)—u(2,t) — L 
(Uh) x rs u(s,t)ds 7 = 


13.3 Remarks on the Shock and the Entropy Conditions 


Let u be an entropy solution of (13.2), discontinuous across a smooth hy- 
persurface I’. The notion (13.3) contains information on the nature of the 
discontinuities of u across I’. In particular, it does include the shock condi- 
tion (4.4) and a weak form of the entropy condition (13.1). 

If P € I, the ball B,(P) centered at P with radius p is divided by 
I, at least for small p, into BY and By as in Figure 13.1. Let vy = 
(Vt; Vay5+++, Yen) = (%4;¥x) denote the unit normal oriented toward BF. 


We assume that u € C'(BF) and that it satisfies the equation in (13.2) in 


the classical sense in B>. In (13.3) take a non-negative test function y € 
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T 


Fig. 13.1 


Cs°(B,(P)) and integrate by parts by means of Green’s theorem. This gives, 
for allk ER 


[sient —k){(ut — k)y% + [F(ut) — F(k)] -ve}yedo 


< | sign(u- — k){(u- — k)y% + [F(u_) — F(k)] - v2} ydo 
Pp 


where do is the surface measure on I’ and u* are the limits of u(x,t) as 
(x,t) tends to I’ from Bz. Since > 0 is arbitrary, this gives the pointwise 
inequality 


sign(ut — k){(u* — k)% + [F(u*) — F(k)] - vo} (13.5) 
s 


ign(u- — k){(u> — k)y% + [F(u_) — F(k)] - ve} 


on I’. If k > max{ut,u7}, (13.5) implies 

(ut — uo], [F(u*) — F(u7)))-v 20 
and if k < min{ut,u7} 

(ut — a7], (Fut) —F(u-)))-v <0. 


Therefore, the surface of discontinuity I” must satisfy the shock condition 
(4.4). Next, in (13.5), take k = $[u*+ + uv], to obtain 


sign[ut — u7][F(ut) + F(u~) — 2F(k)|v2 < 0. (13.6) 


This is an N-dimensional generalized version of the entropy condition (13.1). 


Lemma 13.2 If N =1 and F(-) is convex, then (18.6) implies (13.1). 
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Proof. If N = 1, I is a curve in R?, and we may orient it, locally, so that 
v =(%,Vz), and v, > 0. Since F'(-) is convex, (8.3) implies that 


F(u*) — F(k) > F’(k)(u* — k). 
Adding these two inequalities gives 
[F(ut) + F(u-) — 2F(k)]v, > 0. 


This in (13.6) implies sign[ut — u7] < 0. Oo 


14 The Kruzhkov Uniqueness Theorem 


Theorem 14.1. Let u and v be two entropy solutions of (13.2) satisfying in 
addition 


<M _ for some M>0. (14.1) 
Uu-—v 


| F(u) — F(v) 


. 


Then u = v. 


Remark 14.1 The assumption (14.1) is satisfied if F € C1(R) and the solu- 
tions are bounded. In particular 


Corollary 14.1 There exists at most one bounded entropy solution to the 
initial value problem (6.4). 


14.1 Proof of the Uniqueness Theorem I 


Lemma 14.1 Let u and v be any two entropy solutions of (18.2). Then for 
every non-negative p € CS° (Sr) 


// sign(u — v){(u— v)y: + [F(u) — F(v)] - Dy}dadt > 0. (14.2) 
Str 
Proof. For ¢ > 0, let Je be the Friedrichs mollifying kernels, and set 


Ly t=a \ =F lz — yl 
6 (ht) eG) (ES") 


Let y € Co°(Sr) be non-negative and assume that its support is contained in 
the cylinder Br x (51,82) for some R>0 and e < 81 < s2 < T —e. Set 


wty t+T7 LY t= +F 
Aestinn) = o( ae 5 )o.( oe ; y: (14.3) 


The function A is compactly supported in S; x Sr, with support contained in 
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jz + yl |z-yl jé+7| jt-7| 
[eet can a <eé| 35 |s1< 5 < sg] M 5 <eé|. 


The variables of integration in (13.3) are x and t. We take k = v(y,7) for a.e. 
(y,T) € Sr and integrate in dydr over Sr. This gives 


IPS. sign[u(a,t) — v(y,7)]{[u(x, t) — vy, 7)) At 


+ [F(u(ax,t)) — F(v(y,7))] - VeA}dadtdydr > 0. 


Analogously, one may write (13.3) for v in the variables of integration y,7, 
and take k = u(z,t). Integrating in dxdt over Sp gives an analogous inequality 
with A, and DA replaced by A, and D,A. Adding these two inequalities gives 


| i / [_{lu(ast) — oly, 7) 1 de + de) + signfu(a,#) — (yr) 
+ [F(u(z,t) — F(v(y,7)] - (DrA + D,A)}daxdtdydr > 0. 


(14.4) 


To transform this integral, compute from (14.3) 


7 uty t+T7 xu-y t-T 
ie = 
uty t+T7 3 w-—y t-T 

a ae i ae 


DzA + Dyd = Dol 


it 


Then, in the resulting integral, make the change of variables 
x 7 y t+T rw—yY t—T 
a le a 
The domain of integration is mapped into 


{[l€] < R] x [s1, s2]} x { [In] < €] x [lol < €]} 


and (14.4) is transformed into 


[fe 8) (ffi w(E+, 8 +o) — v(E- 17,8 —0)|be(n, 0 Jando} déds 
+ ff Dees-{ [f,, senlué-+ms +0) —v@—ms—o) 


x [F(u(E +7, s +0) — F(w(E — 9, 5 — o)]be(n, o)dndo }déds > 0. 


By the properties of mollifiers the integrals in {--- } converge respectively to 
|u(g,s)—v(€,s)| and — sign[u(g,s) — o(€, s)][F(u(é, s) — F(v(g, s))] 


for a.e. (€,58) € Sr. Moreover, they are uniformly bounded in «, for a.e. (€, 5) € 
supp(y). Therefore (14.2) follows by letting « — 0 in the previous expression 
and passing to the limit under the integrals. a 
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(%0,T) 


Va jc — | < M(T —2) 


Lo MT IRN 


Fig. 14.1 


14.2 Proof of the Uniqueness Theorem II 


Fix z, € R™ and R > 0 and construct the backward characteristic cone of 
“slope” M 

[|a — xo] < M(T—t)| x [0<t<T. 
The cross section of this cone with the hyperplane t = const, for0 <t<T, 


is the ball |” — x,| < M(T — t). The uniqueness theorem is a consequence of 
the following 


Proposition 14.1 For all x, € RN and for almost all0<1<t<T 


/ lu —v|(a,t)dx < / lju—v|(a,7)dx. (14.5) 
|z—2_|<M(T-t) |e—x_|<M(T—T) 


Proof. Assume «, = 0 and in (14.2) take 


t—T [ovo] 
p(a,t) = / s.(s)ds | J-(s)ds (14.6) 
t—ty |x| —M(T—t)+e 
where e <7 < t, < T—€ are arbitrary but fixed. Such a y is admissible since 
it is non-negative, is in C™(S'r), and vanishes outside the truncated backward 
cone 
[|z] << M(T—-t)] x [r-e<t<t +e]. 


Compute 


Co 


yt = [J-(t — T) — Je(t — t1)] / en J-(s)ds 


Je(\2| -— M(T prom f” sls)ds 


t-t1 

t—T 
Deg = —Je(2| — M(T jtoe f Je(s)ds. 

t—t1 


Put this in (14.2) and change the sign to obtain 
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[f(x H)H de =7)\ |e Wf srercoue PACT! 
“Tha da s)dsJ_(|x| — M(T — t) +e) 
-{|F(u 


F(v)| — M|u — v|}dadt. 


By virtue of (14.1), the right-hand side is nonpositive. Letting « > 0, by the 
properties of the mollifiers, the left-hand side converges to 


/ ju ol(e,ti)ae — [ |u — o|(x, T)dx. Oo 
|x|<M(T—t1) |z|<M(T—r) 


14.3 Stability in L1(R%) 


Let u and v be entropy solutions of (13.2) defined in the whole of S... Fix 
T > 0 and rewrite (14.5) as 


/ help ave / ls ~ ol(to —y, 7) dy. 
ly|<M(T-t) ly|<M(T—rT) 


Integrating this in dx, over RX gives 


T-T 
T—t 


ju —ollize(t) < ( ) Ie ohav( 


Since the solutions u and v are global in time, let JT’ — oo, and deduce that 
the function t + ||u — v||,,.2»(t) is nondecreasing. 


Theorem 14.2. Let u and v be, global-in-time, entropy solutions of (13.2) 
originating from initial data uo and vp in L1(RXN) NL (RY), and let (14.1) 
hold. Then 


Ju — vlla.xv(t) < |luo—vollary fora. t>0. 


15 The Maximum Principle for Entropy Solutions 


Proposition 15.1 Let u and v be any two weak entropy solutions of (18.2). 
Then for all x, € RN 


/ (u-v)a(a,t)de < f (u—v)4(2,7)de 
|t—a@o|<M(T-t) |zx—a@5|<M(T-T) 


forae0<T<t<T. 
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Proof. Since u and v are weak solutions of (13.2) in the sense of (5.4)—(5.5), 
starting from these, we may arrive at an analogue of (14.4) with equality and 
without the extra factor sign[u(a,t) — u(y,7)]. Precisely, starting from (5.4) 
written for 


u—v(y,T) and [F(u(ax,t)) — F(v(y,7))] 


choose y and as in (14.3) and proceed as before to arrive at 


If [fA x,t) — v(y,7)](Ae + Ar) 


+ [F(u(2, t)) — F(v(y,7))] (Dad + DyA)}dadtdydr = 0. 
Add this to (14.4) and observe that 
lu—v| +(u—v) = 2(u—v), 


to obtain 


If. /f el {2[u( u(x,t) — v(y,7)]4 (Ae + Av) + (1 + sign[u(a,t) — v(y,7)]) 
x [F(u(z, t)) — F(v(y,7))] - (DzA + DyA)}dadtdydr > 0. 


Proceeding as in the proof of Lemma 14.1, we arrive at the inequality 
} {2(u—v)4y, + (1+ sign [u — v})[F(u) — F(v)] - Dy} dxdt > 0 
Sr 


for all non-negative y € CS°(Sr). Take w as in (14.6) and let ¢ > 0. Oo 


Corollary 15.1 Let u and v be two entropy solutions of (13.2), and let (14.1) 
hold. Then uo > vo implies u > v in Sp. 


Corollary 15.2 Let u be an entropy solution of (13.2), and let (14.1) hold. 
Then 
uC, B)|loorN < |[Uolloory forae O<t<T. 


Corollary 15.3 Assume that uo € L©(R%) and let F € C1(R). Then there 
exists at most one bounded, weak entropy solution to the initial value problem 
(13.2). 
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Problems and Complements 


3c Solving the Cauchy Problem 


3.1. Solve -Vu = a with Cauchy data h(-) on the hyperplane xy = 1, that 


. T= {& = s;}, a=1,...,N-1 
Ev =1, ¢(s)=h(s) € C1(R*-1). 


Denote by # = (#1,...,£%N—1) points in RN~! and by (%,2n), points in 
RY. An integral surface is given by 


Z(s,t)=se’, an(s,t)=e', 2z(s,t) =h(s) +a. 
For zy > 0, we have s = Z/ayn, and the solution is given by 


x 


u(a) =h ( ) +Inz%. 


IN 

3.2. Let u solve the linear equation a;(x)uz, = yu for some 7 € R. Show that 
the general solution is given by x > u,(#)u(#), where uy is a solution of 
the associated homogeneous equation. 

3.3. Show that the characteristic projections of 


YU, +@Uy = yu, y>O0 (3.1¢) 
are the curves 


x(t) = %, cosht + yo sinht 


2 
y(t) = xo sinht + yo cosht (To, Yo) ER 


and observe in particular that the lines x = +y are characteristic. 
3.4. Show that the general solution of the homogeneous equation associated 
with (3.1c) is f(a? — y?), for any f € Cl(R). 
3.5. Solve (3.1c) for Cauchy data u(-,0) = h € C1(R). The integral surfaces 
are 
z(s,t)=scosht, y(s,t)=ssinht, z(s,t) = h(s)e™. 


The solution exists in the sector |x| > |y|, and it is given by 


aty 7/2 
r-y : 


ulest) = MV ( 


This is discontinuous at x = y and continuous but not of class Ct at 
az = —y. Explain in terms of characteristics. 
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3.6. Consider (3.1c) with data on the characteristic x = y, that is 
u(x, x) = h(x) € C*(R). 


In general, the problem is not solvable. Following the method of Section 3, 
we find the integral surfaces 


x(s,t) = s(cosht + sinht) 
s(cosht + sinh t) 
2(6,t) =Alsje™. 


From these compute 


zt+y muy 
st 


Therefore the problem is solvable only if h(s) = C's7. It follows from 3.4 
that C = f(a? — y?), for any f € C1(R). 
3.7. Show that the characteristic projections of yuz — Tuy = yu, are the 
curves 
x(t) = 2%, cost + yosint 


2 
y(t) = Yo cost — £, sint (Lo, Yo) ER : 


Solve the Cauchy problem with data u(x,0) = h(x). Show that if y = 0 
then the Cauchy problem is globally solvable only if h(-) is symmetric. 


6c Explicit Solutions to the Burgers Equation 


6.1. Verify that for \ > 0, the following are families of weak solutions to the 
Burgers equations in R x RT. 


for «<0 
for O< a < V2At (6.1c) 
for x > V2At. 


for « < —V2At 
for —V2At<a <0 (6.2c) 
for «> 0. 


W* (at) = 


a 


for «<0 


B18 SO SajRe 


U(a,t) = 


Oo 
Hn 
| 


for x >. 
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6.2c Invariance of Burgers Equations by Some Transformation of 
Variables 


Let y be a solution of Burgers equation in Rx Rt. Verify that for all a,b,c € R 
the following transformed functions are also solutions of Burgers equation: 


u(z,t) =y(a+a,t+b) for t>—b (i) 
u(x,t) =a+ p(x — at, t) (ii) 
u(x,t) = ap(ba, abt) dst Tab (iii) 
xz a (bx ab ab : 
u(x, t) = + =~(=,¢— =) for t> om (iv) 


6.2. Assume that a weak solution y is known of the initial value problem 


1 . 
vet 5(y*)e=0 in RX R*, 9,0) = go. 


where Y, is subject to proper assumptions that would ensure existence of 
such a y. Find a solutions of the initial value problems 


tet 5(W?)2 =0 in Rx R* tet 5(W?)2 = 0 in Rx Rt 
u(-,0) = a+ Po; u(-,0) = yx + Yo 
A solution of the first is 
u(a,t) = a+ v(x — at, t) 


and a solution of the second is 


oe va m 1 ( x t ) 
UL => ————- =" I} 
Mage Dawn” See Laon 


Note that the initial values of these solutions do not satisfy the assump- 
tions (8.2). 

6.3. Prove that those solutions of Burgers equations for which y = T) py, 
are of the form f(a/t). 

6.4. Prove that those solutions of Burgers equations for which y = Th py, 


are of the form f(./z/t)/ Vt. 


6.3c The Generalized Riemann Problem 


Consider the initial value problem 


1 
te + 5(uU")e =0 in Rx Rt 
a+px for «<0 kode) 


ux0) = {70 for x >0 
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where a, 3, p,q are given constants. Verify that if a < 8, then the solution to 
(6.4c) is 
a+ px 


for x <at 
1+ pt 
u(x,t) = 4 5 for at < x < Bt (a < B) 
B+ qr 
fe > bt 
i+ qt or 7 > B 


for all times 1+ (a A B)t > 0. If a > G, the characteristics from the left of 
x = 0 intersect the characteristics from the right. Let « = x(t) be the line of 
discontinuity and verify that a weak solution is given by 


a+ px 


tp for « < a(t) 
u(x,t) = (a > B) 
“+ a for « > a(t) 


where x = x(t) satisfies the shock condition (4.7). Enforcing it gives 


yah (atpalt) , Breet) 


7 2\ 1+ pt 1+qt 
Solve this ODE to find 
x(t) = aVvl+qt+ PB/1+ qt, 
Jit+pt+J/1+q@ ~ 


13c The Entropy Condition 


Solutions of (13.2) can be constructed by solving first the Cauchy problems 


Ue — €Aue + div F(uz) =0 in Sr 
ue(-, 0) = Uo 


and then letting « — 0. Roughly speaking, as « > 0, the term cAu,. “disap- 
pears” and the solution is found as the limit, in a suitable topology, of the net 
{ue}. The method can be made rigorous by estimating {u-}, uniformly in e«, 
in the class of functions of bounded variation ([265]). 

In what follows we assume that a priori estimates have been derived that 
ensure that {uz} > u in Li. (Sr). Let k € R and write the PDE as 


loc 
3) : 
Sj (ue — k) — eA(ue — k) + div[F (ue) — F(k)] = 0. 
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Let hs(-) be the approximation to the Heaviside function introduced in (14.2) 


of Chapter 5. Multiply the PDE by hs(u-e — k)y, where y € CS° (Sr) is non- 
negative and integrate by parts over Srp to obtain 


fa) Ue—k 
If. fal f ha(s)ds) pdedt + €R;(ue — k)| Duel? 


+ ehs(ue — k)D(uz —k)-D 
+ hs(ue — k)[F(ue) — F(k)] - De 
+ hh (ue — k)[F(ue) — F(k)] » D(ue — k)p\dedt =i 


First let 6 — 0 and then let ¢ > 0. The various terms are transformed and 
estimated as follows. 


ra) Ue—k 
wate ff, BU no 


— 
— lim lim /[. (| hs(s)ds) prdaxdt 
-ff lu — k|prdadt. 
Sr 


The second term on the left-hand side is non-negative and is discarded. Next 
lim lim | ehs(ue — k)D(ue — k) - Depdadt 
e060 Sr 
Ue—k 
= lim lim /[. D( | hs(s)ds) - Dedaxdt 
e060 


Ue—k 
=-— lim lim /[.< (| hs(s)ds) Avdadt = 0. 


lim Jim / | _halue — )[F(ue) ~ F(B)] Dede 
= If. sign(u — k)(F(u) — F(k)| - Dedadt. 


The last term is transformed and estimated as 


/[. div ( (f° hs(s — k)[F(s) — F(k)|ds) pdadt 
ele (f ns(s— k)[F(s) — F(R)]ds) - Dededt. 


For ¢ > 0 fixed 
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lim hi(s — k)[F(s) —F(k)]}=0 ae. s€ (0,ue). 
6-0 
Moreover, by (14.1) 
0 < hy(s — k)[F(s) — F(k)] < M. 


Therefore by dominated convergence 


lim /[. his (ue — k)[F(ue) — F(k)] - D(ue — k)ydadt = 0. 


6-0 


Combining these remarks yields (13.3). 


14c The Kruzhkov Uniqueness Theorem 


The theorem of Kruzhkov holds for the following general initial value problem 
uz — div F(a, t,u) = g(a, t,u) in Sr 

u(-,0) = Uo € Ligg(RY). 

A function u € LP.(S'r) is an entropy solution of (14.1c) if for allk ER 


loc 


If. sign(u — k){(u— k)g: + [F(2,t, u) — F(z, t,k)]- De 


(14.1c) 


(14.2c) 
+ [Fi,o, (a, t, u) + g(z,t, u)|y}dadt > 0 
provided the various integrals are well defined. Assume 
9,F,€ C(Sr xR) i=1,...,N. (14.3c) 
Moreover F Fr 
t = 
| (a, t,u) (x, t, v) if 
U— UV oo, SrxR 
Ti (x,t, u) — Fy,x,(x, t, v) 
ba | Bye 9% 1,24 9% < M, 
i=1 amis Paes (14.4c) 
F(a,t,u) — F(a,t 
| (z, t, u) — F(z, tv) 2H 
U— WU oo, SrxR 
ib = t 
UO oo, Sr xR 


for given positive constants M;, i = 0,1, 2,3. The initial datum is taken in the 
sense of Li.(R™). Set M = max{ Mo, M1, Mo, M3}. 


loc 
Theorem 14.1c. Let u and v be two entropy solutions of (14.1c) and let 
(14.8c)-(14.4c) hold. There exists a constant y dependent only on N and the 
numbers M;, i = 0,1,2,3, such that for all T > 0 and all x, € RN 


/ lu — v|(a,t)dx < ay |Uo — Vo|da 
|w-—2,|<M(T-t) |x-25|<MT 


forae.0<t<T. 


Check for 


8 updates | 


NONLINEAR EQUATIONS OF FIRST 
ORDER 


1 Integral Surfaces and Monge’s Cones 


A first-order nonlinear PDE is an expression of the form 
F(a,u, Vu) =0 (1.1) 


where z ranges over a given region E C RN, the function u is in C!(E) and 
F is a given smooth real-valued function of its arguments. If u is a solution 
of (1.1), then its graph X7(u) is an integral surface for (1.1). Conversely, a 
surface S’ is an integral surface for (1.1) if it is the graph of a smooth function 
u solution of (1.1). For a fixed (x, z) € Ex R, consider the associated equation 
F(x, z,p) = 0 and introduce the set 


P(x, z) = {the set of all p € R™ satisfying F(a, z,p) = 0}. 
If (wu) is an integral surface for (1.1), then for every (x, z) € X’'(w) 
z=u(@) and p=Vu(z). (1.2) 


Therefore solving (1.1) amounts to finding a function u € C!(E) such that for 
all x € E, among the pairs (x, z) there is one for which (1.2) holds. Let ©’ be 
an integral surface for (1.1). For (ao, z.) € ©’ consider the family of planes 


Z— 2% =p-(«£-—2o), pe P(a,z). (1.3) 


Since 4’ is an integral surface, among these there must be one tangent +’ at 
(%o, Zo). The envelope of such a family of planes is a cone C(o, Z,), called 
Monge’s cone with vertex at (2, 20). Thus the integral surface »’ is tangent, 
at each of its points, to the Monge’s cone with vertex at that point.! 


‘Gaspard Monge, Beaune, France 1746—Paris 1818, combined equally well his 
scientific vocation with his political aspirations. He took part in the French Rev- 
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1.1 Constructing Monge’s Cones 


The envelope of the family of planes in (1.3) is that surface S tangent, at each 
of its points, to one of the planes of the family (1.3). Thus for each (a, z) € S, 
there exists p = p(x) such that the corresponding plane in (1.3), for such a 
choice of p, has the same normal as S. These remarks imply that the equation 
of S is 


Z— 2% = p(x): (a— 20). (1.4) 
The tangency requirement can be written as 
Dj(&) + Pies (i - Fos) = p; (x) 
a 
jth component of the jth component of the normal 
normal to S at « to the tangent plane at x 


This gives the N equations 
Pu; *(Z — Zo) = 0, i=1,...,N. 
Since p(z) € P,, the vector-valued function x — p(x) must also satisfy 
DpF (0, 20, p(2)) ‘Px; = 0, a Cees 


where D,F = (Fp,,...,Fp,,). It follows that for each a fixed in a neighborhood 
of z,, the vectors Dp, F and «— 2, are parallel, and there exists (a) such that 
D,F (as, Zo, p(2)) = A(a)(@ _ Lo) 

Pag, 85: 9(@)) = 0. 
This is a nonlinear system of N + 1 equations in the N + 1 unknowns 


pi(x),...,pn(x), A(x). Solving it and putting the functions x + p(a) so ob- 
tained in (1.4) gives the equation of the envelope. 


(1.5) 


1.2 The Symmetric Equation of Monge’s Cones 


Eliminating \ from (1.4) and the first of (1.5) gives the symmetric equation 


of the cone 
z— Zo Lie Loi 


— = ——_ b= Vy ens LV. 1.6 
D . DF Foy 2 U sf ? ( ) 
This implies the Cartesian form of the Monge’s cone C(2o, Zo) 
-DypF\* 
lz — z|? = (Es) |z — rol. (1.7) 
|DpF| 


olution and became minister of the navy in the Robespierre government (1792). 
Mathematician and physicist of diverse interests, he contributed with Lavoisier to 
the chemical synthesis of water (1785), and with Bertholet and Vandermonde in 
identifying various metallurgical states of iron (1794). The indicated construction 
is in Feuilles d’Analyse appliquée a la Géométrie, lectures delivered at the Ecole 
Polytechnique in 1801, and published by J. Liouville in 1850. 
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Remark 1.1 If F(z, z,p) is such that the “coefficient” of |r—2,|? is constant, 
then the cone in (1.7) is circular and its axis is normal to the hyperplane z = 0. 
This is occurs for the first-order nonlinear PDE |Vu| = const, which arises in 
geometric optics. 

We stress however that the indicated “coefficient” depends on x via the 
functions « — p;(x), and therefore C(xo, zo) is not, in general, a circular cone, 
nor is its axis normal to the hyperplane z = 0. 


2 Characteristic Curves and Characteristic Strips 


Let @ denote the line of intersection between the cone in (1.6) and the hy- 
perplane tangent to the integral surface Y at (xo, 2%). For (x,z) © @, the 
vector p(x) remains constant. Therefore, for infinitesimal increments dz and 
dx;, along ¢ 
dz _ dx, _ _ dxzNn 

p DyF Fp, Fon 
where p and F,, are computed at p(x), constant along ¢. We conclude that ¢ 
has directions 


(DpF (Xo, 20, P(@)), P . D,F (£o, Zo, P(£))) 


where p(x) is computed on £. Following these directions, starting from (Xo, Zo), 
trace a curve on the surface X’. Such a curve, described in terms of a parameter 
t € (—d, 6), for some 6 > 0, takes the form 


at) = DoF (a) (6h), p@)) £(0)= wo (2.1) 
a(t) =p- D,F (x(t), z(t), p(t)) 2(0):= Zo: . 


Here p(t) is the solution of the system (1.5) with a, and z, replaced by x(t) 
and z(t), and computed at points x on the tangency line of the integral surface 
» with the Monge’s cone with vertex at (z(t), z(t)). The system (2.1) is not 
well defined, because the functions t + p;(t) are in general not known. For 
quasi-linear equations, F(x, z,p) = ai(x, z)p;. In such a case Fy, = aj(x, z) are 
independent of p and (2.1) are the characteristics originating at P, (Section 1 
of Chapter 7). Because of this analogy, we call the curves (2.1), characteristics. 
To render such a system well defined, observe that if »’ is an integral surface, 
then p; = uxz,(x). From this and the first of (2.1) 


Di = Unix; Lj = Uaix; Fp;- 
Also, from the PDE (1.1), by differentiation 
Fy, + Putte; + Pp, Ueix; = 0. 


Therefore 


pi = —F ge, — Fuuz;, t= Nee dN. 


= 
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Thus, the characteristics for the nonlinear equation a are the curves 


a(t) = DpF (a(t p(t)) 
i jstare= . =P Ds. “i.e (2.2) 
—F, (a(t), z(t), p(t)) p(t) 


where D, F = (Fy,,..., Fry). For every choice of “initial” data 
(x(0), z(0), p(0)) = (lips 2or Bs) e&xRx RN 


the system (2.2) has a unique solution, local it ¢, with the interval of existence 
depending, in general, on the initial datum. To simplify the presentation we 
assume that the interval of unique solvability is (—d,6), for every choice of 
data (Xo, Zo, Po)- 


2.1 Characteristic Strips 


A solution of (2.2) can be thought of as a curve t + (x(t), 2(t)) € RY*? whose 
points are associated to an infinitesimal portion of the hyperplane trough them 
and normal p(t). Putting together these portions along t + (x(t), z(t)), the 
function t + I(t) can be regarded as a strip of infinitesimal width, called a 
characteristic strip. These remarks suggest that integral surfaces are union of 
characteristic strips. Let ©’ be a hypersurface in R“++ given as the graph of 
z= u(x) € Cl(E), and for (2, 2.) € &, let t + Iw, ,2,)(#) be the characteris- 
tic strip originating at (xo, 2,), that is, the unique solution of (2.2) with data 


x(0)=2%, 2(0)=z2z,=u(a), p(0) = Vu(ao). (2.3) 
The surface © is a union of characteristic strips if for every (xo, Z.) € ©’, the 
strip t + Ix,,z,)(t) is contained in 2’, in the sense that 


z(t) =u(a(t)) and p(t)=Vu/(a(t)) for all t € (—6d,64). (2.4) 
Proposition 2.1 An integral surface for (1.1) is union of characteristic 
strips. 


Proof. Let S) be the graph of a solution u € C1(E) of (1.1). Having fixed 
Lo € E, let t + a(t) be the unique solution of 


a(t) = DpF (a(t), u(a(t)), Vu(x(t))), x(0) = 2. 
One verifies that the 2N + 1 functions 
(—6,d)3t—> a(t), 2(t)=u(a(t)), plw@)) = Vu(e(t)) 
solve (2.2), with initial data (2.3). These are then characteristic strips. Oo 


Remark 2.1 Unlike the case of quasi-linear equations, the converse does not 
hold, as (2.4) are not sufficient for one to conclude that » is an integral 
surface. Indeed, even though F is constant along t + (z(t), 2(¢)), the PDE 
(1.1) need not hold identically. 
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3 The Cauchy Problem 


Let s = (s1,...,5~—1) be an (N — 1)-dimensional parameter ranging over the 
cube Qs = (—6,5)N~1. The Cauchy problem associated with (1.1) consists 
in assigning an (N — 1)-dimensional hypersurface [ C R‘+! of parametric 
equations 


oo rhe) = £ =H) = (Els)s---Ew(s)) 
Gs a1) = {22 8) (€(s),¢(s)) €CEXR on) 


and seeking a function u € C1(£) such that ¢(s) = u(€(s)) for s € Qs and 
such that the graph z = u(x) is an integral surface of (1.1). 

An integral surface for the Cauchy problem, must be a union of characteris- 
tic strips, and it must contain I’. Therefore, one might attempt to construct it 
by drawing, from each point (€(s),¢(s)) € I’, a characteristic strip, a solution 
of (2.2), starting from the initial data 


#(0)=€(s), 2(0)=¢(s), p(0,s) = p(s) ¢ RY. 


However, a surface that is a union of characteristic strips need not be an 
integral surface. Moreover, starting from a point on I’, one may construct 
oo characteristic strips, each corresponding to a choice of the initial vector 
p(0, s) = p(s). A geometric construction of a solution to the Cauchy problem 
for (1.1), hinges on a criterion that would identify, for each (€(s),¢(s)) € I, 
those initial data p(0, s) for which the union of the corresponding characteristic 
strips, is indeed an integral surface. 


3.1 Identifying the Initial Data p(0, s) 


Set (€(0), ¢(0)) = (€4,¢.) € I’, and assume that there exists a vector p, such 
that 


Fbas Cas Be) = 0, D¢(0) = Po* VE(0) (3.2) 


VE(0) 
ae oa ce) - 


Consider now the N-valued function 


and in addition? 


Qs x RY > (s, p) me Y(s,p) — Cae Ae . 


F(€(s), ¢(s),p) 
By (3.2) such a function vanishes for (s,p) = (0,p0). More generally, for 
s € Qs, we seek those vectors p(s) for which ¥ vanishes, that is W(s, p(s)) = 0. 


By the implicit function theorem, this defines, locally, a smooth N-valued 
function Qs 3 s > p(s) such that 


?See Section 2.2 of Chapter 7 for symbolism and motivation. 
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VC¢(s) = p(s) - VE(s) 
F(€s),¢(s),p(s)) =0 


Such a representation holds locally in a neighborhood of s = 0, which might be 
taken as Qs by possibly reducing 6. The vector p(s), so identified, is the set of 
initial data p(0, s) = p(s) to be taken in the construction of the characteristic 
strips. 


for all s € Qs. (3.3) 


3.2 Constructing the Characteristic Strips 


The characteristic strips may now be constructed as the solutions of the system 
of ODE’s 


ra 8) = D,F (x(t, 8), a(t, 8), p(t, s)) 


Salt s) = p(t, s)- D,F (x(t, s), z(t, s), p(t, s)) (3.4) 


“ot s)= —D,F (z(t, s), z(t, s), p(t, s)) 
—F, (a(t, s), z(t, s), p(t, s))p(t, 8) 


with initial data given at each s € Qs 


«(0,8)=€(s), 2(0,8)=C(s), (0,8) = p(s). (3.5) 


The solution of (3.4)—(3.5) is local in t, that is, it exists in a time interval 
that depends on the initial data, or equivalently on the parameter s € Qs. 
By further reducing 6 if needed, we may assume that (3.4)—(3.5) is uniquely 
solvable for (t,s) € (—d,6) x Qs. Having solved such a system, consider the 
map 


(—06,6) x Q5 3 (t, 8) 9 (oG.6) 2108): 


This represents a surface 3 C RN*+!, which by construction contains a local 
portion of I about (&, Go). 


Proposition 3.1 The surface ’ is an integral surface for the Cauchy problem 


(1.1), (3.1). 


4 Solving the Cauchy Problem 


To prove the proposition, we construct a function « > u(a) whose graph is 
and that solves (1.1) in a neighborhood of (&,¢,). Observe first that by 
continuity, (3.2) continues to hold in a neighborhood of s = 0, i.e., 


VE(s) 
= facie es) #0 for s € Qs 


4 Solving the Cauchy Problem 287 
where 6 is further reduced if needed. Next consider the map 
M : (—6,5) x Qs 3 (t,s) > a(t, s). 


From (3.4)—(3.5) and the previous remarks 


det ey = det ee ae) ce 


for all s € Qs. By continuity this continues to hold for t € (—6,6), where 6 is 
further reduced if necessary. Therefore 


det oo #0 for all (t,s) € (—d,0) x Qs. (4.1) 


Therefore M is locally invertible in a neighborhood of €,. In particular, there 
exist € = e(d), a cube Q-(&), and smooth functions T and S, defined in 
Q-(&0), such that t = T(x) and s = S(a) for x € Q-(£5). 

The function « > u(x) is constructed by setting 


u(x) = 2(T(x),S(a)) for x € Qe(E). 


By construction, u(é(s)) = ¢(s) and t > F(a(t, s), z(t, s), p(t, s)) is constant 
for all s € Qs. Moreover, by (3.3), F is also constant along I’. Therefore 


F (a(t, s), z(t, s),p(t,s)) =0 for all (t,s) € (—6,4) x Qs. (4.2) 
It remains to prove that 
p(T (x), S(x)) =Vu(x) for all x € Q-(E.). (4.3) 
From the definition of u(-) 
z(t, s) = Vu- a(t, 8), D,z(t,s) = Vu- Dsx(t, 8). (4.4) 
These and the equations of the characteristic strips, yield 


[Vu — p(t, s)]-2:(t,s)=0 for all (t,s) € (—6,5) x Qs. (4.5) 


4.1 Verifying (4.3) 
Lemma 4.1 The relation (4.3) would follow from 

D,z(t, 8) = p(t,s):Dsa(t,s) for all (t,s) € (—0,6) x Qs. (4.6) 
Proof. Assuming (4.6) holds true, rewrite it as 


Vu- Dsx(t,s) = p(t, s)Dsx(t, s) 
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which follows by making use of the second of (4.4). Combining this with 
(4.5) gives the following linear homogeneous algebraic system in the unknowns 
Vu — p(t, s) 

(Vu — p(t, s)) - 24(t,s) =0 


(Vu — p(t, s)) - Dex(t, s) = 0. 
By (4.1), this admits only the trivial solution for all (t,s) € (—6,6) x Qs. 1 
To establish (4.6), set 
M(t, s) = Dsz(t, s) — p(t, s) - Dsx(t, s) 
and verify that by the first of (3.3), (0, s) = 0 for all s € Qs. From (4.2) 
D,F - Dap + DF + Det = —F.Dgz. 


Using this identity in s and the equations (3.4) of the characteristic strips, 
compute 


M, = Ds% — pir» Dst — p> Ds xt 
= D.,pD,F +p: D,DsF + DF: Dsx + Fp: Dsx — p+ DpDsF 
= Pip: Dx — F,Dsz 
= —F,(D,z—p-D,x) = —F.M. 


This has the explicit integral 


t 
M(t, s) = M(0, s) exp (- f Far) 
0 
and gives (t,s) > M(t, s) =0, since M(0,s) = 0. 


4.2 A Quasi-Linear Example in R? 


Denote by (a, y) the coordinates in R?, and given two positive numbers A and 
p, consider the Cauchy problem 


LUUg — Aly = 0, u(p,y) = y. 


The surface I in (3.1) is the line z = y in the plane x = p, which can be 
written in the parametric form 


E(s)=p, (s)=s, Cs)=s, seER. 


We solve the Cauchy problem in a neighborhood of (p,0,0). The vector po 
satisfying (3.2) is pp = (0,1). The system (3.4) takes the form 
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(t, 8) = x(t, s)z(t, 8) 

(t,s) =—A 

z(t, 5) = a(t, s)z(t, s)pi(t, s) — Apo(t, s) 
x(t, 8) = —2(t, s)pi(t, s) — a(t, s)pi(t, s) 
u(t, 8) = x(t, s)pi(t, 8)po(t, 5) 


, 5 


,8 
with initial conditions 
z(0, 8) = Pp, y(0, s) = 8, 2(0, 5) =) pi(0, 8) = 0, p2(0, s) =1. 
The solution is 
z(t,s)=s, y(t,s)=—At+s, In = = st. 
p 
Eliminate the parameters s and t to obtain the solution in implicit form 
2 x 
u(x,t) — yu(a,y) = Aln-. 
p 


The solution is analytic in the region y? + 4A In(2/p) > 0 


5 The Cauchy Problem for the Equation of Geometrical 
Optics 


Let ®, be a surface in R“ with parametric equations x = €(s) where s is a 
(N — 1)-parameter ranging over some cube Qs C R*~!. Consider the Cauchy 
problem for the eikonal equation ({51] Chapter 9, Section 8) 


[Vul=2 wl, =o (3.1) 


The function 2 — u(z) is the time it takes a light ray to reach a starting from 
a point source at the origin. The level sets ®; = [u = t] are the wave fronts 
of the light propagation, and the light rays are normal to these fronts. Thus 
®, is an initial wave front, and the Cauchy problem seeks to determine the 
fronts ®; at later times t. The Monge’s cones are circular, with vertical axis 
and their equation is (Section 1.2) 


|jz—t| = |x— y| for every y € &. 


The characteristic strips are constructed from (3.4)—(3.5) as 


x(t, s) = p(t, s) x(0, s) = €(s) s€Q5 
dead 2(0,t)=0 te (—d,6) (5.2) 
pr(t, 8) =0 p(0, 8) = p(s). 


Computing the initial vectors p(s) from (3.3) gives 
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p(s) . VE(s) = 0, Ip(s)| = 1, for all 5 € Qs. 


Thus p(s) is a unit vector normal to the front ®,. By the third of (5.2) such a 
vector is constant along characteristics, and the characteristic system has the 
explicit integral 


x(t,s) =tp(s)+€(s), z(t,s)=t, p(t,s) = p(s). (5.3) 


Therefore after a time t, the front ®, evolves into the front ®;, obtained by 
transporting each point €(s) € ®, along the normal p(s) with unitary speed, 
for a time t. 


5.1 Wave Fronts, Light Rays, Local Solutions and Caustics 


For a fixed s € Qs the first of (5.2) are the parametric equations of a straight 
line in RY , which we denote by ¢(t; s). Since p(s) is normal to the front ®,, such 
a line can be identified with the light ray through €(s) € ®. By construction 
such a ray is always normal to the wave front ®; that it crosses. 

This geometrical interpretation is suggestive on the one hand of the under- 
lying physics, and on the other, it highlights the local nature of the Cauchy 
problem. Indeed the solution, as constructed, becomes meaningless if two of 
these rays, say for example ¢(t; 51) and ¢(t; 52), intersect at some point, for 
such a point would have to belong to two distinct wave fronts. To avoid such 
an occurrence, the number 6 that limits the range of the parameters s and t 
has to be taken sufficiently small. 

The possible intersection of the light rays @(s;¢) might depend also on the 
initial front. If ®, is an (N — 1)-dimensional hyperplane, then all rays are 
parallel and normal to @,. In such a case the solution exists for all s € RN~! 
and all t € R. If & is an (N — 1)-dimensional sphere of radius R centered at 
the origin of RY, all rays ¢(t; s) intersect at the origin after a time t = R. The 
solution exists for all times, and the integral surfaces are right circular cones 
with vertex at the origin. 

The envelope of the family ¢(t; s) as s ranges over Qs, if it exists, is called 
a caustic or focal curve. By definition of envelope, the caustic is tangent in 
any of its points to at least one light ray. Therefore, such a tangency point is 
instantaneously illuminated, and the caustic can be regarded as a light tracer 
following the parameter t. 

If @, is a hyperplane the caustic does not exists, and if ®, is a sphere, the 
caustic degenerates into its origin. 


6 The Initial Value Problem for Hamilton—Jacobi 
Equations 


Denote by (2; 2 +41) points in R‘*?, and for a smooth function u defined in a 
domain of RNt!, set Vu = (Dz, ury,,)- Given a smooth nonlinear function 
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(x, tn41,p) + H(x, pen 41) 
defined in a domain of RN*+! x R%, consider the first-order equation 
Perinat Det, Vase.) = Ugg +A Da tnya) =U. (6.1) 


The Cauchy problem for (6.1) consists in giving an N-dimensional surface 
@ and a smooth function u, defined on ®, and seeking a smooth function u 
that solves (6.1) in a neighborhood of @ and equals wu, on ®. If the surface 
® is the hyperplane zy+1 = 0, it has parametric equations « = s and the 
characteristic system (3.4) takes the form 


re(t,s) = D,H(x(t, 5), p(t, 8); tw41(t, §)) 

tnsit(t,s) = 1 
z(z,t) = p(t, s)- DpH (a(t, s), p(t, 8); zw 41 (t, 8)) + pwsilt, 8) 
pr(t,s) = —D,H(x (t s), p(t, 8), n+1(t, 8)) 

Pnsizt(t, 8) = —Dey,,H(2(t, 8), p(t, 8); ev 41 (t, 8) 


with the initial conditions 


x(0,s)=s, wn4i1(0,s)=0, 2(0,s) = uo(s) 
p(0, s) = p(s), pn+1i(0, s) = pn+i(s). 


The second of these and the corresponding initial datum imply «v4. = t. 
Therefore the (N + 1)st coordinate may be identified with time, and the 
Cauchy problem for the surface [t = 0] is the initial value problem for the 
Hamilton-Jacobi equation (6.1). The characteristic system can be written 
concisely as 


x(t, s) = DpH(a(t, s), p(t, s);t) x(0,s)=s (6.2) 
pr(t, s) — —D;H(a(t, s), p(t, 8); t) p(0, s) = p(s) , 
where the initial data (p(s), px+1(s)) are determined from (3.3) as 
p(s) = Dsuo(s), — pw4i(0,8) = —H(s, p(s); 0). (6.3) 


Moreover, the functions (t, 5) + py+i(t, s), z(t, s), satisfy 


pne+it(t, 8) = —H(a(t, s), p(t, s);t) 

pn+1(0, 8) = —H(s, p(s); 0) 
2(,t) = p(t, s)- DpH (a(t, s), p(t, s);t) + pwailt, s) 
z(0, 5) = udo(s) 


It is apparent that (6.2) is independent of (6.3), and the latter can be inte- 
grated as soon as one determines the functions (t, s) > x(t, s), p(t, s), solutions 


292 8 NONLINEAR EQUATIONS OF FIRST ORDER 


of (6.2). Therefore (6.2) is the characteristic system associated with the initial 
value problem for (6.1). 

Consider now a mechanical system with N degrees of freedom governed 
by a Hamiltonian H. The system (6.2) is precisely the canonical Hamilto- 
nian system that describes the motion of the system, through its Lagrangian 
coordinates t + x(t,s) and the kinetic momenta t > p(t,s), starting from 
its initial configuration. Therefore the characteristics associated with the ini- 
tial value problem for the Hamilton-Jacobi equation (6.1) are the dynamic 
trajectories, in phase space, of the underlying mechanical system. 

From now on we will restrict the theory to the case H(z, t, p) = H(p), that 
is, the Hamiltonian depends only on the kinetic momenta p. In such a case 
the initial value problem takes the form 


uz + H(Dzu) = 0, u(-,0) = Uo (6.4) 


where wu, is a bounded continuous function in R%. The characteristic curves 
and initial data are 


x(t, s) = DpH (p(t, s) x(0,s) =s 
p(t, s) =0 p(0, s) = Dsuo(s) (6.5) 
pn+islt, 8) = 0, pn+1(0, 8) = —H(Desuo(s)). 


Moreover 
z(t, 8) = p(t, 8) - DpH (p(t, s)) + pnsilt, 8) 
2(0, s) = u,(s). 


7 The Cauchy Problem in Terms of the Lagrangian 


Assume that p > H(p) is convex and coercive, that is® 


H(p) 


pico |[pl] 


The Lagrangian q + L£(q), corresponding to the Hamiltonian H, is given by 
the Legendre transform of H, that is* 


L(q) = ee lq-p—H(p)]. 


By the coercivity of H the supremum is achieved at a vector p satisfying 
q=D,H(p) and L(q)=q-p—H(p). (7.1) 


3This occurs, for example, for H(p) = |p|!*%, for all a > 0. It does not hold 
for the Hamiltonian H(p) = |p| corresponding to the eikonal equation. The Cauchy 
problem for such noncoercive Hamiltonians is investigated in [142, 143, 144]. 

4151] Chapter 6 Section 5, and [50], Section 13 of the Complements of Chapter IV. 
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Moreover, g — £(q) is itself convex and coercive, and the Hamiltonian H is 
the Legendre transform of the Lagrangian £, that is 


H(p) = aie [p-q—L(q)]. 


Since £L is coercive, the supremum is achieved at a vector q, satisfying 
p=D,£(q) and H(p)=q-p-—L(q). (7.2) 


The equations for the characteristic curves (6.5)—(6.6) can be written in terms 
of the Lagrangian as follows. The equations in (7.1), written for g = 2;(t,s), 
and the first of (6.5) imply that the vector p(s,t) for which the supremum in 
the Legendre transform of H is achieved is the solution of the second of (6.5). 
Therefore 

L(ax(t, 8)) = x(t, 8) p(t, s) — H(p(t, s)). (7.3) 
Taking the gradient of £ with respect to 2; and then the derivative with 
respect to time t, gives 

d OL(«) 


D;L(“) = p(t,s) and lt Ob, =0,. A=Tp22i3N. 


These are the Lagrange equations of motion for a mechanical system of Hamil- 
tonian H. 


8 The Hopf Variational Solution 
Let u be a smooth solution in RN x Rt of the Cauchy problem (6.4) for a 
smooth initial datum u,. Then for every « € R% and every time t > 0, there 


exists some s € RY such that 2 = 2(t,s), that is the position x is reached in 
time t by the characteristic ¢ = {x(t, s)} originating at s. Therefore 


u(a,t) = u(a(t,s),t) and D,u(a(t,s),t) = p(t, s). 


Equivalently, taking into account that u is a solution of (6.4) 


u(x,t) -—uo(s)= | —deé 
(2,1) —uols) = fF 


= | [Dzu(a(r, 8),T) + xe(7, 8) + uz(a(7, 5), T)| dr 


= | {p(r, 8)-a4(7,8) — H(p(r, s))}dr. 


Using now (7.1), this implies 


ule.t) = [ Petia ade: (8.1) 
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8.1 The First Hopf Variational Formula 


The integral on the right-hand side is the Hamiltonian action of a mechanical 
system with N degrees of freedom, governed by a Lagrangian £, in its motion 
from a Lagrangian configuration s at time t = 0 to a Lagrangian configuration 
x at time t. Introduce the class of all smooth synchronous variations 


Ks = the collection of all smooth paths q(-) 
syne | in R™ such that q(0) = s and q(t) = 


By the least action principle ([51], Chapter IX, Section 2) 


Pe (xz(T, 8) = min Pe 
qe Ksvnc 


Therefore 


u(z,t) = min [cae ))dr + to(s) 


GE Ks ync 


> inf inf Lf ea Liq dr + wal) 


yERN qe Kxnc 


Such a formula actually holds with the equality sign, since if u(a,t) is known, 
by (8.1), for each fixed x € R% and t > 0 there exist some s € R% anda 
smooth curve T > x(r7,s) of extremities s and x such that the infimum is 
actually achieved. This establishes the first Hopf variational formula, that is, 
if (v,t) + u(a,t) is a solution of the Cauchy problem (6.4), then 


u(x,t) = min min Lf ea L(g(7))dt + Uoly)} - (8.2) 


yERN qe K gnc 


8.2 The Second Hopf Variational Formula 


A drawback of the first Hopf variational formula is that, given x and t, it 


requires the knowledge of the classes K’Y,,,, for all y € RY. The next variational 


formula dispenses with such classes ({124, 125]). 


Proposition 8.1 let (x,t) > u(a,t) be a solution of the minimum problem 
(8.2). Then for alla € RN and allt > 0 


u(x,t) = min [ec(—* ; ) + woly )). (8.3) 


yERN 
Proof. For s € R% consider the curve 


r+ q(r) =s+—(e— 5) 7 € (0, ¢]. 
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If u(x,t) is a solution of (8.2) 


u(x, t) < [ cla ))dr + uo(s) = t£{ 


and since s is arbitrary 


u(a,t) < inf jec(—) + wo(u)]. 


yERN 


Now let g € K$ 


sync 


eae ‘ acryar) <4 f° coger) 
te(—— 


Since s € RN is arbitrary, by (8.2) 


for some s € R%. Since £L(-) is convex, by Jensen’s inequality 


From this 


)< [car ))dr + u19(s). 


inf ic(—* ; ) + wo(y)| < min min Lf cca L(q(T))dt + uo(y) 


yERN yERN qe Kine 
= u(z,t). | 


9 Semigroup Property of Hopf Variational Solutions 


Proposition 9.1 ([7, 23]) Let (x,t) > u(x,t) be a solution of the varia- 
tional problem (8.3). Then for all 2 € RN and every pair 0 <7 <t 


u(x,t) = min [( - r)e(——*) + u(y,7)}. (9.1) 


yERN t 


Proof. Write (8.3) for 2 = 7 at time 7 and let € € R™ be a point where the 
minimum is achieved. Thus 
=€ 


T 


u(n,t) = 7rL(2*) + well). 


Since L(-) is convex 


(=) -0- De) + eCH). 


Therefore 
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ue) = gn e(EP2) + ta] <t0(E8) + mt 
< (t= 7)6(F=4) +e (48) + ute) 
= (¢-1)£(—*) +u(n,7) 
< pp [t-neE2) un) 


Now let € € R¥ be a point for which the minimum in (8.3) is achieved, i.e., 


u(a,t) = st(7—) + Ug(E). 


For 7 € (0,t) write 


4 ¢ z-H 2 én & 
n=fe+(1-7)é = t-r t 7 
Moreover, by (8.3) 
ioe 
u(n,7) < rL( 7) +u0(6). 
Combining these remarks 
z—N z—7 ae 3 
(t—1)£(——*) + unr) < @-1)e(—*) + re(F >) +0) 


From this 


10 Regularity of Hopf Variational Solutions 


For (x,t) > u(a,t) to be a solution of the Cauchy problem (6.4), it would have 
to be differentiable. While this is in general not the case, the next proposition 
asserts that if the initial datum u, is Lipschitz continuous, the corresponding 
Hopf variational solution is Lipschitz continuous. Assume then that there is 
a positive constant C, such that 


|uo(x) — uo(y)| < Cole —y| for all 2,y € RY. (10.1) 


Proposition 10.1 Let (x,t) > u(x,t) be a solution of (8.3) for an initial 
datum uo satisfying (10.1). Then there exists a positive constant C depending 
only on Cy and H. such that for all x,y € RN and all t,r € Rt 


ju(a,t) — uly, 7)| < C(|e — yl + |é—7). (10.2) 
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Proof. For a fixed t > 0, let € € R% be a vector for which the minimum in 
(8.3) is achieved. Then for all y € RY, 


wot) — nto) = Saf fee(= G2) + wo] -2e(= 


) = wo(€) 
<i¢(V we) + toly = (2 = §)) 
~1£(2—4) — uo(€) 


= Uo(y — (@ — §)) — wol§) < Coly — al. 


Interchanging the role of x and y gives 


|u(x,t) — u(y,t)|<C.|a—y| for all 2,y eR. 


This establishes the Lipschitz continuity of u in the space variables uniformly 
in time. The variational formula (8.3) implies 


u(x,t) <¢£(0)+ u(x) for all « € RX 


and 
u(a.t) = min [1¢(5—*) + uoly) — uole) + wo(2)| 
: ry 
20) [e(EG2) ~ eo 
> Uo(x) — max [Cot|q| — t£(q)] 
qERN 
2 uo(x) —t oe [p-qa—-L(q)] 
= U(x) —t max H(p). 
Ip|<Co 
Therefore 
Ju(a,t) —uo(x)| < Ct, where C = L(0)A 3 H(p). (10.3) 
P\<Co 
from this 7 
|u(x,t) —u(z,7)|<Clt—7| forall t,r ER. | 


Remark 10.1 By the Rademacher theorem (2,t) > u(z,t) is a.e. differen- 
tiable in RN x Rt ([50], Chapter VII, Section 23). 


11 Hopf Variational Solutions (8.3) Are Weak Solutions 
of the Cauchy Problem (6.4) 


Assume that wu, is Lipschitz continuous as in (10.1). Then by (10.3), a solution 
(x,t) > u(a,t) of the corresponding variational problem (8.3) takes the initial 
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datum u, in the classical sense. The next proposition asserts that such a 
variational solution satisfies the Hamilton—Jacobi equation (6.4) at each point 
(x,t) where it is differentiable. 


Proposition 11.1 Let (x,t) > u(a,t) be a solution of the minimum problem 
(8.3). If u is differentiable at (x,t) € RN x Rt, then 


ut + H(D,u) =0 at (a, t). 
Proof. Fix n € R% and h > 0. By the semigroup property 


ztthn-y 
t+h 


SHY) 4 ulyst)] < AL(n) + u(x,t) 


ula + hn,t +h) = min [e+ nel ) + wo(y)| 
ae 
oe u(x + hn, t +h) — u(a, t) 
a Sen) 

and letting h > 0 
n- Dyu(ax,t) + u(x,t) < L(n). 


Recalling that H is the Legendre transform of £ 


ur(a,t) + H(Dzu(a,t)) = uz(a,t) + = [q: Dzu(x,t) — L(q)] < 0. 


Let € € R% be a point for which the minimum in (8.3) is achieved. Fix 
0<h<t,set 7=t—h, and let 
r-~€_n-& 


T +(1 "ye h 
— =F = = — - = a 
a4 it pS 


Using these definitions, compute 


u(a,t) — u(y, T) = =1L(—= s) + uo(§) — min [re(4 = a) + wo(¥)] 


yERN T 
we) nae) 
ta (= 5) =ne(? t =) 

From this 
Lan fe Be— out] 2&5) 


and letting h > 0 


r— 


ur(2, t) + 
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Since H is the Legendre transform of the Lagrangian £ 


ur(a, t) + H(Dzu(a,t)) = ue(a, t) + yes [q- Dru(a, t) — L(q)| 


a-§ 
t 


- Dz,u(x,t) — c(4) >0. ff 


= t)+ 
pais ur(2, ) t cals 


12 Some Examples 


Proposition 11.1 ensures that the variational solutions (8.3), satisfy the 
Hamilton—Jacobi equation in (6.4) only at points of differentiability, as shown 
by the examples below. 
12.1 Example I 

ut+3|D,uP?=0 in RY xR, u(a,0) = |a|. (12.1) 
The Lagrangian £ corresponding to the Hamiltonian H(p) = $|p| is 

= ee eee 
£(q) = max [p- 4 — glpl’] = slal 


and the Hopf variational solution is 


p ljz-yP 
u(x,t) = min + : 
(x,t) 1 ( oH ly| 


yERN 


The minimum is computed by setting 


je= gr ae a oe 
D = 2 = (0) — =_ — 7 
i( ee ea ig? 


From this compute, for |a| >t 


t 
yaa => u(z,t)=|2|—4t for |2| >t. 
xv 
If |a| <t 
lc —y/? jz? ox-y | ly 
Qt + lel = 3 p tog tie 
[ele bal yl? |x|? + ly? 
a eg ad) Lie >. 
2 or 7p llt op thle He 


This holds for all y € R%, and equality holds for y = 0. Therefore if |a| < t 
the minimum is achieved for y = 0, and 


2 
‘als for |a| <t 


u(z,t) = : 
lz] —5¢ for |x| >t. 


One verifies that u satisfies the Hamilton—Jacobi equation in (12.1) in RN x R* 
except at the cone |x| = t. 
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Remark 12.1 For fixed ¢ > 0 the graph of x > u(z,t) is convex for |x| < t 
and concave for || > t. In the region of convexity, the Hessian matrix of wu is 
I/t. Therefore for all € € RN 


|él? 
In the region of concavity |x| > t 
&€j — él? 
Una; baby = (la|?Oiy — aay) < = 


Jno tS 


Therefore (12.2) holds in the whole of RN x R* except for |x| = t. 


12.2 Example IIT 


u+4|D,u?=0 in RY xR, u(#,0) = —|a]. (12.3) 


As before, £(q) = S\q\, and the Hopf variational solution is 


The minimum is computed by setting 


Iz — yl? yay 


Therefore 
u(z,t)=—|z|—4¢ in R x R*. 


One verifies that this function satisfies the Hamilton—Jacobi equation in (12.3) 
for all |x| > 0. 


Remark 12.2 For fixed t > 0, the graph of « > u(a,t) is concave, and 
Urix,Cilj <0 forall €€RN in RX x Rt — {|x| =O}. (12.4) 


12.3 Example IIT 
The Cauchy problem 

ut+(ur)?=0 in Rx Rt, u(x,0) =0 (12.5) 
has the identically zero solution. However the function 


0 for ja| >t 
u(a,t)= 4 w-t for O<a<t 
—x-—t for -t<a2<0. 


is Lipschitz continuous in R x Rt, and it satisfies the equation (12.5) in Rx Rt 
except on the half-lines x = +t. 
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Remark 12.3 For fixed t > 0, the graph of x > u(x,t) is convex for |a| < t 
and concave for |a| > t. In the region of concavity, ur; = 0, whereas in the 
region of convexity, u(-,t) is not of class C?, and whenever it does exist, the 
second derivative does not satisfy an upper bound of the type of (12.2). This 
lack of control on the convex part of the graph of u(-,t) is responsible for the 
lack of uniqueness of the solution of (12.5). 


This example raises the issue of identifying a class of solutions of the Cauchy 
problem (6.4) within which uniqueness holds. 


13 Uniqueness 


Denote by C, the class of solutions (a,t) > u(x,t) to the Cauchy problem 
(6.4), of class C?(IR% x R*), uniformly Lipschitz continuous in RN x Rt and 
such that the graph of « > u(a,t) is concave for all t > 0, that is 


u€C?(RN x Rt) 


CoS) Ue 0 forall €€ RN in RY x Rt (13.1) 
|Vul <C for some C>0 in RY x Rt. 


Proposition 13.1 Let u; and uz be two solutions of the Cauchy problem 
(6.4) in the class Cy. Then uy = ua. 


Proof. Setting w = ui — u2, compute 


1 
d 
Wy = H(Dzu2) _ H(Dz2zu1) = | qa elses + (1 _ 8)D,u)ds 
0 


‘i (13.2) 
=— (/ Hy (sDety + (L— s)Du)ds We, =—-V- Dw 
0 
where ; 
V= | D,H(sDzu2 + (1 — s)Dzu1)ds. (13.3) 
0 

Multiplying (13.2) by 2w gives 

w? =—V- D,w? = — div(Vw?) + w? div V. (13.4) 


Lemma 13.1 div V < 0. 
Proof. Fix (x,t) € RX x R* and s € (0,1), set 


p = sD,U2(a2,t) + (1 — s)Dzu1 (2, t) 


Zig = 8U2,2,0;(2,t) + (1 — s)uize,; (2,1) 


and compute 


302 8 NONLINEAR EQUATIONS OF FIRST ORDER 


1 
avv = [ Tonge, (D)2qi@s: 
0 


The integrand is the trace of the product matrix (Hp,p,)(zij). Since H is 
convex, (Hp,p,) is symmetric and positive semi-definite, and its eigenval- 
ues Ay, = Ap(a,t,s) for h = 1,...,N are non-negative. Since both matrices 
(ue,x,¢;) for = 1,2 are negative semi-definite, the same is true for the convex 
combination 

(213) = 8(U2,nin;) + (1 — 8)(U1,242,;)- 
In particular, its eigenvalues fu, = p(x, t,s) for h =1,...,.N are nonpositive. 
Therefore 

Hpip, 21 = trace(Hp,p, ) (217) = Anun < 0. a 

This in (13.4) gives 

w? + div(Vw?) <0 in R% x Rt. (13.5) 


Fix 2, € RN and T > 0, and introduce the backward characteristic cone with 
vertex at (%o,T) 
Cy = [|e -—2| < M(T—7); 0<7<T] (13.6) 


where M > 0 is to be chosen. The exterior unit normal to the lateral surface 
of Cu is 
M 
y— elle) 6, a 
1+ M2 


For t € (0,7) introduce also the backward truncated characteristic cone 
Cy = [le-ao| < MT -7);0<7 <i] (13.7) 


Integrating (13.5) over such a truncated cone gives 


2 M [/ 
w(x, t)dx + —— w’ do(r)dr 
_— V1+ M? Jo J\x—2|=M(T—7) 


t 
< | w%(a,0)dx— f / w°V - vzdo(r)dr 
|xv—2o|<MT 0 J|z-2_o|=M(T-T) 


where do(r) is the surface measure on the sphere [|z — 2o| = M(T — 7)]. 
Using the constant C' in (13.1) and the definition (13.3) of Vi, choose M from 


(13.8) 


|V-vz|< sup |D,H(p)|=46M for some 6 € (0,1). (13.9) 
Ip|<c 


This choice of M in (13.8) gives 


1—46)M ft 
i w(x, t)dx + | / wdo(r)dr 
|c—2|<M(T—t) 1+ M? Jo J\e—2|=M(T—T) 


- i w* (a, 0)dzx. 
|z—a2o|<MT 
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Thus 


/ w* (a, t)dx < / w(x, 0)dz. (13.10) 
|z—2_|<M(T-t) 


|z-2o|<MT 
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Multiply (13.2) by f’(w), for some non-negative f € C'(R) and then use 
Lemma 13.1 to get 


f(w)t + div(Vf(w)) <0 in RY x Rt. 


By similar arguments 


‘ f(w(a, t))da < i: f(w(a, 0))dx. (14.1) 
|zx—ao|<M(T-t) 


|e-a2o|<MT 


By the change of variables x — x = y 


, f(tw(to+4,t))dé < / Cee 
ly|<M(T—t) 


ly|<MT 
Integrating this in dr, over R gives 


I. f(w(a,t))da < ey oy f(ww(e, 0) dar 


provided the integrals are convergent. Fix 0 < t < T and let T — oo to obtain 
the stability estimate 


(w(a,t))dx < f(w(a, 0))da. (14.2) 


14.1 Stability in L?(R%) for Allp>1 


Proposition 14.1 Let u, and uz be solutions of (6.4) in the class Cy intro- 
duced in (13.1). If both are in L?(R™) for some 1 < p < ov, then 


I[ui(-,¢) — ua )Ilppw S [ur (-, 0) — ua(-, O)llp.v- (14.3) 


Proof. If 1 < p < oc, the conclusion follows from (14.2) for f(w) = |w|?. If 
p =1, take f(w) = sign(w), modulo an approximation process. If p = oo write 
(14.1) with f(w) = |w|? for 1 < q < o, in the form 


N 1/q 
——— w(a,t tae) 
(ar Io carer-n) ed) 


N/q 1/q 
T N 
< |= — a w(a, 0)|%da 
_ (=) an an (2,0) ) 
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where wy is the measure of the unit sphere in R™. Letting q > 00 gives 
\|w(-, £)|loo,{Ja—zo|<M(T—t)] < \|w(-, 0) ||c0,[]2—ao|< MT]: 


This implies (14.3) for p = 00 since 2p is arbitrary. | 


14.2 Comparison Principle 


Proposition 14.2 Let u, and ug be solutions of (6.4) in the class Cy intro- 
duced in (18.1). If uo < Uo,2, then 


ur(-,t) <ue(-,t) in RX for all t>0. (14.4) 


Proof. In (14.2) choose f(w) = w+ modulo an approximation process. | 


15 Semi-Concave Solutions of the Cauchy Problem 


Let u be a solution of the Cauchy problem (6.4) of class C?(R x Rt) with no 
requirement that the graph of u(-,t) be concave. We require, however, that in 
those regions where such a graph is convex, the “convexity”, roughly speaking, 
be controlled by some uniform bound of the second derivatives of u(-,t). Ina 
precise way it is assumed that there exists a positive constant y such that 


(Ux,2;) — 71 <0 in RN x Rt, 


Since this matrix inequality is invariant by rotations of the coordinate axes, 
it is equivalent to 


Uy <y in RY xR forall |v) =1. (15.1) 
A solution of the Cauchy problem (6.4) satisfying such an inequality for all 
unit vectors v € RY is called semi-concave. 
15.1 Uniqueness of Semi-Concave Solutions 


The example in Section 12.3 shows that initial data, however smooth, might 
give rise to quasi-concave solutions and solutions for which (15.1) is violated. 
Introduce the class 


27RN y Rt 
Ge . € C*(R® x R*) satisfies (15.1) and (15.2) 


|Vul <C for some C >0 in RY x Rt. 


Proposition 15.1 Let u; and uz be two solutions of the Cauchy problem 
(6.4) in the class C1. Then uy = ua. 
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Proof. Set w = u, — ug and proceed as in the proof of Proposition 13.1 to 
arrive at (13.2). Multiplying the latter by signw modulo an approximation 
process gives 

|wl, = —div(V|w]) + |w| div V 
where V is defined in (13.3). 


Lemma 15.1 There exists a constant 7 depending only on the constant y in 
(15.1) and C in (15.2) such that div V < 7 in RN x Rt. 


Proof. With the same notation as in Lemma 13.1 


Hpi p;(p) zig = trace(Hp,p, )(%ij) = trace(Hp,p, )((%ij) — y+ 71) 
< trace(Hp,p, )((zj) — YI) + ytrace(Hp,p; (P)) < YHpip.(P). 


Since the Hamiltonian is convex, Hp,p,(p) > 0. Moreover, since the solutions 
uz and ug are both uniformly Lipschitz in RY x Rt 


0 < YHpip;(p) < y sup Hp; p;(p) = ¥- = 
|p|<c 


Combining these estimates 
|w|, + div(V|w|) < Fw] in RY x Rt. 


Introduce the backward characteristic cone Cyy and the truncated backward 
characteristic cone C', as in (13.6) and (13.7), where the constant M is chosen 
as in (13.9). Similar calculations yield 


t 
/ bite au if / hitea dain 
|c—a2,|<M(T-t) 0 J\la—x2,|<M(T-T) 


This implies w = 0 by Gronwall’s inequality. | 


16 A Weak Notion of Semi-Concavity 


The most limiting requirement of the class C, is that solutions have to be 
of class C?(R“ x R*). Such a requirement is not natural, since the equation 
in (6.4) imposes no conditions on the second derivatives of it solutions. In 
addition, Proposition 10.1 establishes only that variational solutions of (8.3) 
are Lipschitz continuous, however smooth the initial datum might be. On the 
other hand, the example of Section 12.3 shows that uniqueness fails if some 
assumptions are not formulated on the graph of u(-,t) through the second 
derivatives of solutions. A condition of semi-concavity can be imposed using 
a discrete form of second derivatives. A solution of the Cauchy problem (6.4) 
is weakly semi-concave if there exists a positive constant y such that for every 
unit vector vy € RN and allheER 


1 
u(a + hv, t) — 2u(#,t) + u(x — hv,t) < (1 + +) R. (16.1) 
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Remark 16.1 The t-dependence on the right-hand side allows for nonsemi- 
concave initial data. 


For ¢ > 0, let k- be a mollifying kernel in RY, and let u-(-,t) be the mollifi- 
cation of u(-,t) with respect to the space variables, i.e., 


Lv ue(a,t) = I. ke(a — y)u(y, t)dy. 


Lemma 16.1 Let u(-,t) be weakly semi-concave in the sense of (16.1). Then 
for every unit vector v € RN and alle > 0, 


1 
Uev < (1 + >) in RN x Rt. 
Proof. Fix v € R% and ¢ > 0 and compute 


tev(tst) = ff hewv(e~ u)ulyst}dy 


1 
= lim 7 [(ke(a + hv — y) — 2k.(a — y, t) + k(x — hy — y)] u(y, t)dy 
h0 h? Jan 


1 
= lim z/ ke(a — ) [u(n + hv, t) — 2u(n, t) + u(y — hv, t)| dn 
n0 h? Jen 
1 1 
< = _ — - 
<7(1+7) f hele n)dn (1+ -). Oo 


Corollary 16.1 Let u(-,t) be weakly semi-concave in the sense of (16.1). 
Then for alle > 0 


1 
(wera) — (1+ 5 )I< 0 in RY x Rt. 


17 Semi-Concavity of Hopf Variational Solutions 


The semi-concavity condition (16.1) naturally arises from the variational for- 
mula (8.3). Indeed, if u, is weakly semi-concave, the corresponding variational 
solution is weakly semi-concave. Moreover, if the Hamiltonian p > H(p) is 
strictly convex, then the corresponding variational solution is weakly semi- 
concave irrespective of whether the initial datum is weakly semi-concave. The 
next two sections contain these results. Here we stress that they hold for the 
variational solutions (8.3) and not necessarily for any solution of the Cauchy 
problem (6.4). 


17.1 Weak Semi-Concavity of Hopf Variational Solutions Induced 
by the Initial Datum u, 


Proposition 17.1 Let u, be weakly semi-concave, that is there exists a pos- 
itive constant yo such that for every unit vector v € RN and allh ER 
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U(x + hv) — 2uo(xz) + ula —hv)< oh? in R. 


Then x — u(x,t) is weakly semi-concave, uniformly int, for the same constant 
‘Yo: 


Proof. Let € € R be a vector where the minimum in (8.3) is achieved. Then 


=o h — 
u(a + hv,t) = min je(-—— 
yERN t 


) + uo(y)| < ic(*—) + Uo(€ + hv). 


From this 
u(a + hv,t)—2u(a, t) + u(a — hv,t) 
< (2S) + to(E + hv) — atc(=—*) 


— Que(é) + (= =: S) + Uo(€ — hv) 


= Uo(E + hv) — Quo(€) + uo(E — hv) < yoh?. go 


17.2 Strictly Convex Hamiltonian 


The Hamiltonian p + H(p) is strictly convex, if there exists a positive constant 
Co such that (Hp,p,) > Coll in RY. 


Lemma 17.1 Let p— H(p) be strictly convex. then for all py, po € RX 
PL <P) 1 1 Co 2 
ee es = — = , 
H( 5 < 5 t(p1) + 5 t(p2) 8 \p1 p2| 


Moreover, if L is the Lagrangian corresponding to H, then for all qi, q2 © RN 


1 1 qa +42 1 2 
af “£(q2) < c(4*) = out, 
5 (a1) + 5 (q2) < 5} ar 30, |% qa| 
Proof. Fix p, # p2 in RN and set 
P=4(pitp2), €=|po-pil, v= (p2—p1)/28. 


Consider the two segments (p1,p) and (p, po) with parametric equations 


(p1,P) = {y(o) =ptov; o € (0,-54)} 
(D, p2) = {y(c) =ptov; o € (0, 52)} 


and compute 
£/2 
H(p) = Hn) + f DeH(p-ov)- vdo 
0 


e/2 
H(p) = H(p2) — | D,H(p + ov) - vdeo. 
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Adding them up 
¢/2 
2H(p) = (pr) + H(p2) — | [DeH(p + ov) — DH(p - ov)] - vdo. 
0 
By the mean value theorem, there exists some o’ € (0, $2) such that 
[DeH (i+ ov) — DeH(G — ov)|-v = Hp,p, (D— ov) Yvj;20 > Co2e. 
Combining these calculations 
¢/2 
2H (p) < (pr) + H(pe) — co | aid. 
0 


This proves the first statement. To prove the second, recall that £L is the 
Legendre transform of H. Therefore 


L£(a) <u: pi — H(p1), L(q2) < d2° p2 — H(p2) 


for all p1,p2 € R%. From this 


*£(q1) + 5L(a2) < - (q1 - pi + G2 ° p2) — (Sx) + 5H(p2)) 


2 2 2 
1 + Co 
< =(q1-pi+@-p2)- n(4—*) — |p — po|?. 
2 2 8 
Transform 
1 gi + 42\ (Pi +P 1 
5 (1 “pi tq -p2)= (4 *) (A *) + qin — q2) + (pi — p2) 


and combine with the previous inequality to obtain 


pela) + 53Cm) < (25%) (25%) -0(A5*) 


Co , JL 1 ”) 1 9 
= if = aod = : = +—|q - +—|q —- 
( 8 [pi p2| rac q2) (p1 p2) Be. lq1 qo Bes lq1 qo| 


< max [(2S%) .p— ni] - [\/ 1 - ps) - ta - a) 


eet ee 
Be, q2 


gq + q2 
< £{ 
= 2 


tee la. — 92|? a 
8 1 — g2|"- 
Co 


Proposition 17.2 Let H be strictly convex. Then every variational solution 
of (8.3) is weakly semi-concave for all t > 0, in the sense of (16.1), for a 
constant y independent of Uo. 
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Proof. Let € € R™ be a vector where the minimum in (8.3) is achieved. Then 


u(a + hv,t) — 2u(a,t) + u(a — hv,t) = min [ec(Z2 4) + wo(y)| 


yERN re 
~2fc(E$) + wt + iy fe ==2) + ws 
< fe(22MS) + wt] -2fee(*8) mt) 


+ fie(@=B=S) + m0) 


nu f}e(ttea8) « }e(=Bo8) (28) 
eo 2hv/tl? _ 


8c, to 


18 Uniqueness of Weakly Semi-Concave Variational 
Hopf Solutions 


Introduce the class C2 of solutions 


u is a variational solution of (8.3) 
Co = ¢ u(-,t) is weakly semi-concave in the sense of (16.1) (18.1) 
|\Vul <C for some C>0 in RX x Rt. 


Theorem 18.1. The Cauchy problem has at most one solution within the 
class C2. 


Proof. Let u; and uz be two solutions in Cz and set w = uy — ug. Proceeding 
as in the proof of Proposition 13.1, we arrive at an analogue of (13.2), which 
in this context holds a.e. in RY x R+. From the latter, we derive 


f(w)p=—-V-Def(w) ae. in RN x Rt 


for any f € C!(R), where V is defined in (13.3). For ¢ > 0, let ue and ue 2 
be the mollifications of uw; and uz as in Section 16, and set 


1 
V.= | D,H(sDete,2 + (1 — s)Dzue,1)ds. 
0 


With this notation 
fw) = div(V. f (w)) + f(w) div Ve + (V- = V) . Dz f(w). 


Lemma 18.1 There exists a positive constant 7, independent of ©, such that 


1 
div V. < 7(1 Se =) in RN x Rt. 
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Proof. Same as in Lemma 15.1 with the proper minor modifications. | 


Putting this in the previous expression of f(w);, and assuming that f(-) is 
non-negative, gives 


fw): < —div(Vef(w)) +9(1 + 5) Fw) + (Ve-V)-Deflw). (18.2) 


Introduce the backward characteristic cone Cy, and the truncated backward 
characteristic cone C', as in (13.6) and (13.7), where the constant M is chosen 
as in (13.9). For a fixed 0 < a <t < T, introduce also the truncated cone 


Cn, = [|t-— to] < M(P—7);0<a<7r<t<T]. 


Now integrate (18.2) over such a cone. Proceeding as in the proof of Proposi- 
tion 13.1, and taking into account the choice (13.9) of M, yields 


/ f(w(e,)dx < / Patae))de 
|zx—-a2o|<M(T-t) |z-—2,|<M(T-c) 


+4 [ (1+2) Foc {0 Deo (18.3) 


t 
+f / (V-—V)- Dz f(w)dadr. 
o J|x—a2o|<M(T-T) 


By the properties of the class C2, |D,w|, |Dzui|, and |D,ug| are a.e. bounded 
in RN x Rt, independent of ¢. Therefore 


t 
i / (V.— V)-D,wdadr = 0. 
e0 JG |e—x_|<M(T—T) 


Observe first that (18.3) continues to hold for non-negative functions f(-), 
uniformly Lipschitz continuous in R. Choose fs(w) = (|w| — 6)+, for some 
fixed 6 € (0,1). There exists o > 0 such that fs5(w(-,7)) = 0 for all r € (0, 0]. 
Indeed, by virtue of (10.3), for all 7 € (0,¢] 


(lw(z,7)] — 6)4 


(lua (@, 7) — Uo(a)| + |u2(@, 7) — Uo(a)| — 6)+ 


s 
< (2Co — 6) =0 


provided o < 6/2C. These remarks in (18.3) yield 


i fs(w(a, t))dx 
|x—2,|<M(T-t) 


“h aay I penne ny TUT) ded 


y(1+= 2) f / fs(w(a, T))dadr. 
|a—2o|<M(T—-T) 
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Setting 


pa(t) -| =e fs(w(a, 7))dadr 


the previous inequality reads as 


1 


Pot) S7(1+=)yslt) and yo(o) = 0. 


This implies that ys(rT) = 0 for all 7 € (0,t), and since (#,,T) is arbitrary, 
|w| <6 in RY x R*, for all 6 > 0. Oo 


Check for 


9 updates | 


LINEAR ELLIPTIC EQUATIONS WITH 
MEASURABLE COEFFICIENTS 


1 Weak Formulations and Weak Derivatives 


Let E be a bounded domain in R% with boundary OE of class C!. Denote by 
(a;;) an N x N symmetric matrix with entries a;; € L°(£), and satisfying 
the ellipticity condition 


MEI? < aaj (x) EE; < AIEl? (1.1) 


for all € € RY and all x € E, for some 0 < A < A. The number A is the 
least upper bound of the eigenvalues of (a;;) in E, and X is their greatest 
lower bound. A vector-valued function f = (fi,..., fn) : E > R* is said to 
be in L?.(E), for some p > 1, if all the components f; € L?,.(E). Given a 
scalar function f € Li,.(£) and a vector-valued function f € Li,.(£), consider 
the formal partial differential equation in divergence form (Section 3.1 of the 
Preliminaries) 

—(aijte,) », =divf—f in E£. (1.2) 


Expanding formally the indicated derivatives gives a PDE of the type of (3.1) 
of Chapter 1, which, in view of the ellipticity condition (1.1), does not admit 
real characteristic surfaces (Section 3 of Chapter 1). In this formal sense, (1.2) 
is a second-order elliptic equation. 

Multiply (1.2) formally by a function v € CS°(E£) and formally integrate 
by parts in EF to obtain 


| (ijtz,Uz, + fjU2, + fv)de =0. (1.3) 
E 


This is well defined for all v € CS°(£), provided Vu € L?.(£), for some p > 1. 
In such a case (1.3) is the weak formulation of (1.2), and u is a weak solution. 
Such a weak notion of solution coincides with the classical one whenever the 
various terms in (1.3) are sufficiently regular. Indeed, assume that f € C(F) 
and a;;,f € C'(E); if a function u € C?(£) satisfies (1.3) for all v € CS°(E), 


integrating by parts gives 
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| [(aijte,) + divf + f)|vda =0 for all v € CO°(E). 
E J 


Thus uw satisfies (1.2) in the classical sense. It remains to clarify the meaning 
of Vu € LP (EF) for some p > 1. 


loc 


1.1 Weak Derivatives 


A function u € L? 


loc(#), for some p > 1, has a weak partial derivative in 


L? .(E) with respect to the variable 2; if there exists a function w; € L? .(E) 
such that 
| Ug, dx = -| wjudx forall v€ CO°(E£). (1.4) 
B B 
If u € C'(£), then w; = uz, in the classical sense. There are functions 


admitting weak and not classical derivatives. As an example, u(x) = || for 
€ (—1,1) does not have a derivative at « = 0; however it admits the weak 
derivative 
—1 in (-1,0 
ee { in (—1,0) 


1 — 
L in (0,1) as an element of L°(—1,1). 


With a perhaps improper but suggestive symbolism we set wj = uz;, warning 
that in general, u,, need not be the limit of difference quotients along 7;, and 
it is meant only in the sense of (1.4). The derivatives uz, in (1.3) are meant in 
this weak sense, and solutions of (1.1) are sought as functions in the Sobolev 
space ([241]) 


W!(E) = {the set of u € L?(E) such that Vu € L?(E)}. (1.5) 
A norm in W1?(E) is 
lellap = ullp + 1Vullp- (1.6) 


Proposition 1.1 (Meyers and Serrin [182]) W!?(E) is a Banach space 
for the norm (1.6). Moreover, C*°(E) is dense in W1?(E). 


Introduce also the two spaces 


W)?(E) = {the closure of CS°(E) in the norm (1.6)}. (1.7) 


W!?(B) = {all u € W! (EB) such that i 
E 


Proposition 1.2 W)?(E) and W'?(E) equipped with the norm (1.6) are 
Banach spaces. 


udx = 0}. (1.8) 


Functions in W!?(E£) are more “regular” than merely elements in L?(E), on 
several accounts. First, they are embedded in L4(E) for some gq > p. Second, 
they form a compact subset of L?(E£). Third, they have boundary values 
(traces) on OF, as elements of L?(OE). 
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2 Embeddings of W1?(E) 


Since OF is of class C?, there is a circular spherical cone C of height h and solid 
angle w such that by putting its vertex at any point of OF, it can be properly 
swung, by a rigid rotation, to remain in F’. This is the cone condition of OE. 
Denote by 7 = y(N,p) a constant depending on N and p and independent of 
FE and OE. 


Theorem 2.1 (Sobolev—Nikol’skii [242]). If 1 < p< N then W!?(E)<G 
L?’(E), where p* = WS: and there exists y = y(N,p), such that 


Vfl »__Np 
ley Sf Pep + IVulp}, pt = PP, for all we WIFE). (21) 
If p =1 and |E| < cx, then W1?(E) > L4%(E) for alll <q < 4 and there 
exists y = y(N,q) such that 


Vigna teef | iat 
lula < w]e { ljulls + [Valli $ for all we W4(B). (2.2) 
Ifp > N then W)?(E) 3 L®(E), and there exists y = y(N,p) such that 


q 
lIUlloo S$ xzp (lleullp + AIlVullp) for all we W'?(E). (2.3) 


Ifp > N and in addition E is convex, then W1?(E) G C2 (8B), and there 
exists y = y(N,p) such that for every pair of points x,y € E with |ja—y| <h 


((184]) 
jue) — u(y)| << 2|e—yl!"F|Vallp forall weW"(E). (2.4) 


Remark 2.1 The constants y(N,p) can be computed explicitly, and they 
tend to infinity as p > N. This is expected as W!(E) is not embedded in 
L°(£). Indeed the function 


(|z| < e-"] — {0} 3 2 5 In| In|z|| € WI (|z| < 7+) 


is not essentially bounded about the origin. In this sense these embeddings 
are sharp ([251]). In (2.2) the value gq = 1* = =4, is not permitted, and the 
corresponding constant y(V,q) > co as q — 1*. The limiting embedding for 


p= N takes a special form ([50], Chapter IX, Section 13). 


Remark 2.2 The structure of OF enters only through the solid angle w and 
the height h of the cone condition of OF. Therefore (2.1)—(2.4) continue to 
hold for domains whose boundaries merely satisfy the cone condition. 


Remark 2.3 If E is not convex, the estimate (2.4) can be applied locally. 
Thus if p > N, a function u € W!?(£) is locally Hélder continuous in E. 


A proof of these embeddings is in Section 2c of the Complements. 
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2.1 Compact Embeddings of W1?(E) 


Theorem 2.2 (Rellich-Kondrachov [215, 139]). Let 1 < p< N. Then 
for all 1 < q < p*, the embedding W1?(E) — L4(E) is compact. 


A proof is in Section 2.2c of the Complements. 


Corollary 2.1 Let {un} be a bounded sequence in W'?(E). If1<p<N, 
for each fired 1 <q < FS there exist a subsequence {tn} C {un}, and 


u € W}?(E) such that 


{un} u weakly in Wt?(E) and {un} wu strongly in L4(E). 


3 Multiplicative Embeddings of W1?(E) and W1?(E) 


Theorem 3.1 (Gagliardo—Nirenberg [90, 193]). Jf 1 < p < N, then 


W1?(E) > LP’ (E) for p* = Ws: and there exists y = y(N,p) such that 


N 
po <1lVullp p= = for all we W2(E). (3.1) 


ilu 


Ifp=N, then W}?(E) © L4(E) for all q > p, and there exists y = y(N,q) 
such that 2% > 
Ilulla<WlVellp “lulls for all we W>?(E). (3.2) 


Ifp > N, then W)?(E) 3 L®©(E), and there exists y = y(N,p) such that 


NX —N 
ltlloo < lVulls llullp ” for all we W2”(E). (3-3) 


Remark 3.1 The constants 7(V,p) can be computed explicitly independent 
of OE, and they tend to infinity as p > N. Unlike (2.2), the value 1* is 
permitted in (3.1). 


Functions in W}?(E) are limits of functions in CS°(E) in the norm of 
W}?(E), and in this sense they vanish on OE. This permits embedding in- 
equalities such as (3.1)—(2.3) with constants y independent of F and OL. 
Inequalities of this kind would not be possible for functions u € W1?(£). 
For example, a constant nonzero function would not satisfy any of them. This 
suggest that for them to hold some information is required on some values of 


u. Let 7 
UE = = udx 
|E| [ 


denote the integral average of u over FE. The multiplicative embeddings (3.1)— 
(3.3) continue to hold for functions of zero average. Denote by 7 = y(N, F, OE) 
a constant depending on N, |E|, and the C'-smoothness of OF, but invariant 
under homothetic transformations of E. 
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Theorem 3.2 (Golovkin—Poincaré [107]). If1 < p< N, thenW!?(E) 3 


L?’(E), where p* = We: and there exists y = y(N,p, E,OE) such that 


lu — asl <7lVull, p= —3 for all we W(E). (3.4) 
Ifp > N, then W'?(E) 3 L®©(E), and there exists y = y(N,p) such that 


X _X 
lu — well <Y|Vulls lu —uzllp for all we Wh?(R). (3.5) 


Ifp=N, then W'?(E) © L4(E) for all q > p, and there exists y = y(N,q) 
such that 


1-2 B 
lu-uella<lVullp “Ju—uells for all we WY(E). (3.6) 


Remark 3.2 When EF is convex, a simple proof of Theorem 3.2 is due to 
Poincaré and it is reported in Section 3.2c of the Complements. In such a case 
the constant y(N, £, OE) in (3.4) has the form 

(diam E)% 


y(N,E,0E) =C 
( ) E] 


for some absolute constants C > 1 depending only on N. 


3.1 Some Consequences of the Multiplicative Embedding 
Inequalities 


Corollary 3.1 The norm |\-||1,) in W3:?(E), introduced in (1.6), is equivalent 
to ||Vullp; that is, there exists a positive constant Yo = Yo(N,p, E) such that 


Follulliy < [Vullp < llulliy for all we Wo ?(Z). (3.7) 


Corollary 3.2 The norm ||: ||1,» in W1”(E), is equivalent to ||Vullp; that is, 
there exists a positive constant Yo = Yo(N,p, F) such that 


Follullay < lVullp <llullap for all we WY*(E). (3.8) 


Corollary 3.3 W}?(E) and W1?(E) are Hilbert spaces with equivalent inner 
products 
(u,v) + (Vu, Vv) and (Vu, Vv) (3.9) 


where (-,-) denotes the standard inner product in L?(E). 
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4 The Homogeneous Dirichlet Problem 
Given f, f € L™(E), consider the homogeneous Dirichlet problem 


—(aijus;),, =divf-f in B 


41 


Ul on 


The PDE is meant in the weak sense (1.3) by requiring that u € W1?(E) for 
some p > 1. The homogeneous boundary datum is enforced, in a weak form, 
by requiring that u be in the space W}:?(E) defined in (1.7). Seeking solutions 
u € W}?(E) implies that in (1.3), by density, one may take v = u. Thus, by 
taking into account the ellipticity condition (1.1) 


df wuPar < f (eva) + [flue 
E E 


This forces p = 2 and identifies W}:?(E) as the natural space where solutions 
of (4.1) should be sought. 


Theorem 4.1. The homogeneous Dirichlet problem (4.1) admits at most one 
weak solution u € W)?(E). 


Proof. If ui,u2 € W}:?(E) are weak solutions of (4.1) 
i dij (ui — U2)e,U2,dr = 0 for all v € W5?(E). 
B 


This and the ellipticity condition (1.1) imply ||V(u1—u2)||2 = 0. Thus ui = ua 
a.e. in E, by the embedding of Theorem 3.1. o 


5 Solving the Homogeneous Dirichlet Problem (4.1) by 
the Riesz Representation Theorem 


Regard (1.3) as made out of two pieces 
a(u, v) =i QijUz,Vz,de and E&(v)= -| (fj¥a; + fu)dx (5.1) 
B B 


for all v € W}?(E). Finding a solution to (4.1) amounts to finding u € 
W2?(E) such that 


a(u,v) =2(v) for all v € W)7(E). (5.2) 


The first term in (5.1) is a bilinear form in W)?(E). By the ellipticity condi- 
tion (1.1) and Corollary 3.1 
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Ay llullt.2 S AllVullz < a(u,u) < Al|Vullz < Alull.s- 


Therefore a(-,-) is an inner product in W)?(E) equivalent to any one of the 
inner products in (3.9). The second term ¢(-) in (5.1) is a linear functional 
in W}:?(E), bounded in || - ||1,2, and thus bounded in the norm generated by 
the inner product a(-,-). Therefore by the Riesz representation theorem it is 
represented as in (5.2) for a unique u € W)?(E) ([162]).1 


6 Solving the Homogeneous Dirichlet Problem (4.1) by 
Variational Methods 


Consider the nonlinear functional 
Wi? (E) pu J(u) el ($ajjUe,Uc, + fie, + fu)de. (6.1) 
EB 


One verifies that J(-) is strictly convex in W}:?(E), that is 
J(tu+ (1—#t)v) <tJ(u) + (1-4) J(v) 


for every pair (u,v) of nontrivial elements of Wj:?(E), and all ¢ € (0,1). 
Assume momentarily N > 2, and let 2** be the Hélder conjugate of 2*, so 


ne 2N 2N 1 1 
a a oe —_ =] 
N—2’ Wag? 8d oe t oe 


The functional J(u) is estimated above using the ellipticity condition (1.1), 
Holder’s inequality, and the embedding (3.1): 


U 


J(u) 


IA 


1 
sAllVull + Ifllall Valle + Il fllo-- 


Q* 


IA 


1 
sAllVull + (lflle + IF 


a) ||[Vull2 
1 
< Al|Vullg + = (fll + rIlfllo+)? - 
2A 
Similarly, J(u) is estimated below by 
1 3 “i : 
J(u) 2 ZAllVulla — 5 (lélle + 7lfllax+)" 


Therefore 
—Fy + FA||Vull3 < J(u) < Al|Vull3 + Fo (6.2) 


for all u € W}:?(E), where 


'The Riesz representation theorem is in [50], Chapter VI Section 18. This solution 
method is in [162] and it is referred to as the Lax—Milgram theorem. 
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1 
Fo = 5 ((lfll2 +1lflle)° - 


Here + is the constant appearing in the embedding inequality (3.1). These 
estimates imply that the convex functional J(-) is bounded below, and we 
denote by J, its infimum. A minimum can be sought by a minimizing sequence 
{un} C Wi?(E) such that 


J(un) < J(tn1) <-++< J(uy) and limJ(un) = Jo. (6.3) 


By (6.2) and (6.3), the sequence {u,,} is bounded in W}:?(E). Therefore a 
subsequence {tn} C {tun} can be selected such that {un} — u weakly in 
W}?(E), and {J(un:)} > Jo. Since the norm a(-,-) introduced in (5.1) is 
weakly lower semi-continuous 


liminf J(un) = Jo > J(u). 


Thus J(u) = Jo and J(u) < J(w) for all w € W}?(£). Enforcing this last 
condition for functions w = u + ev, for ¢ > 0 and vu € CS°(E), gives 
Ju) <1 + Ff aisverrasde-+e f (agtecdes + Sirny + 10) de 
Divide by ¢ and let ¢ > 0 to get 
| (aiztin Ue, + fix; + fv) dx >0 for all v € CO°(E). 


Changing v into —v shows that this inequality actually holds with equality 
for all vu € CS°(E) and establishes that u is a weak solution of the Dirichlet 
problem (4.1). In view of its uniqueness, as stated in Theorem 4.1 the whole 
minimizing sequence {u,,} converges weakly to the unique minimizer of J(-). 
Summarizing, the PDE in divergence form (4.1) is associated with a natural 
functional J(-) in W2?(£), whose minimum is a solutions of the PDE in 
W}?(E). Conversely, the functional J(-) in W)?(£) generates naturally a 
PDE in divergence form whose solutions are the solutions of the homogeneous 
Dirichlet problem (4.1). 


6.1 The Case N = 2 


The arguments are the same except for a different use of the embedding in- 
equality (3.1) in estimating the term containing fu in (6.1). Pick 1 < p < 2, 
define p* as in (3.1), and let p** be its Hélder conjugate, so that 


N N 1 1 
p= = ; pe =—— > a =o 
N=p Nip = 1 )Aee pp 
One verifies that p** > 1 and estimates 
[ fuae < |Ifllp--llullo» SW fllpIVellp S WEI [fll Valle: 


The proof now proceeds as before except that the term || f'||2«« is now replaced 
by |E|?-?2|| f 


p**- 
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6.2 Gateaux Derivative and The Euler Equation of J(-) 


If uw is a minimum for J(-) the function of one variable t > J(u + tv), for an 
arbitrary but fixed v € C>°(E), has a minimum for t = 0. Therefore 


0= J(u tv) |-o= | (cigs Oey, + fn fu)dx. (6.4) 
This reinforces that solutions of the Dirichlet problem (4.1) are minima of 
J(-) and vice versa. The procedure leading to (6.4), which is called the Euler 
equation of J(-), has a broader scope. It can be used to connect stationary 
points, not necessarily minima, of a functional J(-), for which no convexity 
information is available, to solutions of its Euler equation. 

The derivative of e + J(u+ ey) at ¢ = 0 is called the Gateaux derivative 
of J(-) at u. Relative variations from J(u) to J(v) are computed along the 
“line” in R x W)?(E) originating at u and “slope” y. In this sense Gateaux 
derivatives are directional derivatives. A more general notion of derivative of 
J(-) is that of Fréchet derivative, where relative variations from J(u) to J(v) 
are computed for any v however varying in a W}:?(E£)-neighborhood of u ([9], 
Chapter I, Section 1,2). 


7 Solving the Homogeneous Dirichlet Problem (4.1) by 
Galerkin Approximations 


Let {wy} be a countable, complete, orthonormal system for W}:?(E). Such a 
system exists, since W):?(E) is separable, and it can be constructed, for ex- 
ample, by the Gram—Schmidt procedure, for the natural inner product a(u, v) 
introduced in (5.1). Thus in particular 


Ahk -| QijWh,x; Wk,x; dx = ohk (7.1) 
E 


where 5;x is the Kronecker delta. Every v € W}?(E£) admits the represen- 
tation as v = D> vugw, for constants vg. The Galerkin method consists in 
constructing the solution u of (4.1) as the weak W}:?(E) limit, as n — oo, of 
the finite-dimensional approximations 
n 
Un = > Cn,hWh 
h=1 


where the coefficients cpp, are computed by enforcing an n-dimensional version 
of the PDE in its weak form (1.3). Precisely, u, is sought as the solution of 


| ( a4jtin,2 Ute eG Siete He vp ) dr =0 (7.2) 
E k=1 k=1 k=1 
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for all v € W}?(E). From this 


> ur ys a tisha Whanle + f (f;Wr,2, + fwr) de} —0 
E E 


k=1 h=1 


Setting 
Ahk aa) ij Wh,n;Wk,x; IZ, On = -| (fj wrx; + fwr) dx 
E E 


and taking into account that v € W}?(E) is arbitrary, the coefficients cpp, 
are computed as the unique solution of the linear algebraic system 


Do cnn Ank = Oe for k=1,...,n. (7.3) 
hat 


By (7.1), Anx is the identity matrix, and therefore cy, = op for alln,h EN. 
With u,, so determined, put v = uy, in (7.2), and assuming momentarily that 
N > 2, estimate 


Al|Vunll3 < [Ifll2||Venll2 + Il fllo-« 


ax S ([lfll2 + ylflla*) 


where 7 is the constant of the embedding inequality (3.1). Therefore {u,,} 
is bounded in W}:?(E), and a subsequence {un} C {un} can be selected, 
converging weakly to some u € W}?(E£). Letting n — oo in (7.2) shows that 
such a wu is a solution of the homogeneous Dirichlet problem (4.1). In view of 
its uniqueness, the whole sequence {u,,} of finite-dimensional approximations 
converges weakly to u. The same arguments hold true for N = 2, by the minor 
modifications indicated in Section 6.1. 


Un 


|Vunll2 


7.1 On the Selection of an Orthonormal System in W?}:?(E) 


The selection of the complete system {w,} is arbitrary. For example the 
Gram-—Schmidt procedure could be carried on starting from a countable col- 
lection of linearly independent elements of W}:?(), and using anyone of the 
equivalent inner products in (3.9), or the construction could be completely 
independent of Gram—Schmidt procedure. The Galerkin method continues to 
hold, except that the coefficients A); defined in (7.1) are no longer identified 
by the Kronecker symbol. This leads to the determination of the coefficients 
Cn,h as solutions of the linear algebraic system (7.3), whose leading n x n ma- 
trix (Anz) is still invertible, for all n, because of the ellipticity condition (1.1). 
The corresponding unique solutions might depend on the nth approximating 
truncation, and therefore are labeled by ¢Cp,n. 

While the method is simple and elegant, it hinges on a suitable choice 
of complete system in W}:?(£). Such a choice is suggested by the specific 
geometry of E and the structure of the matrix (a;;) ([34]). 
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7.2 Conditions on f and f for the Solvability of the Dirichlet 
Problem (4.1) 


Revisiting the proofs of these solvability methods shows that the only required 
conditions on f and f are 


q=2* if N>2 


anyg>1 if N=2. (7.4) 


feLl’(E) f¢ LE) where { 
Theorem 7.1. Let (7.4) hold. Then the homogeneous Dirichlet problem (4.1) 
admits a unique solution. 


8 Traces on OE of Functions in W1?(E) 


8.1 The Segment Property 


The boundary OF has the segment property if there exist a locally finite open 
covering of OE with balls {B,(x;)} centered at x; € OE with radius t, a 
corresponding sequence of unit vectors n;, and a number t* € (0,1) such that 


ce ENBi(2z;) => x«xt+tn;€E forall te (0,t*). (8.1) 


Such a requirement forces, in some sense, the domain FE to lie locally on one 
side of its boundary. However no smoothness is required on OF. As an example 
for « € R let 


w= | Pian tree sd way Se, 62) 
0 


The set F satisfies the segment property. The cone property does not imply the 
segment property. For example, the unit disc from which a radius is removed 
satisfies the cone property and does not satisfy the segment property. The 
segment property does not imply the cone property. For example the set in 
(8.2), does not satisfy the cone property. The segment property does not imply 
that OE is of class C!. Conversely, OE of class C' does not imply the segment 
property. 

A remarkable fact about domains with the segment property is that func- 
tions in W!?(E) can be extended “outside” E to be in W1!?(E’), for a larger 
open set E’ containing E. A consequence of such an extension is that func- 
tions in W1?(E) can be approximated in the norm (1.6) by functions smooth 
up to OLE. Precisely 


Proposition 8.1 Let E be a bounded open set in RX with boundary OE of 
class C! and with the segment property. Then CS°(R%) is dense in W1?(E). 


Proof. Section 8.1¢ of the Complements. 
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8.2 Defining Traces 


Denote by y = y(N,p, OE) a constant that can be quantitatively determined 
a priori in terms of N, p, and the structure of OF only. 


Proposition 8.2 Let OE be of class C! and satisfy the segment property. If 
l<p<N, there exists y = y(N,p,0E) such that for alle > 0 
1 
lull» xcron SllVullp+7(1+=)Iullp for all we C2 (RY). (8.3) 


If p = N, then for all q > 1, there exists y = y(N,q,0E) such that for all 
e>0 


1 
lular <elVully +7(1+=)llully for all we OR(RN). (8.4) 
Ifp>N, there exists y = y(N,p, OF) such that for alle > 0 


1 
lulloo,on S ellVullp +7(1+ =) llullp 
_N - 
u(x) — u(y)| < ye —yl'~? lull for all x,y ¢ E. 
Proof. Section 8.2c of the Complements. 


Remark 8.1 The constants y in (8.3) and (8.5) tend to infinity as p > N, 
and the constant y in (8.4) tends to infinity as g > oo. 


Since u € CS°(R), the values of u on OE are meant in the classical sense. By 
Proposition 8.1, given u € W!?(E) there exists a sequence {u,} C CS°(RY) 
such that {un} > u in W1?(E). In particular, {u,} is Cauchy in W'?(E) 
and from (8.3) and (8.4) 


[lta tera, p* No1,0E < yun — Umlli,p if l<p<N 


lun — Unllaaz < Y|\Un — Umllap for fixedg>1if p>N>1. 


By the completeness of the spaces L?(OF), for p> 1 


* N—-1 
_ [LP “r (dE) if l<p<N 
n t : . 
{tnlog} > tr(u) in ee Gara ¢> le psn sa @*) 


One verifies that tr(w) is independent of the particular sequence {u,,}. There- 
fore given u € W1?(E), this limiting process identifies its “boundary values” 
tr(u), called the trace of u on OE, as an element of L’(F), with r speci- 
fied by (8.6). With perhaps an improper but suggestive symbolism we write 
tr(u) = ular. 
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8.3 Characterizing the Traces on 0E of Functions in W1?(E) 


The trace of a function in W!?(E) is somewhat more regular that merely an 
element in L?(OE£) for some p > 1. For v € C®(0E) and s € (0,1), set 


Pp 
WIE noe = ff Oe dola)doty) <co (817) 


where da(-) is the surface measure on OE. Denote by W*? (OE) the collections 
of functions v in L?(OF) with finite norm 


llUlls,p:a2 = |lUllp,az + [lellls.naz- (8.8) 


The next theorem characterizes the traces of functions in W!?(E) in terms 
of the spaces W*? (OF). 


Theorem 8.1. Let OE be of class C! and satisfy the agen property. If 
u € W}?(E), then tr(u) € W*?(0E), with s = 1— +. Conversely, given 
ve W* (OE), with s=1— a there exists u€ W'?(E ‘ such that tr(u) = v. 


Proof. Section 8.3c of the Complements. 


9 The Inhomogeneous Dirichlet Problem 


Assume that OE is of class C! and satisfies the segment property. Given f 
1 
and f satisfying (7.4) and y € W2-7(0E), consider the Dirichlet problem 


—(aijte,),, =divf-f in EB 


(9.1) 
tls =” on OF. 


By Theorem 8.1 there exists v € W1?(E£) such that tr(v) = y. A solution of 
(9.1) is sought of the form u = w+ v, where w € Wi’?(E) is the unique weak 
solution of the auxiliary, homogeneous Dirichlet problem 


—(aijWe,) », =divf — f ne 


=0 on OE where fj = fj + aijVz;- (9.2) 


wlan 
Theorem 9.1. Assume that OE is of class C' and satisfies the segment prop- 


erty. For every £ and f satisfying (7.4) and yp € W22(QE), the Dirichlet 
problem (9.1) has a unique weak solution u€ W1?(E). 


Remark 9.1 The class W!:?(£) where a weak solution is sought character- 
izes the boundary data y on OF that ensure solvability. 
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10 The Neumann Problem 


Assume that OE is of class C! and satisfies the segment property. Given f 
and f satisfying (7.4), consider the formal Neumann problem 


—(aijte;),, =divf-f in E 


(10.1) 

(aijte, + fj)nj =~ on OF 
where n = (nj,...,Ny) is the outward unit normal to 0F and w € L?(OE) 
for some p > 1. If aij = 64;, f = f = 0, and wv are sufficiently regular, this 
is precisely the Neumann problem (1.3) of Chapter 2. Since a;; € L°(E) 
and f € L?(£), neither the PDE nor the boundary condition in (10.1) are 
well defined, and they have to be interpreted in some weak form. Multiply 
formally the first of (10.1) by v € CS°(R%) and integrate by parts over E, 
as if both the PDE and the boundary condition were satisfied in the classical 
sense. This gives formally 


| (ijn, Uz, + fjv2; + fu)dax =} wu do. (10.2) 
E aE 


If v € CS°(RY) is constant in a neighborhood of E, this implies the necessary 
condition of solvability? 


| fdx = | de. (10.3) 


It turns out that this condition linking the data f and w is also sufficient 
for the solvability of (10.1), provided a precise class for ~ is identified. By 
Proposition 8.1, if (10.2) holds for all v € CS°(R%), it must hold for all 
v € W!(£), provided a solution u is sought in W!?(£). In such a case, the 
right-hand side is well defined if ¢ is in the conjugate space of integrability 
of the traces of functions in W!?(E). Therefore the natural class for the 
Neumann datum is 


if N>2 
weLi(0E), where N (10.4) 

any q>1 if N=2. 
Theorem 10.1. Let OE be of class C! and satisfy the segment property. Let 
f and f satisfy (7.4) and w satisfy (10.4) and be linked by the compatibility 


condition (10.8). Then the Neumann problem (10.1) admits a solution in the 
weak form (10.2) for allu € W1?(E). The solution is unique up to a constant. 


Proof. Consider the nonlinear functional in W!:?(E) 


?This is a version of the compatibility condition (1.4) of Chapter 2; see also 
Theorem 6.1 of Chapter 3, and Section 6 of Chapter 4. 
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ion | (La;;t2,Ux, + fin, + fu)dx | __blwde, (10.5) 


By the compatibility condition (10.3), J(u) = J(u — ug), where uz is the 
integral average of u over FE. Therefore J(-) can be regarded as defined in the 
space W!:?(E) introduced in (1.8). One verifies that J(-) is strictly convex in 
W?(E). Assume momentarily that N > 2, let 2** be the Holder conjugate 
of 2*, and estimate 


| f fiueja| < [aul 
E 


U 


| f fud| < [fla-llllar < Il flle~ Vall 
E 
where ¥ is the constant in the embedding inequality (3.4). Similarly, using the 


trace inequality (8.3) 


| f_ ete(ada| < [llavelteDla-agto8 
SV Vllaow (llull2 + |Vull2) < 277 |!VllqoellVull2 
where ¥ is the largest of the constants in (3.4) and (8.3). Therefore 
Fy + ZAllVull3 < J(u) < Al|Vull3 + Fi (10.6) 


for all u € W!?(E), where 


2 
Qe* 277 ||v ll q,0z) : 


1 
Py =5 (iifle +l 


By Corollary 3.2, the ||u||;,.2 norm of W!?(£) is equivalent to ||Vull2. With 
these estimates in hand the proof can now be concluded by a minimization 
process in W!?(£), similar to that of Section 6. The minimum u € W!?(E) 
satisfies (10.2), for all v € W!?(E) and the latter can be characterized as the 
Euler equation of J(-). 


Essentially the same arguments continue to hold for N = 2, modulo minor 
variants that can be modeled after those in Section 6.1. 


10.1 A Variant of (10.1) 


The compatibility condition (10.3) has the role of estimating J(-) above and 
below as in (10.6), via the multiplicative embeddings of Theorem 3.2. Consider 
next the Neumann problem 


—(aijte;), thu=divf-f in B 


10.7 
(aijUx, + fj)nj =V on OF ( ) 
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where ps > 0, f, f € L?(E), and ~ satisfies (10.4). The problem is meant in its 
weak form 


| (Gig tin Mary + fjv2; + puv + fv)dx =| wu da (10.8) 
B ab 
for all v € W?(E). No compatibility conditions are needed on the data f 


and w for a solution to exist, and in addition, the solution is unique. 


Theorem 10.2. Let OE be of class C! and satisfy the segment property. Let 
f, f € L?(E), and let w satisfy (10.4). Then the Neumann problem (10.7) with 
pt > 0 admits a unique solution in the weak form (10.8). 


Proof. If u, and uz are two solutions in W1:?(£), their difference w satisfies 
| (aijw2,Wz, + pw?) dx = 0. 
E 
The nonlinear functional in W!?(E£) 


J(u) 2 (SajjUe,Uc, + 3H + fjue, + fu)de — wtr(u)do (10.9) 
B aB 


is strictly convex. Then a solution can be constructed by the variational 
method of Section 6, modulus establishing an estimate analogous to (6.2) 
or (10.6), with ||Vu||2 replaced by the norm ||u||1,2 of W!?(£). Estimate 


| f fivs,de| <[flaiVull, | ff fude| < Ufllelulle 
E E 
| [eee(uda| < alfllooe (lull + Vel) 


where ¥ is the constant of the trace inequality (8.3). Then the functional J(-) 
is estimated above and below by 


_F, + dmin{d; u}Ilull2.2 < Ju) <$max{A;u}llullZy+F, (10.10) 
for all u € W!?(E), where 


1 2 
2 Sea (ll€llo + [lf ll2 + YIl¥llaaz) a 


11 The Eigenvalue Problem 


Consider the problem of finding a nontrivial pair (u,u) with w € R and 
u € W} (BE), a solution of 
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—(aijte,), =U in EB 
(aute)e, (11.1) 
u-O0 on OF. 


This is meant in the weak sense 
| (aijUz,v2, —wuv)de =0 for all ve W)7(E). (11.2) 
EB 


If (2, w) is a solution pair, is an eigenvalue and u is an eigenfunction of (11.1). 
In principle, the pair (y,u) is sought for « € C, and for u in the complex- 
valued Hilbert space W}:?(E), with complex inner product as in Section 1 of 
Chapter 4. However by considerations analogous to those of Proposition 7.1 of 
that Chapter, eigenvalues of (11.1) are real, and eigenfunctions can be taken 
to be real-valued. Moreover, any two distinct eigenfunctions corresponding to 
two distinct eigenvalues are orthogonal in L?(EF). 


Proposition 11.1 Eigenvalues of (11.1) are positive. Moreover, to each 
eigenvalue ts there correspond at most finitely many eigenfunctions, linearly 
independent, and orthonormal in L?(E). 


Proof. Tf uw < 0, the functional 
W2?(F) su > | (aij Uc; Ux, — Wu) dx (11.3) 
E 


is strictly convex and bounded below by \||Vul|3. Therefore it has a unique 
minimum, which is the unique solution of its Euler equation (11.1). Since 
u = 0is a solution, it is the only one. Let {u,} be a sequence of eigenfunctions 
linearly independent in L?(E), corresponding to yu. Without loss of generality 
we may assume they are orthonormal. Then from (11.2), ||[Vun|l2 < /u/A for 
all n, and {uy} is equi-bounded in W)?(E). If {un} is infinite, a subsequence 
can be selected, and relabeled with n, such that {u,} — u weakly in W)?(E) 
and strongly in L?(E). However, {un} cannot be a Cauchy sequence in L?(£), 
since ||un — Um||2 = V2 for all n,m. | | 


Let {ty,1,--+;Uy,n, } be the linearly independent eigenfunctions corresponding 
to the eigenvalue . The number n,, is the multiplicity of yw. Ifn, = 1, then yw 
is said to be simple. 


12 Constructing The Eigenvalues of (11.1) 


Minimize the strictly convex functional a(-,-) on the unit sphere S, of L?(£), 
that is 
min a(u,u)= min | AijUe, Ue, dz 
B 


uew?d?(B) uew?d?(B) 
||ulla=1 l|ulla=1 
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and let y, > 0 be its minimum value. A minimizing sequence {u,} C $4 
is bounded in W2?(E), and a subsequence {un} C {un} can be selected 
such that {un} > wi weakly in W}:?(E) and strongly in L?(E). Therefore 
wy, € Sj, it is nontrivial, 4, > 0, and 


fi = lima(un, Un) > lima(wi, wi) > f1. (12.1) 


Thus 
a(wy + v, wi + v) 
Ir + vl15 


It follows that the functional 


fi < for all v € W5?(E). (12.2) 


W>(E) 30> Ty, (v) =| (aap ath, = pw) dx 
E 


+ >| (OgUpie, _ jv”) da 
2 Jn 


is non-negative, its minimum is zero, and the minimum is achieved for v = 0. 


Thus 
d 


dt 
The latter is precisely (11.2) for the pair (41, wi). While this process identi- 
fies 4, uniquely, the minimizer w; € S depends on the choice of subsequence 
{un} C {un}. Thus a priori, to 4 there might correspond several eigenfunc- 
tions in W}?(E)N Si. 
If wp and the set of its linearly independent eigenfunctions have been 
found, set 


Ty, (tv)|,-9 =9 for all v € W>’?(E). 


E, = {span of the eigenfunctions of pu, } 
Wi? (BE) = W2?(E)n[é,U---UEn]> 


consider the minimization problem 


min a(u,u)= min | AjjUe, Ug, dx 
uewL? (Bz) uews 2 (2) JB 
lullg=2 lullg=a 


and let fin4i > Un be its minimum value. A minimizing sequence {u,} C Sy 
is bounded in Wj}?(E), and a subsequence {un} C {un} can be selected 
such that {un} + Wn4i weakly in W;)?(£) and strongly in L?(E). Therefore 
Wn+1 € S1 is nontrivial, and 


Bn+1 = lima(un, Un’) > lim a(Wn41, Wn41) > Mn41- 


Thus 
a(Wn41 + U,Wn41 tv) 


for all v € W,?(E). 
I|n+1 + v3 


Un+1 < 
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It follows that the functional 


Wi? (B) DU> Funai (v) -| (Geptin si o7De, _ Un41Wn410) dr 
E 


+ >| ( Cay Casi, =. [n41v°) dx 
2JE 


is non-negative, its minimum is zero, and the minimum is achieved for v = 0. 


Thus d 
Glnsi(tv) |,9= 0 for all v € W,,°(B). 


This implies 


(0ijn41,2,U2, _ Un+1Wn410) dz =0 (12.3) 


for all v € W}}?(E). The latter coincides with (11.2), except that the test 
functions v are taken out of W)}?(E) instead of the entire W)?(E). Any 
v € W}?(E) can be written as v = vt + uo, where vt € W}:?(E) and v, has 
the form 


ken 
Vo = Df vj; 
jal 


where v; are constants, and w; are eigenfunctions of (11.1) corresponding to 
eigenvalues ;, for 7 < n. By construction 


i (Gitta Vom: = Un41Wn41U0) dz = 0. 
E 


Hence (11.2) holds for all v € W}:?(E), and (fn41, Wn41) is a nontrivial solu- 
tion pair of (11.1). While this process identifies ,41 uniquely, the minimizer 
Wn+1 € 5, depends on the choice of subsequence {un} C {un}. Thus a priori, 
to fn41 there might correspond several eigenfunctions. 


13 The Sequence of Eigenvalues and Eigenfunctions 


This process generates a sequence of eigenvalues [in < [Un4+1 each with its own 
multiplicity. The linearly independent eigenfunctions {wy,,1,---,Wyn,nj, t 
corresponding to js, can be chosen to be orthonormal. The eigenfunctions 
are relabeled with n to form an orthonormal sequence {w,,}, and each is asso- 
ciated with its own eigenvalue, which in this reordering remains the same as 
the index of the corresponding eigenfunctions ranges over its own multiplicity. 
We then write 

Hy Spe Ss Sen S 


Wi W2 ws Wn 


(13.1) 
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Proposition 13.1 Let {ti} and {w,} be as in (13.1). Then {tn} > co as 
n —> oo. The orthonormal system {wn} is complete in L?(E). The system 
{\/finwn} is orthonormal and complete in Wj?(E) with respect to the inner 
product a(-,-). 


Proof. If {in} + [oo < 00, the sequence {w,,} will be bounded in W}:?(E), 
and by compactness, a subsequence {wy} C {wy} can be selected such that 
{wn} > w strongly in L?(E). Since {w,} is orthonormal in L?(E) 
2= lim |lwn: — wm||? > 0. 
n’,m!—oo 

Let f € L?(E) be nonzero and orthogonal to the L?(£)-closure of {w,,}. Let 
ut © Wj?(E) be the unique solution of the homogeneous Dirichlet problem 
(4.1) with f = 0, for such a given f. Since f 4 0, the solution uy # 0 can be 
renormalized so that ||w;||2 = 1. Then, for alln € N 


n= inf a(u,u) < a(uy,uf) < lle. 
) 


llullg=1 


It is apparent that {\/fimwn} is an orthogonal system in Wj:?(£) with respect 
to the inner product a(-,-). To establish its completeness in W1:?(E) it suffices 
to verify that a(w,,u) = 0 for all w,, implies u = 0. This in turn follows from 
the completeness of {w,} in L?(E). | 


Proposition 13.2 j; is simple and w,; > 0 in E. 


Proof. Let (f11,w) be a solution pair for (11.1) for the first eigenvalue 11. 
Since w € W}?(E), also w+ € W}?(E), and either of these can be taken as a 
test function in the corresponding weak form (11.2) for the pair (141, w). This 
gives 


a(w*, w=) = per ||w*|3- 


Therefore in view of the minimum problem (12.2), the two functions w* are 
both non-negative solutions of 


—(aijWz,) 9, = pw weakly in E 


13.2 
wt —0 on OF. a) 


Lemma 13.1 The functions w* are Holder continuous in E, and if wt (xo) > 
0 (w~ (xo) > 0), for some xo € E, then wt > 0 (w~ > 0) in E. 


Assuming the lemma for the moment, either wt = 0 or w~ = 0 in E. There- 
fore, since w = wt — w~, the eigenfunction w can be chosen to be strictly 
positive in &. If v and w are two linearly independent eigenfunctions corre- 
sponding to p, they can be selected to be both positive in EF and thus cannot 
be orthogonal. Thus v = yw for some y € R, and jz; is simple. a 


The proof of Lemma 13.1 will follow from the Harnack Inequality of Section 8 
of Chapter 11. 
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14 A Priori L°(E) Estimates for Solutions of the 
Dirichlet Problem (9.1) 


A weak sub(super)-solution of the Dirichlet problem (9.1) is a function u € 
W!?(E), whose trace on OF satisfies tr(u) < (>)y and such that 


| (aijtx,V2; + fjU2; + fr)dx < (2)0 (14.1) 
E 


for all non-negative v € W2?(£). A function u € W!?(£) is a weak solution 
of the Dirichlet problem (9.1), if and only if is both a weak sub- and super- 
solution of that problem. 


Proposition 14.1 Let u € W!?(E) be a weak sub-solution of (9.1) for N > 
2. Assume 


y+ €L°(9E), feLN+(E), f,e LF (Ez) (14.2)4 
for some e > 0. Then ux € L°(E) and there exists a constant C. that can 
be determined a priori only in terms of X, A, N, €, and the constant y in the 


Sobolev embedding (3.1)-(3.2), such that 


wseJ[E}  (14.3)4 


esssup uy < max { ess SUP 4) Ce[ll€llv+e3 ELI Fl 


where ss 
6 = ———_.. 14.4 
N(N +¢) ee) 


A similar statement holds for supersolutions. Precisely 


Proposition 14.2 Let u € W!?(E) be a weak super-solution of (9.1) for 
N > 2. Assume 


y_€L°(@E), feLX+*(B), f_eL°*(B) (14.2)_ 
for some e > 0. Then u_ € L®(E) and 


esssupu_ < max { esssup y_;Ce[|lf||v+es|El° || f-l|xte][EI°}  (14.3)- 
EB dE 


2 


for the same constants Cz and 0. 


Remark 14.1 The constant Cz in (14.3)+ is “stable” as ¢ — oo, in the sense 
that iff and fy are in L°(£), then uz € L°(£) and there exists a constant 
Ca. depending on the indicated quantities except ¢, such that 


 < max { ess sup ys; Cx [[floos EI* ll Falla] EI* }. (14.5) 


ess sup U4 
E 
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Remark 14.2 The constant C, tends to infinity as e > 0. Indeed, the propo- 
sitions are false for ¢ = 0, as shown by the following example. For N > 2, the 
two equations 


N-2 1 
Au = where = a Oe 
t !=GPinjel ~ je?in2|a\ 
han 
Au = fine; where ce = Jz? In ]a| 


are both solved, in a neighborhood F of the origin by u(x) = In | In |||. One 
verifies that 


N+e 


feELt(E) and f¢L°=(E) forany e>0 
feLN(F) and f¢LNt*(E) for any ¢>0. 


Remark 14.3 The propositions can be regarded as a weak form of the max- 
imum principle (Section 4.1 of Chapter 2). Indeed, if u is a weak sub(super)- 
solution of the Dirichlet problem (9.1), with f = f = 0, then uz < tr(u)+ 
(u_ < tr(u)_). 


15 Proof of Propositions 14.1—14.2 
It suffices to establish Proposition 14.1. Let u € W1?(E) be a weak sub- 


solution of the Dirichlet problem (9.1), in the sense of (14.1) for all non- 
negative v € W)?(E). Let k > ||~+||00,0£ to be chosen, and set 


1 
lin = k(2- =), An =[u>kn],  n=1,2,.... (15.1) 


Then (u—k,)+ € W2?(E) for all n € N, and it can be taken as a test function 
in the weak formulation (14.1) to yield 


J Ulasites + f5] (w= bday + f(t — bn) < 0. 
From this, estimate 


AV (u— kn)+13 S ll£Xa,, 


all V(u — kn) +ll2 + ie Ce re 


x 1 
< AV (u— kn) 412 + <1£%4, 12 + | firlu—ke)4de 
4 > - 


i) 


r 1 2 
< FIV Cu — kn) + SU yel nl 
+ | fe(u—hn)ade. 
E 


The last term is estimated by Holder’s inequality as 
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I fu kn)4de S| full_ge_ [Iu — en) ll 


p*—1 


where 


For these choices one verifies that 1 < p < 2 for all N > 2. Therefore by (3.1) 
of the embedding of Theorem 3.1 


[feu bo)vde < a feliz VCH — ba) 


li 2 
< 7||V(u— ken) +llall fll spe |An|@ Oo ®? 


2 


X 7? os 
SGlvve= kn)+llo + J Mfr llage |An|?-*. 


2 


Combining these estimates gives 


|V(u — kn) 413 < C2|An|t- #4? (15.3) 
where 
2_ 27° 2 25 2 
Co = Sr max {Ilflliv es EI f+ ll Nee} 


and 6 is defined in (14.4). 


15.1 An Auxiliary Lemma on Fast Geometric Convergence 


Lemma 15.1 Let {Y,,} for n = 1,2,..., be a sequence of positive numbers 
linked by the recursive inequalities 


Gar SP ey (15.4) 
for someb>1, K >0, ando > 0. If 

Y¥, <o-V/e"* K-Ve (15.5) 
Then {Yn} — 0 as n — oo. 


Proof. By direct verification by applying (15.5) recursively. | 


15.2 Proof of Proposition 14.1 for N > 2 


By the embedding inequality (3.1) for W}:?(E) and (15.3) 


k? 
TilAmeal Sf (w= ba) Xetnel@e S [Nl bo) 8 


< ||(u— kn)+ 
SPCR An| 8, 


(15.6) 


2 2. 
An|® < ¥||V(u- kn)+131An| ® 


2 
9 
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From this — 
4” 
|An+il < a for all ne N (15.7) 


where ¥ is the constant of the embedding inequality (3.1). If {|A,|} > 0 as 
n — oo, then u < 2k a.e. in E. By Lemma 15.1, this occurs if 


|Ay| < |E| < g- 1/28? (1/8, 1/6 


This in turn is satisfied if k is chosen from k = 21/?°C,|E|°. oO 


15.3 Proof of Proposition 14.1 for N = 2 


The main difference is in the application of the embedding inequality in (15.6), 
leading to the recursive inequalities (15.7). Let g > 2 to be chosen, and modify 
(15.6) by applying the embedding inequality (3.2) of Theorem 3.1, as follows. 
First 


1q-2 
[Iu — Kn)a lle S Mu — kn) + lel Anl2OW ? 

1-2 2 1q-2 

SQV urkn alle “WCU nels Anl2O-? 


1 a. 
S 5i(u — kn )+ lle + VQMIIV (u — Kn) +llalAnl?- 


Therefore 
k? 2 
qr lAn+1| < | (u = kin) Xtu>ken41]E£ 
E 


S ||(u— kn) +113 < 27(@)C3|An| 4. Z 


16 A Priori L~(E) Estimates for Solutions of the 
Neumann Problem (10.1) 


A weak sub(super)-solution of the Neumann problem (10.1) is a function 
u € W!(E) satisfying 


| (a;jte,Ve,; + fjV2; + fv)dx a ce) | wu da (16.1) 
E dE 


for all non-negative test functions v € W!?(E£). A function u € W!?(E) isa 
weak solution of the Neumann problem (10.1), if and only if is both a weak 
sub- and super-solution of that problem. 


Proposition 16.1 Let OE be of class C' and satisfying the segment property. 
Let u € W'?(E) be a weak sub-solution of (10.1) for N > 2, and assume that 


N+e 


be LN 4998), FELNH(E), fy € LF (B) (16.2) 
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for some o > 0 ande > 0. Then ux € L®(E), and there exists a positive 
constant Cz that can be determined quantitatively a priori only in terms of 
the set of parameters {N, A, A,e,o}, the constant y in the embeddings of The- 
orem 2.1, the constant y of the trace inequality of Proposition 8.2, and the 
structure of OF through the parameters h and w of its cone condition such 
that 


0) 
cs spa = Ge max {||u+ [25 |!Y+llgows llfllv+es EM felluge}  (16.3)+ 


where 


N-1 e 
d = ———.. 
wo @! °= TNS 


GaN =—1--e, C=s (16.4) 


Proposition 16.2 Let OE be of class C! and satisfying the segment property. 
Let u € W1?(E) be a weak super-solution of (10.1) for N > 2, and assume 
that 


N+e 


w.€LN-“7(9F), fel" (ze), foeL F(z) (16.2)_ 


for somea > 0 ande > 0. Then u_ € L™(E) 


esssupu— < Ce max {|e ||25 ||Y—llqazs llfllw+es|EZl I f-llyge} — (16.3)- 


where the parameters q, 0, 6 and Cz are the same as in (16.3), and (16.4). 


Remark 16.1 The dependence on some norm of u, for example ||w4|l2, is 
expected, since the solutions of (10.1) are unique up to constants. 


Remark 16.2 The constant C, in (16.3) 
that if 


. is “stable” as € — oo, in the sense 


wee Lee, Fel, fer (16.5) 


then uz € L°(£) and there exists a constant C,, depending on the indicated 
quantities except ¢ and o such that 


ess sup ut < Coo max {||u+||2; ess sup Hs; ||fll00; |E|* || flloo}- (16.6) 
E dE 

Remark 16.3 The constant C; in (16.3)+ tends to infinity as « > 0. The 
order of integrability of f and f required in (16.2)+ is optimal for us to be in 
L°°(E). This can be established by the same local solutions in Remark 14.2. 
Also, the order of integrability of + is optimal for uz to be in L*(E), even 
if f = f = 0. Indeed, the propositions are false for 0 = 0 and f = f = 0, 
as shown by the following counterexample. Consider the family of functions 
parametrized by 7 > 0 (Section 8 of Chapter 2) 


1 
Rx Rt = E53 (2,y) > F,(z,y) = a, nv? + (y+7)?. 
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One verifies that F, are harmonic in /, and on the boundary y = 0 of E 


_ ) 
Frylyo Q(x? + 1?) . 


One also verifies that 


1 
i Fy y (x, 0)dx = 5 for all 7 > 0. 
R 


Therefore if an estimate of the type of (16.3)4 were to exist for o = 0, and 
with C independent of o, we would have, for all (x,y) in a neighborhood E, 
of the origin 


|F,(z,y)| < CO + ||FryC, 0) |laz) = 3C for all 7 > 0. 


Letting 7 > 0 gives a contradiction. While the counterexample is set in Rx Rt, 
it generates a contradiction in a subset of E, about the origin of R?. 


Remark 16.4 The constants C. in (16.3)+ and C,, in (16.6) depend on the 
embedding constants of Theorem 2.1. As such, they depend on the structure 
of OF through the parameters h and w of its cone condition. Because of this 
dependence, Cz and C, tend to oo as either h > 0 or w > 0. 


Remark 16.5 The propositions are a priori estimates, which assume that a 
sub(super)-solution exists. Sufficient conditions for the existence of a solution 
require that f and w must be linked by the compatibility condition (10.3). 
Such a requirement, however, plays no role in the a priori L°(£) estimates. 


17 Proof of Propositions 16.1—16.2 
It suffices to establish Proposition 16.1. Let u € W1?(E) be a sub-solution 
of the Neumann problem (10.1), in the sense of (16.1), and for k > 0 to be 


chosen, define k, and A, as in (15.1). In the weak formulation (16.1) take 
v = (u— kn4i)+ € W' (EB), to obtain 


[Messme + fj)(U— kn41)+a; + fe (u — kn41)+]dx < I. o+(u— kn41)4do. 
Estimate the various terms by making use of the embedding (2.1), as follows 
| | fj(u — kn41) +2, 42] < ||V(u — kn41)+|lall€X4,44 [le 
< FIV (u— knss) eB + Flt Repeldnsal? 


Next, for the same choices of p, as in (15.2), by the embedding (2.1) of The- 
orem 2.1 
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| I fr(u—knar)ede| < [fellrgell(u— kuti) 


p* 


ry 1 
= oll fell N+e (Fll(u — kn+1)+|lp + ||V(u- kn+1)4lln) 


2 


IA 


A 
FIV = ng a)elle +(e — Fn) alle 


464 1) ep py [evel Areal 
w? aN Ah? + 7 a 


where ¥ is the constant of the embedding inequality (2.1), and 6 is defined in 
(14.4). Setting 


0) 
FY =|[fllnge +E Ifellxze, = Cr = 


the previous remarks imply 
A 2 
Vu Knta)+ll2 < Iu knga) ell + CLP Angi | 9 
f | p+ (u— king) +40}. 
OE 


The last integral is estimated by means of the trace inequality (8.3). Let 


++.) 


g=N-14+0=(N-1)(-> 


be the order of integrability of ~ on OF and determine p* and p from 
Nop 1 p-l1 N 


* 


q prN-1 a er q p N-1 


One verifies that for these choices, 1 < p < 2 < N, and the trace inequality 
(8.3) can be applied. Therefore 


[ff elu keas)ado] < laos (u— knsa) 


<|l¥+|lqaz [IV (w = kn+1)+\lp qr 2y||(u = kn+1)+llo| 
Li 
S|! +llqaz [IV (ue — kn41)+ll2 + 27] (u — kn41)4ll2]|Anzil?? 


aN 
SZIVu— nga) lle + Ie — knoll 


1 2_ 
+ (7? +5) lW+llfonl Antal? 


Denote by Cz, £=1,2,... generic positive constants that can be determined 
quantitatively a priori, only in terms of the set of parameters {N, A, A}, the 
constant y in the embeddings of Theorem 2.1, the constant y of the trace 
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inequality of Proposition 8.2, and the structure of OF through the parameters 
h and w of the cone condition. Then combining the previous estimates yields 
the existence of constants Cy and C3 such that 


IV (a — kn 4)4+II2 < Calle — bust) IB + CaF2|Angil #42 (17.1) 
where we have set 


F? = max {||WI2.on; llfleves LEP fe llBege}- 


17.1 Proof of Proposition 16.1 for N > 2 
By the embedding inequality (2.1) of Theorem 2.1 for W!?(E£) and (17.1) 


a 
I|(u — Kenta) +12 < Iu — kent) +ll2-|An+al® 


27? 1 2 
< (Vu kenga) 418 + Sl (u — nga) 4115) An sal ® (17.2) 
W h 
< Cal|(u — kn)4 2] Angal® + CsF2|Angalt?. 
For alln € N 
k? 
Yn ea (u — kn)2dx > | (u — kn4i)ide > —|An41l- 
EB An4+1 4 


Therefore the previous inequality yields 


2 


4" C4 1405 ( 1 2 Mie aCe Age 
bene ese 740 Nas je ae dx + 540 Y,, , 


Take k > max {||u||2; F.}, so that 


1 9 F? 
gf wae st and pp 
This choice leads to the recursive inequalities 
"Ce 
Yn41 S [a5 ei (17.3) 


for a constant Cg that can be determined a priori only in terms of {N, 4, A}, 
the constants y in the embedding inequalities of Theorem 2.1, the trace in- 
equalities of Proposition 8.2, the smoothness of 0F through the parameters w 
and h of its cone condition, and is otherwise independent of f, f, and w. By 
the fast geometric convergence Lemma 15.1, {Y,} > 0 as n — co, provided 


be me Paes odk 
We conclude that by choosing 
= 215° C5/ max{|ull2; Fa} 
then Yx = ||(u — 2k)4||2 = 0, and therefore u < 2k in EF. | 
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17.2 Proof of Proposition 16.1 for N = 2 


The only differences occur in the application of the embedding inequalities of 
Theorem 2.1, in the inequalities (17.2), leading to the recursive inequalities 
(17.3). Inequality (17.2) is modified by fixing 1 < p < 2 and applying the 
embedding inequality (2.1) of Theorem 2.1 for 1 < p< N. This gives 


pol 
II(w — Fn )+ll2 < [lu — Rott) +llp«|Aneal? ? 

p-1 

< y(p, hb, w) (|| V(u = kngr)4 lp + I(u — Knga)+ ll) |Angal? 


S 7(p,h, 2) (IV (u— kn) +113 + Iu — knt)-+113)-Anaa| 
= VIl(u = kn)+lolAn+al + Cel? |Apagl*t??, ral 


18 Miscellaneous Remarks on Further Regularity 

A function u € Wi? (E) is a local weak solution of (1.2), irrespective of possible 
boundary data, if it satisfies (1.3) for all v € W}?(E,) for all open sets Ep 
such that E, C E. On the data f and f assume 


fe Le"), fee L“** (B), for some ¢ > 0. (18.1) 


The set of parameters {N, A, A,<, ||f]|v+e, Il fll wee are the data, and we say 
that a constant C,y,... depends on the data if it can be quantitatively deter- 
mined a priori in terms of only these quantities. Continue to assume that the 
boundary OF is of class C! and with the segment property. For a compact. 
set K Cc RN and 7 € (0,1) continue to denote by || |||, the Hélder norms 
introduced in (8.3) of Chapter 2. 


Theorem 18.1. Let u € W,v?(E) be a local weak solution of (1.2) and let 
(18.1) hold. Then wu is locally bounded and locally Holder continuous in E, 
and for every compact set K C E, there exist positive constants yx, and CK 
depending upon the data and dist{K;0E}, and a € (0,1) depending only on 
the data and independent of dist{ K;0E}, such that 


Ilulllask < yx (data, dist{ K; OE}). (18.2) 


Theorem 18.2. Let u € W!?(E) be a solution of the Dirichlet problem (9.1), 
with f and f satisfying (18.1) and y € C*(OE) for some € € (0,1). Then u 
is Holder continuous in E and there exist constants y > 1 and a € (0,1), de- 
pending upon the data, the C’ structure of OE, and the Hélder norm ||g|lle-an, 
such that 

ltulla,8 < y(data, y, 02). (18.3) 


Theorem 18.3. Let u € W!?(E) be a solution of the Neumann problem 
(10.1), with £ and f satisfying (16.1) and » € LN~1+°(0E) for some ao € 
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(0,1). Then u is Holder continuous in E, and there exist constants y and 
€ (0,1), depending on the data, the C' structure of OE, and |\W||N-1+40-aR; 

such that 
Illlo,@ < (data, p, OF). (18.4) 


The precise structure of these estimates in terms of the Dirichlet data y or 
the Neumann w, as well as the dependence on the structure of OF is specified 
in more general theorems for functions in the DeGiorgi classes (Theorem 7.1 
and Theorem 8.1 of the next Chapter). These are the key, seminal facts in the 
theory of regularity of solutions of elliptic equations. They can be used, by 
boot-strap arguments, to establish further regularity on the solutions, when- 
ever further regularity is assumed on the data. 


Problems and Complements 


1c Weak Formulations and Weak Derivatives 


1.1c The Chain Rule in W*?(E) 


Proposition 1.1c Let u € W'?(E) for some p > 1, and let f € C1(R) 
satisfy sup |f'| < M, for some positive constant M. Then f f(u) € W!?(B£) 
and V f(u) = f’(u)Vu. 


Proposition 1.2c Let u € W'?(E) for some p > 1. Then u* € W1?(E) 
and 


Vut ‘aoe a.e. in [u* > 0] 


~ 10 a.e. in [u = Oj. 


Proof (Hint). To prove the statement for ut, for ¢ > 0, apply the previous 
proposition with 


a= Vvu2+e%—e for u>0 
ews 10 for u <0. 


Then let ¢ > 0. a 


Corollary 1.1¢ Let u€ W'?(E) for some p> 1. Then |u—k| € W1?(E), 
for allk € R, and Vu =0 ae. on any level set of u. 


2c Embeddings of W1?(E) 343 


Corollary 1.2c Let f,g © W!?(E) for some p > 1. Then f Ag and f Vg 
are in W':P(E) and 


Vf ae in [f>g 
VifAg=< Vg ae. in [f<g 
0 ae. in [f = g]. 


A similar formula holds for f V g. 
1.2. Prove Propostion 1.2 and the first part of Propostion 1.1. 


In the same way as done in (1.5), one can introduce Sobolev spaces of 
higher order. Indeed, for k € N and p > 1, one defines 


W*?(E) ={ue€ L?(E): D°u€ L(E) for |a| < k}. 


For 1 < p < oo, a norm for W*?(E) is given by 


llullan = | SO Dealle] 


|a|<k 
whereas for p = co we have 


l4lle,00 = sup ||D*ulloo. 
lal< 


The spaces W*:?(F) are Banach spaces when endowed with their norms. More- 
over, we have 


W*?(E) = {the closure of CS°(£) in the norm of W*?(E)}. 


2c Embeddings of W'?(E) 


It suffices to prove the various assertions for u € C°°(E). Fix x € E and let 
C, C E be a cone congruent to the cone C of the cone property. Let n be the 
unit vector exterior to C,, ranging over its same solid angle, and compute 


lula) = | | ; ~ (1-2) u(pn)ap| < ; ” \u(on)|dp + : | laenlae. 


Integrating over the solid angle of C, gives 


w|u(a)| < [ a, a (2.1c) 


x 


Z —|Vuy)| of — ley 
= a a rd jz — 74 


The right-hand side is the sum of two Riesz potentials of the form (10.1) of 
Chapter 2. The embeddings (2.1)—(2.3) are now established from this and the 
estimates of Riesz potentials (10.2) of Proposition 10.1 of Chapter 2. Complete 
the estimates and compute the constants y explicitly. 
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2.1c Proof of (2.4) 


Let Cz,, be the cone of vertex at x, radius 0 < p < h, coaxial with C, and 
with the same solid angle w. Denote by (u)z,, the integral average of u over 
Cx,p: 


Lemma 2.1c For every pair x,y € E such that |x —yl=p<h 


N,p aN 
lu(y) — (u)a,ol S NP) ? || Vullp- 


Proof. For all € € Cz,, 


lu(y) — u(€)| = | [ uly +t(€- y))at}. 


Integrate in d& over C,,,, and then in the resulting integral perform the change 
of variables y + t(€ — y) = n. The Jacobian is t~%, and the new domain of 
integration is transformed into those 7 for which |y— | = t|€ — y| as € ranges 
over C,,,. Such a transformed domain is contained in the ball Bo,:(y). These 
operations give 


Ww 


eMule) eal < (ff le wivucy+ee~ alte) 


1 
< | p-(N +) | In — yl Vu(n)lan at 
0 EN B2pt(y) 


1 
<7(Nip) [OM apyXO-P 4 Vullt. 
0 


To conclude the proof of (2.4), fix x,y € BE, let z = $(«@+y), p = 4\a— yl, 
and estimate 


jul) — u(y] < lex) ~ (x)= p+ Fula) ~ (1) sp] < PEP —yl!-F Vey. 


2.2c Compact Embeddings of W1)?(EF) 


The proof consists in verifying that a bounded subset of W!?(E) satisfies the 
conditions for a subset of L4(E£) to be compact ([50], Chapter V). For 6 > 0 
let 

Es = {x € E| dist{x; OE} > 6}. 


For q € [1, p*) and u€ W!?(E) 


1 


1 
E— Es|* ?*. 


I[Ullq.e—B5 < [lullp- 


Next, for h € R% of length |h| < 6 compute 
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1 
| lu(e +h) —u(a)iar < | | | Sula + th) |atde 
Es Es J0 t 


1 
<|al ff \ vue +th)|ae at < [n|LB|7 [Vell 
0 Es 
Therefore for all a € (0, a) 


| \T,u — ul?da = | |Thu — ul?7tal—2) dey 
Es Es 


ae: (i=) eat? 
< (/ [Tsu — ulde) (| |Tj,u — u| ta ax) ; 
Es Bs 
Choose o so that 


iz = 
qa) =p’, that is, oq= a 2 
pr-—l1 


1l-— qo 
Such a choice is possible if 1 < q < p*. Applying the embedding Theorem 2.1 


gives 
Bat 
i Tou —ultae < 90-0 ( / ITyu — uldz) semen 
Es Es 


for a constant y depending only on N,p and the geometry of the cone property 
of E. Combining these estimates 


Tau — Ullaes S W1Al* [Ulli »- a 


3c Multiplicative Embeddings of W1?(E) and W*?(E) 


3.1c Proof of Theorem 3.1 for 1<p< N 
Lemma 3.1c Let uc CS°(E) and N > 1. Then 


N 
| < Il [ete lla/. 


Proof. If N = 2 


// u* (21, %2)dxdx2 =| u(a1, ©2)u(@1, £2)dx dx2 
E E 


< Pe max u(a1, £2) max u(21, x2)dx1dx9 


ahead (a1, 2) yar ff ma max u(21, %2)dx2 


< ff jus ide ff \Ua|dax. 
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Thus the lemma holds for N = 2. Assuming that it does hold for N, set 


E=(u1,...,un) and w= (%,eNn41). 


By repeated application of Hélder’s inequality and the induction 


lll =f f u(Z,¢n41)| * dtdey 41 
RN 
= f dower flu tansa)llu.2n ya) ler 
R RN 
1 N-1 
N 7 - 
< f dew (/ lu, en 1)|ar) ( luz ews1)|™rar 
R RN RN 
worn + 
< (fi luenalte)” TE (f lus(anendlde) * denn 
E R N 


j=l 


x x W 
< © luzy.slAe) (tI [\wssiae) -(Ti * finate) Oo 
E j=l 


Next, for 1 < p< N write 


24 


B 


p(N~-1) 


AN BNaT) 

p(N-1 

||u||_vp = (/ wd) where w = |u| -? 
N—p E 


and apply Lemma 3.1c to the function w. This gives 


1 N=—p 
N WN] pON-1) 
\|ul|_ we < Il (| |) | 
N—p : E 


j=1 


N p(N=1) _ Np(N—-1) 
= (Ns) TE (ff jul, le 
j EB 


where a 
p(N = 1) \ 7 
=| : 


N, by Holder’s inequality 


pl 


"tte, \de < (/ |r, par)’ ( f lula - 
B 


Now for all 7 = 1,..., 


Therefore 


ang p(N=1) 4 NeW —-1) 
Il el Nop |e; [dar = TI oe 


N—p a 
N-1 
< ||Vulle™ ” lull 3 
=P 


Neve Vu es =) 
a 
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3.2c Proof of Theorem 3.1 for p> N>1 


Let F(a;y) be the fundamental solution of the Laplacean. Then for u € 
CS°(E), by the Stokes formula (2.3)—(2.4) of Chapter 2 


u(a)=— | Fle;y)Auly)dy = | Vuly) - Vy F(a; y)dy 
RN RN 


= / Vuly) -VyF(a;y)dy + i Vu(y) Vy F(a u)dy. 
|c—y|<p |jx—y|>p 


The last integral can be computed by an integration by parts, and equals 
1 
Vuly) VyFasvdy =f u(y)do 
he wn pn? Jig—y|=p 


since F(a;-) is harmonic in RY — {x}. Here do denotes the surface measure 
on the sphere |a— y| = p. Put this in the previous expression of u(x), multiply 
by Nwyp’~!, and integrate in dp over (0, R), where R is a positive number 
to be chosen later. This gives 


R 
Vu’ 
uy R™|u(a)| <v f (/ NL ayo tap 
0 |jz—y|<p |x = y| 


on ft Cf, luanite ae 


From this, for all « € E 


[Vu(y)| N 
wy |u()| < | WH a FE lutyldy 
a Pau ae ee 


= I, (a, R) + NIb(a, R). 


3.2.1c Estimate of I, (ax, R) 


Choose two positive numbers a,b < N such that 


“45(1-4)=w-1. 
qd Pp 


Since p > N, this choice is possible for the indicated range of g. Now write 


[Vu 


1) |Vul* 1 
Jz —y|N—- 


— Vu AS-a aS Fe io 
Ve |x — y|@ ja — y|°C-») 


and apply Holder’s inequality with the conjugate exponents 


1 1 1 1 
(=-+) +24 (1-2) =1. 
| q Pp 
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This gives 


4 12 

on P q 1 P 

h(eR) <Vulp *( ff ay)" (fa) 
Br(x) lz — y| Br(a) lz — y| 


Taking the qth power and integrating over FE gives 
1-5 +a RN(#-3+4) 


(Rk i a 
F(R < 8 


3.2.2c Estimate of I2(x, R) 


a {2 


I 1B) < RO" u ray)” ( idy) : 
eR) R™( furan)” (fh tay 

ee we\' 

< (SE) Te Fiu t( fine +eiras) 


Take the qth power and integrate in dx over R to obtain 


ay < (ON) HEF pend—b 
lela S (> pulp. 


3.2.3c Proof of Theorem 3.1 for p > N > 1 (Concluded) 


Combining these estimates yields 


= = ho of 
lula < 7(RP|Vullp + R~ llulp), iis) 


for a constant y(N, p,q, a,b). Minimizing the right-hand side with respect to 
the parameter R proves the estimate. 


3.3c Proof of Theorem 3.2 for 1 < p< N and E Convex 


Having fixed x,y € E, let R(x,y) be the distance from x to OF along y — x 
and write 


Rly) ) @ = 

y-2 

u(x) —U < —u(z + pn){dp, n= : 
juz) unl sf | Zeute + om)|dp a 


Integrate in dy over F to obtain 


R(x,y) 
|E||u(x) — up| < | ¢ |\Vu(a + pnidp) dy 
B \Jo 
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The integral in dy is calculated by introducing polar coordinates with pole 
at a. Therefore if n is the angular variable spanning the sphere |n| = 1, the 
right-hand side is majorized by 


diam E ar 
(diam E)*~ 7) / [ “me ee dp 
|n|=1 
Vu 
< (diam E)% Te 
Gam EY” Jaleo 

Therefore \N Vuly)| 
diam EF Vuly 

u(x) — up| < —————__ |. —m dy. 

ee) tele de era 


The proof is now concluded using the estimates of the Riesz potentials in 
Section 10 of Chapter 2. The remaining cases for p > N are left as an exercise 
following similar arguments in the analogous multiplicative embeddings of 
W, P(E). 


5c Solving the Homogeneous Dirichlet Problem (4.1) by 


the Riesz Representation Theorem 
Consider formally the linear operator with variable coefficients 

L(u) = —(aijue, + aju) + bite, + cu (5.1c) 
and the associated, formal bilinear form 


a(u,v) = | (GijUx,V2, + ajUUe, + dite,v + cuv) de. (5.2c) 
B 


Assuming that (a,;) satisfies the ellipticity condition (1.1), all the various 
terms are well defined for u,v € Wj:?(E), provided c € L©(E) and 


a = (a1,...,an) LN(BE) if N>2 (5.30) 
b = (b1,..., bn) L4(E) for some q>2 if N=2. : 
The homogeneous Dirichlet problem (4.1) takes the form 
L(u)=divf—f in E, and ul,, =0 on OE. (5.4c) 


The latter is meant in the weak form of seeking u € W2?(E) such that 
a(u,v) = -| (f. Vu + fu)dx (5.5¢c) 
B 
for all v € W}:?(E). The unique solvability of this problem can be established 


almost verbatim by any one of the methods of Sections 5-7, provided the bi- 
linear form a(-,+) introduced in (5.2c) generates an inner product in W}-?(£E), 
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equivalent to any one of the inner products in (3.9), precisely, if there are 
constants 0 < A, < A, such that 


Noll VullZ < a(u,u) < Ao||Vull3 for all u€ W}?(E). 


This can be ensured by a number of conditions on a, b, and c, and on the size 
of E. Let c = ct —c~ be partitioned into its positive and negative parts. Prove 
that if N > 2, the following condition is sufficient for the unique solvability 
of (5.4c): 

7 (llally + [lbllv + Ile“ Ilo) $ (l-e)A (5.6c) 
for some € € (0,1), where ¥ is the constant appearing in the embedding 
inequality (3.1). The latter occurs, for example, if c > 0, b € L7(£) for some 
q > N, and |E| is sufficiently small. Prove that another sufficient condition is 


1 
2 ——— = Co: ; 
c>Co>0 and Tier (llalloo + ||Blloo) < Co (5.7c) 


6c Solving the Homogeneous Dirichlet Problem (4.1) by 
Variational Methods 


The homogeneous Dirichlet problem (5.4c), can also be solved by variational 
methods. The corresponding functional is 


2J(u) = | {[aijue, + bits, + (aj +b;)ut 2fjJuc, + (b- Vut cut 2f)u}dz. 
B 


The same minimization procedure can be carried out, provided b and ¢ satisfy 
either (5.6c) or (5.7c). 
6.1c More General Variational Problems 


More generally one might consider minimizing functionals of the type 


W}?(E) 3u—> J(u) = i F(a,u,Vu)de, p> (6.1c) 
E 


where the function 
Ex Rx RN 3 (a,z,q) > F(z, z,q) 


is measurable in x for a.e. (z,q) € R*!, differentiable in z and q for a.e. 
x € E, and satisfies the structure condition 


Algal’ — f(@) S F(@,z,q) < Alq|? + f(z) (6.2c) 


for a given non-negative f € L'(E). On F impose also the convexity (elliptic- 
ity) condition, that is, F(x, z,-) € C?(RY) for a.e. (v,z) € Ex R, and 


Fy.q,€€5 > A\E|? for all €€ R% for ae. (z,z) € EXR. (6.3c) 
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A Prototype Example 


Let (a;;) denote a symmetric N x N matrix with entries a;; € L°(£) and 
satisfying the ellipticity condition (1.1), and consider the functional 


W}?(E) > u—- pJ(u) = | (\Vul?ajjue,te, +pfudr (6.4c) 
B 


for a given f € L4(E), where q > 1 satisfies 


1 1 1 
-+-=—41 ifl<p<N, andq>1 if p>N. (6.5c) 
p g WN 

Let v = (v1,...,Un) be a vector-valued function defined in E. Verify that the 


[L?(E)|* 3Jv= | |v? aijvivj;dar 
E 


defines a norm in [L?(E)|‘ equivalent to ||v||,. Since the norm is weakly lower 
semi-continuous, for every sequence {v,} C [L?(E)|% weakly convergent to 
some v € [L?(E)|% 


imine [ val? Paijrinjnde > f |v? aijv:0;dae. 
E E 


The convexity condition (6.3c), called also the Legendre condition, ensures 
that a similar notion of semi-continuity holds for the functional J(-) in (6.1c) 
(see[185]). 


Lower Semi-Continuity 


A functional J from a topological space X into R is lower semi-continuous if 
[J >a] is open in X for all a € R. Prove the following: 


Proposition 6.1c Let X be a topological space satisfying the first axiom of 
countability. A functional J: X > R is lower semi-continuous if and only if 
for every sequence {un} C X convergent to some uc X 


liminf J(un) > J(u). 
6.3. The epigraph of J is the set 
Ey ={(z,a) € Xx R| J(z) < a}. 


Assume that X satisfies the first axiom of countability and prove that J 
is lower semi-continuous if and only if its epigraph is closed. 
6.4. Prove that J: X — R is convex if and only if its epigraph is convex. 
6.5. Prove the following: 
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Proposition 6.2c Let J: W}:?(E) > R be the functional in (6.1c) where 
F satisfies (6.2c)—-(6.8c). Then J is weakly lower semi-continuous. 


Hint: Assume first that F’ is independent of x and z and depends only on 
q. Then J may be regarded as a convex functional from J : [L?(E)|* > R. 
Prove that its epigraph is (strongly and hence weakly) closed in [L?(E)]. 


6.6. Prove the following: 


Proposition 6.3c Let J: W}:?(E) > R be the functional in (6.1c) where 
F satisfies (6.2c)-(6.3c). Then J has a minimum in W}?(E). 


Hint: Parallel the procedure of Section 6. 

6.7. The minimum claimed by Proposition 6.3c need not be unique. Pro- 
vide a counterexample. Formulate sufficient assumptions on F’ to ensure 
uniqueness of the minimum. 


6.8c Gateaux Derivatives, Euler Equations and Quasi-Linear 
Elliptic Equations 


Let X be a Hausdorff space. A functional J : X — R is Gateaux differentiable 
at w € X in the direction of some v € X if there exists an element J’(w;v) € R 
such that 


The equation 
J'(w;v) =0 forall ve X 


is called the Euler equation of J. In particular, (6.4) is the Euler equation of 
the functional in (6.1). The Euler equation of the functional in (6.4c) is 


- (|Vul?Paijue;) », ae (6.6c) 
In the special case (a;;) =I this is the p-Laplacean equation 
— div |Vul?-?Vu = f. (6.7c) 
The Euler equation of the functional in (6.1c) is 
— div A(a, u, Vu) + B(z, u, Vu) = 0, u € W)?(E) (6.8c) 
where A = VgF and B = F,. The equation is elliptic in the sense that 


(aij) = (Fa,q;) satisfies (6.3c). Thus the functional in (6.1c) generates the 
PDE in (6.8c) as its Euler equation, and minima of J are solutions of (6.8c). 


8c Traces on OF of Functions in W'?(E) 353 
6.8.1c Quasi-Linear Elliptic Equations 


Consider now (6.8c) independently of its variational origin, where 


A(z, z,q) € RX 


N 
ExRxR" 3 (2,2z,q) 4 oe el 


(6.9c) 


wa 


are continuous functions of their arguments and subject to the structure con- 
ditions 
A(z, zy q) “q 2 Ala? al 
Ate, 2,0)|< AlqP ee? (6.10c) 
|B(z, z,q)| < Cla|?-* + 0” 


for all (x, z,q) € E x Rx RY, for given positive constants 4 < A and non- 
negative constant C. A local solution of (6.8c)—(6.10c), irrespective of possible 
prescribed boundary data, is a function u € Wie? (E) satisfying 


| [A(z,u, Vu)Vu + B(a,u, Vu)v]dx =0 for all ve W?(E,) (6.11) 
B 


for every open set E, such that E, C E. In general, there is not a function F 
satisfying (6.2c)—(6.3c) and a corresponding functional as in (6.1c) for which 
(6.8c) is its Euler equation. It turns out, however, that local solutions of (6.8c)— 
(6.10c), whenever they exist, possess the same local behavior, regardless of 
their possible variational origin (Chapter 10). 


6.8.2c Quasi-Minima 


Let J: Wy? (E) — R be given by (6.1c), where F' satisfies (6.2c) but not 
necessarily (6.3c). A function u € W,y?(E) is a Q-minimum for J if there is a 
number Q > 1 such that 


J(u) < QJ(u+v) for all v € W2°?(E,) 


for every open set E, such that E, C E. The notion is of local nature. Minima 
are Q-minima, but the converse is false. Every functional of the type (6.1¢)— 
(6.3c) generates a quasi-linear elliptic PDE of the type of (6.8c)—(6.10c). The 
converse is in general false. However every local solution u € Wi? (E ) of 
(6.8c)—(6.10c) is a Q-minimum, in the sense that there exists some F' satisfying 
(6.2c), but not necessarily (6.3c), such that u is a Q-minimum for the function 
J in (6.1c) for such a F’ ([98]). 


8c Traces on OE of Functions in W1?(E) 


8.1c Extending Functions in W1?(E) 


Establish Proposition 8.1 by the following steps. Let RY be the upper- 
half space a, > O and denote its coordinates by « = (%,an), where 
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& = (#1,...,@n-1). Assume first that E = RY so that OF is the hyperplane 
ty = 0. Given u€ W?(RY), set ([172]) 


nes = u(Z, cn) if cy >0 
DONE 3u(Z,—ay)+4u(Z,-gZ2n) if ty <0. 


Prove that i € W'?(R), and that CS°(R) is dense in W1?(RY). 
If OL is of class C' and has the segment property, it admits a finite covering 
with balls B,(x;) for some t > 0, and a; € OE for j = 1,...,m. Let then 


Ua (BAR AB, Boa Bs U B,(a;) 


be an open covering of E, and let & be a partition of unity subordinate to U. 
Set 
w; = {the sum of the y € & supported in By;(x;)} 
so that 
ue _ fupy; in B 
aad X uy where: {{ otherwise. 


By construction, uj; € W'?(Bo:(x;)) with bounds depending on t. By choosing 
t sufficiently small, the portion OEM B2;(x;) can be mapped, in a local system 
of coordinates, into a portion of the hyperplane zy = 0. Denote by U; an 
open ball containing the image of Bo;(a;) and set Us} = U;N [an > O). 
The transformed functions u; belong to W1?(U. a) Perform the extension as 
indicated earlier, return to the original coordinates and piece together the 
various integrals each relative to the balls By;(x;) of the covering U. This 
technique is refereed to as local “flattening of the boundary”. 


8.2c The Trace Inequality 


Proposition 8.1c Let u € C°(R%). If 1 < p< N, there exists a constant 
y= Y(N,p) such that 


Ju: O) pe aca para SII Vall pe. (8.1c) 


Ifp>N, there exist constants y = y(N,p) such that 


fa N 
lu Oeo,e—2 Stl gk Vall ay (8.2c) 
peed 
|u(z,0) — u(¥,0)| < ye — 9)" ? [|Vullpey (8.3¢) 


for all z,y € R-?. 
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Proof. For all  € RN~1 and allr > 1 
lu(z, 0)|" <r | lu(@, 22)?" [thy (B, nr) er. 
0 


Integrate both sides in d% over RN~! and apply Hélder’s inequality to the 
resulting integral on the right-hand side to obtain 


ul, O)[raw—1 Sr[lVallysy lll’ ghy, where g = 


- r(r-1).  (8-4c) 


Apply this with r = pS, and use the embedding (3.1) of Theorem 3.1 to 
get 
i 


yt 
le, OV peer waa Selle Bo Vell? gy S alVellp.ee- 


P’-W 


The domain RY satisfies the cone condition with cone C of solid angle sw N 
and height h € (0,00). Then (8.3c) follows from (2.4) of Theorem 2.1, whereas 
(8.2c) follows from (2.3) of the same theorem, by minimizing over h € (0,00). 
Oo 


Prove Proposition 8.2 by a local flattening of OF. 


8.3c Characterizing the Traces on OE of Functions in W1?(E) 


Set R*+t = RY x Ry and denote the coordinates in Rt! by (x,t) where 
xz € RN andt > 0. Also set 


re (Gonngh) ve(Pmd) 


Ox,’ ’ Orn 


Proposition 8.2c Let u¢ C%(RY*"). Then 


a qt 
aC Oram Seal? gorea lovely es (8.5¢) 


where y = y(p) depends only on p and y(p) > co as p— 1. 


Proof. For every pair z,y € R%, set 2€ = x — y and consider the point 
z € RY*" of coordinates z = (4(x +-y), Alé|), where \ is a positive parameter 
to be chosen. Then 
|u(x, 0) — u(y, 0)| < |u(z) — u(x, 0)| + |u(z) — uly, 0)| 
1 1 
el ff Wwule— o6,Aelebide + lel f [Vavuly + a6, role) lap 


1 1 
+ Ale | lan (2 — pe, Aplé|)|do + Alel | hear pele lee. 
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From this 


ju(x,0) — u(y, 0)!” [Viva ~ p&, role) 
In—yro-D S en = we). 


re(f Rovuly + 6 ale," 
P\Jo ley 


i ' \us(a — p&, Apel], \? 
+sr( i) 


|z — 
1 
4 = (| ep) 
po Mo ey"? 


Next integrate both sides over RY 


x RY. In the resulting inequality take the 
power and estimate the various integrals on the right-hand side by the 
continuous version of Minkowski’s inequality. This gives 


lu Ohya < (ee 
et RN JRN Iz —y| 
sf (ff, a= ede aay) ap 
RN JRN lz —y| 


Compute the first integral by integrating first in dy and perform such inte- 


gration in polar coordinates with pole at x. Denoting by n the unit vector 
spanning the unit sphere in R% and recalling that 2|€| = 


|x — y|, we obtain 
RN JRN : 7 a . 


= Pp 
7 a ar \Vnu(a + pnlé|, Ap|é|)|?dax 


lVvul?da. 
0? tay 


Compute the second integral in a similar fashion and combine them into 


1 
ail = 
ela S20 AVevulyees fo Bap 
0 
1/p,1-4 wa 
+207 Iiudl|, gers fp Fdp 
0) 


_ rear) (FIV wvul,ey + XH ull). 


The proof is completed by minimizing with respect to A 


Prove Theorem 8.1 by the following steps: 
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8.4. Proposition 8.2c shows that a function in WwiP(RYt1) has a trace on 


RY = [eyi1 = Olin Wi P(RY), Prove the direct part of the theorem for 
general OF of class C! and with the segment property by a local flattening 
technique. 
1-14 ,p( RN : : 1.p(@Nt+l 

8.5. Every v € W>’?(R”) admits an extension u € W?(R{7") such 
that v = tr(u). To construct such an extension, assume first that v is 
continuous and bounded in RY. Let H,(z,t) be its harmonic extension in 
RY *? constructed in Section 8 of Chapter 2, and in particular in (8.3), 
and set 


u(@,0n41) = Ay(x@,¢nqi)e 7Xt. 


Verify that u ¢ W1?(RY*") and that tr(u) = v. Modify the construction 
to remove the assumption that v is bounded and continuous in RN. 

8.6. Prove that the Poisson kernel K(-;-) in RY x Rt, constructed in (8.2) 
of Section 8 of Chapter 2, is not in W1?(R% x Rt) for any p > 1. Argue 
indirectly by examining its trace on xy +1 = 0. 

8.7. Prove a similar fact for the kernel in the Poisson representation of har- 
monic functions in a ball Br (formula (3.9) of Section 3 of Chapter 2). 


9c The Inhomogeneous Dirichlet Problem 


9.1c The Lebesgue Spike 


The segment property on OF is required to ensure an extension of y into 
E by a function v € W!?(E). Whence such an extension is achieved, the 
structure of OF does not play any role. Indeed, the problem is recast into one 
with homogeneous Dirichlet data on OF whose solvability by either methods 
of Sections 5-7 use only the embeddings of W}:?(E) of Theorem 3.1, whose 
constants are independent of OF. Verify that the domain of Section 7.2 of 
Chapter 2 does not satisfy the segment property. Nevertheless the Dirichlet 
problem (7.3), while not admitting a classical solution, has a unique weak so- 
lution given by (7.2). Specify in what sense such a function is a weak solution. 


9.2c Variational Integrals and Quasi-Linear Equations 
Consider the quasi-linear Dirichlet problem 


— div A(a,u, Vu) + B(a,u, Vu) = 0 in E 


1 9.1¢ 
=p eW'* >?(dE) on OE aa) 


Ul on 


where the functions A and B satisfy the structure condition (6.10c). Assume 
moreover, that (9.1c) has a variational structure, that is, there exists a func- 
tion F’, as in Section6.1c, and satisfying (6.2c)—(6.3c), such that A = VgF 
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and B = F,. A weak solution is a function u € W1?(E) such that tr(u) = y 
and satisfying (6.11c). Introduce the set 


Ky, = {ue W'(E£) such that tr(u) = y} (9.2c) 


and the functional 


Ky 2u> J(u) = | F(a,u, Vu)dx p>. (9.3c) 
B 


Prove the following: 


9.3. IK, is convex and weakly (and hence strongly) closed. Hint: Use the 
trace inequalities (8.3)—(8.5). 

9.4. Subsets of K,,, bounded in W1?(E) are weakly sequentially compact. 

9.5. The functional J in (9.3c) has a minimum in Ay. Such a minimum is 
a solution of (9.1c) and the latter is the Euler equation of J. Hint: Use 
Proposition 6.2c. 

9.6. Solve the inhomogeneous Dirichlet problem for the more general linear 
operator in (5.1c). 

9.7. Explain why the method of extending the boundary datum y and re- 
casting the problem as a homogeneous Dirichlet problem might not be 
applicable for quasi-linear equations of the form (9.1c). Hint: Examine 
the functionals in (6.4c) and their Euler equations (6.6c)—(6.7c). 


10c The Neumann Problem 


Consider the quasi-linear Neumann problem 


— div A(z, u, Vu) + B(x, u, Vu) = 0 in EB (10.16) 

le 

A(a,u, Vu) -n =~ on OF 

where n is the outward unit normal to 0E and w satisfies (10.4). The func- 

tions A and B satisfy the structure condition (6.10c) and have a variational 
structure in the sense of Section 9.2c. Introduce the functional 


W?(E)3u> J(u) = [ Feu vwjde as ytr(u)do. (10.2c) 


In dependence of various assumptions on F’, identify the correct weakly closed 
subspace of W!-?(E), where the minimization of J should be set, and find such 
a minimum, to coincide with a solution of (10.1c). 

As a starting point, formulate sufficient conditions on the various parts of 
the operators in (5.1c), (6.6c), and (6.7c) that would ensure solvability of the 
corresponding Neumann problem. Discuss uniqueness. 
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llc The Eigenvalue Problem 


11.1. Formulate the eigenvalue problem for homogeneous Dirichlet data as 
in (11.1) for the more general operator (5.1c). Formulate conditions on 
the coefficients for an analogue of Proposition 11.1 to hold. 

11.2. Formulate the eigenvalue problem for homogeneous Neumann data. 
State and prove a proposition analogous to Proposition 11.1. Extend it to 
the more general operator (5.1c). 


12c Constructing the Eigenvalues 


12.1. Set up the proper variational functionals to construct the eigenvalues 
for homogeneous Dirichlet data for the more general operator (5.1c). For- 
mulate conditions on the coefficients for such a variational problem to be 
well posed. 

12.2. Set up the proper variational functionals to construct the eigenvalues 
for homogeneous Neumann data. Extend these variational integrals and 
formulate sufficient conditions to include the more general operator (5.1c). 


13c The Sequence of Eigenvalues and Eigenfunctions 


13.1. It might seem that the arguments of Proposition 13.2 would apply to 
all eigenvalues and eigenfunctions. Explain where the argument fails for 
the eigenvalues following the first. 

13.2. Formulate facts analogous to Proposition 13.1 for the sequence of eigen- 
values and eigenfunctions for homogeneous Dirichlet data for the more 
general operator (5.1c). 

13.3. Formulate facts analogous to Proposition 13.1 for the sequence of eigen- 
values and eigenfunctions for homogeneous Neumann data. 


14c A Priori L~°(E) Estimates for Solutions of the 
Dirichlet Problem (9.1) 


The proof of Propositions 14.1-14.2 shows that the L°°(£)-estimate stems 
only from the recursive inequalities (15.3), and a sup-bound would hold for 
any function satisfying them. For these inequalities to hold the linearity of the 
PDE in (9.1) is immaterial. As an example, consider the quasi-linear Dirich- 
let problem (9.1c) where B = 0 and A is subject to the structure condition 
(6.10c). In particular the problem is not required to have a variational struc- 
ture. 
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14.1. Prove that weak solutions of such a quasi-linear Dirichlet problem sat- 
isfy recursive inequalities analogous to (15.3). Prove that they are essen- 
tially bounded with an upper of the form (14.5), with f = 0 and f = C?, 
where C is the constant in the structure conditions (6.10c). 

14.2. Prove that the boundedness of wu continues to hold, if A and B satisfy 
the more general conditions 


Alzs2,q) ‘q2 Alq|? — f(x) N-+e 
(Be, 2:a)|< #@) for some f EL? (E). 


Prove that an upper bound for |]u||.. has the same form as (14.3)4 with 


f = 0 and the same value of 6. 


15c A Priori LD~°(E) Estimates for Solutions of the 
Neumann Problem (10.1) 


The estimates (16.3), and (16.6) are a sole consequence of the recursive in- 
equalities (17.3) and therefore continue to hold for weak solutions of equations 
from which they can be derived. 


15.1. Prove that they can be derived for weak solutions of the quasi-linear 
Neumann problem (10.1c), where A and B satisfy the structure conditions 
(6.10c) and are not required to be variational. Prove that the estimate 
takes the form 


i 
Ilulloo S$ Co max {||ull2; [lPllw—1403 |E|* }- 


15.2. Prove that L°(E) estimates continue to hold if the constant C in 
the structure conditions (6.10c) is replaced by a non-negative function 
fe LS for some € > 0. In such a case the estimate takes exactly the 
form (16.6) with f = 0. 

15.3. Establish L°(£) estimates for weak solutions to the Neumann problem 
for the operator £(-) in (5.1c). 

15.4. The estimates deteriorate if either the opening or the height of the 
circular spherical cone of the cone condition of OE tend to zero (Re- 
mark 16.4). Generate examples of such occurrences for the Laplacean in 
dimension N = 2. 


15.1c Back to the Quasi-Linear Dirichlet Problem (9.1c) 


The main difference between the estimates (14.3); and (16.3), is that the 
right-hand side contains the norm ||u+||2 of the solution. Having the proof 
of Proposition 14.1 as a guideline, establish L°°(£) bounds for solutions of 
the quasi-linear Dirichlet (9.1c) where A and B satisfy the full quasi-linear 
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structure (6.10c), where, in addition, C may be replaced by a non-negative 
function f € L*>~ for some ¢ > 0. Prove that the resulting estimate has the 
form 


llulloo $ max{ || ylloo,az; Celllulla; ZIP" fll xte]}- 


Pp 


Check for 


10 updates 
DEGIORGI CLASSES 


1 Quasi-Linear Equations and DeGiorgi Classes 


A quasi-linear elliptic equation in an open set E C R% is an expression of the 
form 


— div A(z, u, Vu) + B(x, u, Vu) = 0 (1.1) 


where for u € W,y?(E), the functions 


A(z, u(x), Vu(x)) € RN 
B(a,u(x), Vu(x)) ER 


Bax+{ 


are measurable and satisfy the structure conditions 
A(z,u, Vu) -Vu > A\Vul? — f? 
|A(a,u, Vu)| < AlVulP~! + fPot (1.2) 
|B(x,u, Vu)| < Ao|Vul?~* + fo 


for given constants 0 < \ < A and A, > 0, and given non-negative functions 


N+e 


feLN*(E),  foeL?(E), forsomee>0. (1.3) 


The Dirichlet and Neumann problems for these equations were introduced in 
Sections 9.2c and 9c of the Complements of Chapter 9, their solvability was 
established for a class of functions A and B, and L°(£) bounds were derived 
for suitable data. Here we are interested in the local behavior of these solutions 
irrespective of possible prescribed boundary data. A function u € Ww (E) is 
a local weak sub(super)-solution of (1.1), if 


i [A(a,u, Vu)Vu + B(a, u, Vu)vl dx < (>)0 (1.4) 
B 


for all non-negative test functions v € W}(E.), for every open set E, such 
that E, C E. A local weak solution to (1.1) is a function u € W,?(E) satisfy- 
ing (1.4) with the equality sign, for all v € W}?(E,). No further requirements 
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are placed on A and B other than the structure conditions (1.2). Specific 
examples of these PDEs are those introduced in the previous chapter. In par- 
ticular they include the class of linear equations (1.2), those in (5.1c)—(5.4c), 
and the nonlinear p-Laplacian-type equations in (6.6c)—(6.7c) of the Com- 
plements of Chapter 9. In all these examples the coefficients of the principal 
part are only measurable. Nevertheless local weak solutions of (1.1) are locally 
Holder continuous in E. If p > N, this follows from the embedding inequality 
(2.4) of Theorem 2.1 of Chapter 9. If 1 < p< N, this follows from their mem- 
bership in more general classes of functions called DeGiorgi classes, which are 
introduced next. Let B,(y) C E denote a ball of center y and radius p; if y 
is the origin, write B,(0) = B,. For o € (0,1), consider the concentric ball 
Bzp(y) and denote by ¢ a non-negative, piecewise smooth cutoff function that 
equals 1 on B,,(y), vanishes outside B,(y) and such that |V¢| < [(L—o)p]7?. 
Let u be a local sub(super)-solution of (1.1). For k € R, the localized trunca- 
tions +¢?(u —k)+ belong to W2?(E) and can be taken as test functions v in 
(1.4). Using the structure conditions (1.2) yields 


Nees 


r |V(u — k)+|P¢Pda 


= [ |V(u — k)4.|?"*CP-* (pA|V¢| + AoC)(u — k)sdx 
B 


+>0] + pfP*cP-*(u _ k)+|V¢|) }da 


i 
T 
> 
v 
= 
a 
SYS 
8 
IN 
8s 
as 
ind 
| 
2s 


+f fo(u— k)ac?da 
B 


A 
ee | IV (a — ka |PCPde + ALP) [wwe 
2 JB,(y) (La )P a? Jaa) 


+f F?X (wk) 4. >) Ee +f fo(u—k)4¢Pdx 
B,(y) Bp(y) 


where p has been taken so small that p < max{1; A,}~1. Next estimate 


| FPXeu- ja >0j4e < [LIB el AE [Bt 
Boy) 


where we have assumed 1 < p< N, and 


At, =[(u—k)4>0]NB,(y) and 6= ae (1.5) 


The term involving f, is estimated by Holder’s inequality with conjugate 
exponents 


N+t+e g Nq 
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Continuing to assume 1 < p < N, one checks that 1 < q < p < N for all 
N > 2 and the Sobolev embedding of Theorem 3.1 of Chapter 9, can be 
applied since (u— k)4¢ € W34(B,(y)). Therefore 


| r= erie pele Balls 
Bp(y) if 


< Y(N, p)|l foll ve |Vi(u — k)+ Cll 


P 


<(N, p)llV[(u— k)+CIllpll foll wel |7—* 
< 7 flu -RaPerde+ fw ME IVE ae 


ee sites _Ppy_p_ 
+N, p, d)|| foll ire |AE | TP”. 
Pp 


Continue to assume that p < max{1;A,}~' and combine these estimates to 
conclude that there exists a constant y = y(N,p, A, A) dependent only on the 
indicated quantities and independent of p, y, k, and o such that for 1 < p< N 


~ 
[Vu — ks lly <7 ayll(u- bell, 
P:Beoly) ~ (1 — a)PpP p,Bp(y) (1.6) 
+e \AE | 
where 6 is given by (1.5) and 
we = VN, p)(f lve + Il foll ke )- (1.7) 


P 


1.1 DeGiorgi Classes 


Let E be an open subset of R%, let p € (1, NJ, and let y, 7, and 6 be given 
positive constants. The DeGiorgi class DG*(E, p, 7, y«,6) is the collection of 
all functions wu € Wi? (E) such that (u—k)+ satisfy (1.6) for all k € R, and 
for all pair of balls Bop(y) C B,(y) C E. Local weak sub-solutions of (1.1) 
belong to DG*, for the constants y, 7 and 6 identified in (1.5)-(1.7). The 
DeGiorgi class DG” (EF, p, y, 7, 6) are defined similarly, with (u—k), replaced 
by (u—k)_. Local weak super-solutions of (1.1) belong to DG”. The DeGiorgi 
classes DG(E, p,y, Yx,5) are the intersection of DG+ M DG”, or equivalently 
the collection of all functions u € W,z?(E) satisfying (1.6) for all pair of balls 
Bop(y) C Bp(y) C E and all k € R. We refer to these classes as homogeneous 
if y. = 0. In such a case the choice of the parameter 6 is immaterial. The set 
of parameters {N,p,7} are the homogeneous data of the DG classes, whereas 
yx and 6 are the inhomogeneous parameters. This terminology stems from the 
structure of (1.6) versus the structure of the quasi-linear elliptic equations in 
(1.1), and is evidenced by (1.7). 

Functions in DG have remarkable properties, irrespective of their con- 
nection with the quasi-linear equations (1.1). In particular, they are locally 
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bounded, and locally Holder continuous in E. Even more striking is that 
non-negative functions in DG satisfy the Harnack inequality of Section 5.1 of 
Chapter 2, which is typical of non-negative harmonic functions. 


2 Local Boundedness of Functions in the DeGiorgi 
Classes 


We say that constants C,y,... depend only on the data, and are independent 
of 7 and 6, if they can be quantitatively determined a priori only in terms 
of the homogeneous parameters {N,p,y}. The dependence on the inhomoge- 
neous parameters {7.,6} will be traced, as a way to identify those additional 
properties afforded by inhomogeneous structures. 


Theorem 2.1 (DeGiorgi [47]). Let ue DG™ andr € (0,1). There exists a 
constant C depending only on the data such that for every pair of concentric 
balls Be p(y) C Bp(y) CE 


1 
ess sup ut < ma | ap ——(f ude) \ (2.1) 
Brp(y) (1 -_ T)* Bp 


For homogeneous DG™ classes, y= 0 and 6 can be taken 6 = x: 


Proof. Having fixed the pair of balls B-,(y) C Bp(y) C E assume y = 0 and 
consider the sequences of nested concentric balls {B,,} and {B,}, and the 
sequences of increasing levels {kp } 


1—F 
B, = Bp, (0) where pp =Tp+ wei? 


1 n n 31- 
By, = B;,,(0) where p, = fe =Tp+ =P (2.2) 
1 
kn =k —- sak 


where k > 0 is to be chosen. Introduce also non-negative piecewise smooth 
cutoff functions 


1 for x € Bair 
Pn — |x| OF ae « 
Cale) = ¢ Pas = 5, xl) for pati <lal< in — (2.3) 
Pn — Pn+1 (1 — T)p 
for |a| > pn 
for which 
ve | Pe gn+l 
ea) 


Write down the inequalities (1.6) for (u—kn41)+, for the levels ky 41 over the 
pair of balls B, C By, for which (1 — 0) = 2-+(1 —7), to get 
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5 Q(r+ pay ‘ 
[Vu knell a, S Ga ppell( — kn+1)+llp,B, 
1-4 +p6 
+ yR| A; ae N es 


In the arguments below, ¥ is a positive constant depending only on the data 
and that might be different in different contexts. 


2.1 Proof of Theorem 2.1 for1<p< WN 


Apply the embedding inequality (3.1) of Theorem 3.1 of Chapter 9 to the 
functions (wu — kn+1)+¢n over the balls B, to get 


Vu Kner) +llP Baar Su ner) +Cnll? 


P_ 
S [6 Fnga)eGnll eg Aba 


< yIV[(u- bnar)aGoll 9, Ab coal ® 


P 
N 


al At 


(2.4) 
pn . 
= aad _ Kin+1)+lp,B, 
1-B+ps5 zB 
IeIAg Etieil * \iay neal 
Next 
Iu ke)aln, =f (u- kadar > f (u— ky) 
Bn By O[u>kn+1] 
ke (2.5) 
> (kn41 — hn)Pde > —|At |. 
_— Qnp Kkn41;Pn 
Therefore 
2rP p 
Again! S Fpl Fn) +l, 3, (2.6) 
Combining these estimates yields 
r 3 z grey? 8) 
Iu — knti)+llP a... < Via ae pp pe le kn)+llpB ce 
gnp(1+p6) , 


1+po6 
+98 Soetpay Wu — hn) IE”. 


Set 


1 II(u = kn)+llp,p Np 
Yn, =— ~ ken)? dx = Ba b=2°8 
of, (u \4 v kp |Bn| ’ 


and rewrite the previous recursive inequalities as 


per Pp Npd 
Ynti S aor Cae +p ty) (2.8) 


368 10 DEGIORGI CLASSES 


Stipulate to take k so large that 


esi, k> G ude) - (2.9) 
B 


Pp 


Pp 
Then Y,, < 1 for all n and Y,% < yr? With these remarks and stipulations, 
the previous recursive inequalities take the form 


pen 
yr for all n =1,2,... (2.10) 


(1-7) 


From the fast geometric convergence Lemma 15.1 of Chapter 9, it follows that 
{Y¥,} - 0 as n > ov, provided 


Yr41 < 


Therefore, taking also into account (2.9), choosing 


ni 1 t 
b (5)? = p25 P 
k = max ae (tf ude) \ 
(l—1)P? \JB 


Pp 


one derives 


il 
—— at (u—k)i. dz =0 ess supu4 < k. 
KP Jp, Bey 
If 7 = 0, then (2.8) are already in the form (2.10) with 6 = 4. | 


2.2 Proof of Theorem 2.1 for p= N 


The main difference occurs in the application of the embedding inequality 
(3.2) of Theorem 3.1 of Chapter 9 to the functions (uw — kn41)4+¢, over the 
balls B, to derive inequalities analogous to (2.4). Let q > N to be chosen and 
estimate 


(4 — Kins) +l Bays SM nt )+Gnlle a 


B ae _P 
Su knta)sGull 5 AB aaa? 


l= 7 SN iat 
< ¥(N, 4) (ivi(u —Fn+1)+Gr)ll, a, iu — knare6ll a, ) Aga ijanl? 


gpn _2 
<M) (Iu bade tL eal VA gael 
Choose g = 2/0, estimate ae as in (2.5)—(2.6), and arrive at the ana- 


logues of (2.7), which now take the form 
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: grv(2— $5) 1 
Il — Kn4i)+lle.Bea S Vaz )p pr peasy! 

gnp(1+ $6) p(1+26) 
+ Vs Sergey iu —Kn)+llpBn 


2-25 
(u— kn) [PG * 


Set 


1 2-£6 


ea _ P = 
Yn = poy, Ra ue and b=2*-2 


and rewrite the previous recursive inequalities as 


ber P5i(1—P5 NES 5 
You $e (vi sie + 9p yt 


Stipulate to take k as in (2.9) with 6 replaced by 46 , and recast these recursive 
inequalities in the form (2.10) with 6 replaced by $6. Oo 


3 Holder Continuity of Functions in the DG Classes 


For a function u € DG(E,p, 7, 7,6) and Bo,(y) C E set 


pt =esssupu, po =essinfu, w(2p)=pt—p =essoscu. (3.1) 


Bop(y) Bap(y) Bap(y) 


These quantities are well defined since u € LP°.(E£). 


Theorem 3.1 (DeGiorgi [47]). Let u € DG(E,p, 7, ¥«,6). There exist con- 
stants C > 1 anda € (0,1) depending only upon the data and independent of 
u, such that for every pair of balls B,(y) C Br(y) C E 


w(p) < Cmax {w(R) (4)" : nial. (3.2) 


The Holder continuity is local to E, with Holder exponent a, = min{a; Nd}. 
An upper bound for the Hélder constant is 


{Holder constant} < Cmax{2MR~°;7.}$, where M =|lulloo. 


This implies that the local Hélder estimates deteriorate near OF. Indeed, fix 
x,y € E and let 


R=min{dist{x; OE}; dist{y; 0E}}. 
If | — y| < R, then (3.2) implies 
|u(x) — u(y)| S Cmax{w(R)R%; 7, fa — yl. 
If | — y| > R, then 


ju(a) — u(y)| < 2MR “la — yl%. 
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Corollary 3.1 Let u be a local weak solution of (1.1)-(1.4). Then for every 
compact subset K C E, and for every pair x,y © K 


2Mx 
— < eee aE rc _—_ Qo 
lu(z) — uy)I s Cmax | ei} Je —y| 


where Mx = esssup x |u|. 


3.1 On the Proof of Theorem 3.1 


Although the parameters 6 and p are fixed, in view of the value of 6 in (1.5), 
which naturally arises from quasi-linear equations, we will assume 6 < x: The 
value 6 = + would occur if ¢ — oo in the integrability requirements (1.3). 
For homogeneous DG classes 7, = 0, while immaterial, we take 6 = 1/N. 
The proof will be carried on for 1 < p < N. The case p = N only differs in 
the application of the embedding Theorem 3.1 of Chapter 9, and the minor 
modifications needed to cover this case can be modeled after almost identical 
arguments in Section 2.2 above. In what follows we assume that u € DG is 
given, the ball Bo,(y) C E is fixed, w* and w(2p) are defined as in (3.1), and 
denote by w any number larger than w(2p). 


4 Estimating the Values of u by the Measure of the Set 
Where u Is Either Near yt or Near p— 


Proposition 4.1 For every a € (0,1), there exists v € (0,1) depending only 
on the data and a, but independent of w, such that if for some e € (0,1) 


I[u > pt — ew] A Byly)| < viBp| (4.1) 
then either ew <p or 
u<pt—aew ae. in B1,(y). (4.2)4 


Similarly, if 
|[u <p t+ew)n B,(y)| <vy|Bp| (4.1)_ 


then either ew <7p™® or 
uzp +aew ae. in B1,(y). (4.2)_ 


Proof. We prove only (4.1),—(4.2),, the arguments for (4.1)_—(4.2)_ being 
analogous. Set y = 0 and consider the sequence of balls {B,} and {Bn} 
introduced in (2.2) for r = $ and the cutoff functions ¢, introduced in (2.3). 
For n € N, introduce also the increasing levels {k,}, the nested sets {A,}, 
and their relative measure {Y,,} by 
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_ 
kin = Ht — aew — “ew, An = [u>kn]A Bn, Yn= 


Apply (1.6) to (u—k,,)4 over the pair of concentric balls Bn C Bn, for which 
(l—o) =27”, to get 


ya"? 
pP 


a 
IV (u— kn) IP p, S = MMu = nda, + VBLAn| RA, 


If 1 <p<N, by the embedding (3.1) of Theorem 3.1 of Chapter 9 
[< - — 3 


Qn+l Angi] = (kn41 — kn)? |An+il < |l(u- kn)+Gnll? a, 


< | (u = kn)iGn 


” .p, 4nl® < ||V[(u— kn)+ Gall? 5 |Anl* 


yan Pp D 1—-B+p6 ££ 
S pp Mu Fn) tly, + 17% 1A in |An|® 


2 12"? few 
pe (= 


Pp 

eae 1+pé6 
\" Ant ® + 7h lAnlt +P, 
From this, in dimensionless form, in terms of Y;, one derives 


727 [yt (eV ts] e 72"? _ pits 
Yow < ——— |% AP |) pitted] < _/* _yplte 
as qeap|et + E-) ee] < pe 


provided ew > 7.p%°. It follows from these recursive inequalities that {Y,} > 
0 as n > oo, provided (Lemma 15.1 of Chapter 9) 


[fu > wt —ew] Bp] — (L—a)? det 


— iB, < aT D TE 


(4.3) 


Remark 4.1 This formula provides a precise dependence of v on a and the 
data. In particular, v is independent of «. 


5 Reducing the Measure of the Set Where wu is Either 
Near wt or Near po 


Proposition 5.1 Assume that 

[lu < pt - 34] 9 B,| 2 6|B,| (5.1)4 
for some @ € (0,1). Then for every v € (0,1) there exists « € (0,1) that can 
be determined a priori only in terms of the data and 6, and independent of w, 


such that either ew <7pN° or 


[fu > wt — ew] B,| < v|B,]. (5.2)4 
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Similarly, if 
|[u > uw + 4w]N B,| = 4|B,| G1)- 


for some 0 € (0,1), then for every v € (0,1) there exists € € (0,1) depending 
only on the data and 0, and independent of w, such that either ew <p? or 


[fu < pw + ew] B,| < v|B,|. (5.2)_ 


5.1 The Discrete Isoperimetric Inequality 


Proposition 5.2 Let E be a bounded convex open set in RN, letu¢ W!1(E), 
and assume that |[u = 0]| > 0. Then 


(diam E)N+1 
|[u = 0]| 


Proof. For almost all « € E and almost all y € [u = 0] 


llulla < ¥(N) I|Vulli. (5.3) 


y-al 9 ly—a| t- 
al=|f ooo x+np )dp| < / |\Vu(a+np)|dp, n= = 
; = 


Integrating in dx over E and in dy over [u = 0] gives 


te=aptotns ff ff” pwue + nopidody ate 


The integral over [u = 0] is computed by introducing polar coordinates with 
center at x. Denoting by R(x, y) the distance from x to OF along n 


jy—a| 
i , | IVu(e + np)|dody 


R(z,y) R(zx,y) 
< / stds f | |\Vu(x + np)|dpdn. 
0 |n|=1/0 


Combining these remarks, we arrive at 


Vuly 
[eu = 0}) ull < (diam B) “ff a ae aks 


Inequality (5.3) follows from this, since 


dx 
sup | 7, )N=1 < WN diam FE. a 
yeE JE |E— yl 


For a real number @ and u € W!:1(£), set 
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Apply (5.3) to the function (ue — k)4 for k < £ to obtain 


iam E)N+! 
(€- b)|lu > 4) < ony [. yale 6) 


This is referred to as a discrete version of the isoperimetric inequality ([47]). 
A continuous version is in [77]. 


5.2 Proof of Proposition 5.1 


We will establish (5.2) starting from (5.1)+. Set 


1 
ky = WT — 55, A,=[u>k.JN Bp, for s=1,2,...,5 (5.5) 


where 5, is a positive integer to be chosen. Apply (5.4) for the levels ks < ks41 
over the ball B,. By virtue of (5.1)+ 


\[u<ks] B,| >0|B,| for all s EN. 


Therefore 
Ww y(N) | 
—§—|A, < Vuld 
Seal el 0 p Metisse uldx 


N z ae 
< UM o( ftw ba)arae) "Ay — Aves 


Pp 


Take the p-power of both sides and estimate the term involving V(u—k;)+ by 
making use of the DG classes (1.6) over the pair of balls B, C Be, for which 
(1-0) = 3. This gives 


w?P » Pp? (Mu ks) +l, 8 eae =i 
sep Astil? < Tm pe Ke nee |As — Asti" 
N , yp 8 P 
ype w 2° NS p-1 
= QP 28P i+ (=r. |As — Asyi| : 
Let e¢ = 2~(%+)) and stipulate that the term in [---] is majorized by 2. Then, 


after we divide through by (w/2*)? and take the tT power of both sides, this 
inequality yields 


Pp 
p—1 N 
|Asail?? < (Z)’ ? p?-t|A, — Assil. 


Add both sides over s = 1,..., 5, and observe that the sum on the right-hand 
side can be majorized by a telescopic series, which in turn is majorized by 
|B,|. On the left-hand side the sum is carried over the constant minorizing 
term |As,41|. Thus 
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Sx 
84|As, 41]? aoe |As|? 
s=l1 


Pp p 


5 (B) ot $ la. aval (2) 


From this i a 
ny e€ 
pal g| Pol = 


Sx 


6 Proof of Theorem 3.1 


Consider the assumption (5.1)4 with 0 = 4. Since w > w(2p), by the defini- 
tions (3.1) 


([u< ut — Zw]N B,) U (lu > wo + $w) By) D Bp. 


Therefore not both of (5.1)4 can be violated. Assuming the first is in force, 


fix the number v as the one claimed by Proposition 4.1 for the choice a = 4, 


and then, such a number being fixed, determine s, and hence ¢ = 2~**+)) by 
the procedure of Proposition 5.1. Then by Proposition 4.1, either ew < yp%°, 
r (4.2), holds. The latter implies 


ess sup U < ess sup — FE ESS OSC U. (6.1) 
Bi, Bop Brp 


Now 


—essinfu < —essinfu. 
B B 


Adding these inequalities gives 
1 1 
w(5p) <nw(2p), where 7» =1— 5° (6.2) 
Let Br(y) C E be fixed and set pn = 4~”R. The previous remarks imply that 


W(Pn41) < max{nw(Pn); e~yepn?} (6.3) 
and by iteration 
wlOnsa) < meac{y”w(R); e~*yand 


Compute 


1 
in \ Int nm \ 1 
Pro =4"R = -n=In(&)™* — = (&) fora=—-—!. 
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7 Boundary DeGiorgi Classes: Dirichlet Data 


Let OE be the finite union of portions of (IV — 1)-dimensional surfaces of class 
C+, so that the trace of a function u € W!?(E) can be defined except possibly 
on an (N—2)-dimensional subset of OE. Given y € W'-> (9B), the Dirichlet 
problem for the quasi-linear equation (1.1) consists in finding u € W?(E) 
such that tr(u) = y and u satisfies the PDE in the weak form (1.4), with the 
equality sign, for all v € W}:?(E). Weak sub(super)-solutions of the Dirichlet 
problem are functions u € W1}?(£) with tr(u) < (>)y and satisfying (1.4) 
for all non-negative v € W}}?(E). If y € C(OE), it is natural to ask whether 
a solution of the Dirichlet problem, whenever it exists, is continuous up the 
boundary OF. The issue builds on the Lebesgue counterexample of Section 7.1 
of Chapter 2, and can be rephrased by asking what requirements are needed 
on OF for the interior continuity of functions in the DG classes to extend up 
to OF. Assume that OF satisfies the property of positive geometric density, 
that is, there exist G € (0,1) and R > 0 such that for all y € OE 


|Bp(y) MN (RY — £)| > 6|B,| forall O<p<R. (7.1) 


Fix y € OE, assume up to a possible translation that it coincides with the 
origin, and consider nested concentric balls B,, C B, for some p > 0 and 
a € (0,1). Let y € C(OE) and set 


+ ae = _ . 
y iP) = ue) yp =e 

(7.2) 
wo(p) = p'(p) — 9" (p) = osc, y. 


OENBp 


Let ¢ be a non-negative, piecewise smooth cutoff function, that equals 1 on 
Bop(y), vanishes outside B,(y), and such that |V¢| < [(1 — o)p|71, and let 
u be a local sub(super)-solution of the Dirichlet problem associated to (1.1) 
for the given y. In the weak formulation (1.4), take as test functions v, the 
localized truncations £¢?(u—k)+. While ¢ vanishes on OB,, it does not vanish 
of OEM B,; however 


¢P(u—k) is admissible if k > yt (p) 

¢?(u—k)_ is admissible if k < y7 (p). oe) 
Putting these choices in (1.4), all the calculations and estimates of Section 1 
can be reproduced verbatim, with the understanding that the various integrals 
are now extended over B,M E. However, since ¢?(u — k)4 € W}?(B,/N EB), 
we may regard them as elements of W}»?(B,) by defining them to be zero 
outside E. Then the same calculations lead to the inequalities (1.6), with 
the same stipulations that the various functions vanish outside EF and the 
various integrals are extended over the full ball B,. Given y € C(0E), the 
boundary DeGiorgi classes DG; = DG; (OE, p, 7,7, 4) are the collection of 
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all u € W'?(£) such that for all y € OE and all pairs of balls B,,(y) C B,(y) 
the localized truncations (u — k)4 satisfy (1.6) for all levels k subject to the 
restrictions (7.3). We further define DG, = DG; MDGz and refer to these 
classes as homogeneous if 7, = 0. 


7.1 Continuity up to OE of Functions in the Boundary DG Classes 
(Dirichlet Data) 


Let R be the parameter in the condition of positive geometric density (7.1). 
For y € 0E consider concentric balls B,(y) C Bop(y) C Br(y) and set 


+ aoe . 
= esssup u, = essinf u 
. Bap(y) NE . Bap (y)NE 
(7.4) 
w(2p) = pt — pp = essosc u. 
(2p) =p" — yu Rake 


Let also w,(2p) be defined as in (7.2). 


Theorem 7.1. Let OE satisfy the condition of positive geometric density 
(7.1), and let y € C(OE). Then every u € DG, is continuous up to OE, 
and there exist constants C > 1 and a € (0,1), depending only on the data 
defining the DG, classes and the parameter 8 in (7.1), and independent of ip 
and u, such that for all y € OE and all balls B,(y) C Br(y) 


p a 
w(p) < Cmax {w(R) (4) "5 wo(2p); r-p™*}. (7.5) 

The proof of this theorem is almost identical to that of the interior Holder 
continuity, except for a few changes, which we outline next. First, Proposi- 
tion 4.1 and its proof continue to hold, provided the levels ew satisfy (7.3). 
Next, Proposition 5.1 and its proof continue to be in force, provided the levels 
k, in (5.5) satisfy the restriction (7.3) for all s > 1. Now either one of the 
inequalities 

pr—gw>yt,  pwot+qw<g 

must be satisfied. Indeed, if both are violated 


ut —tw<yt and —4y —tw<-y. 


Adding these inequalities gives 
w(2p) < 2w,(2p) 


and there is nothing to prove. Assuming the first holds, then all levels k, as 
defined in (5.5) satisfy the first of the restrictions (7.3) for s > 2 and thus are 
admissible. Moreover, (u — kz), vanishes outside E, and therefore 


{fu <p = qu] q B,| > B|B,| 
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where 6 is the parameter in the positive geometric density condition (7.1). 
From this, the procedure of Proposition 5.1 can be repeated with the under- 
standing that (wu —k,)+4 are defined in the full ball B, and are zero outside 
E. Proposition 5.1 now guarantees the existence of € as in (5.2), and then 
Proposition 4.1 ensures that (6.1) holds. Oo 


Remark 7.1 If y is Holder continuous, then u is Hélder continuous up to 
OE. 


Remark 7.2 The arguments are local in nature and as such they require only 
local assumptions. For example, the positive geometric density (7.1) could be 
satisfied on only a portion of OF, open in the relative topology of OE, and y 
could be continuous only on that portion of OF. Then the boundary continuity 
of Theorem 7.1 continues to hold only locally, on that portion of OF. 


Corollary 7.1 Let OE satisfy (7.1). A solution u of the Dirichlet problem 
for (1.1) for a datum yp € C(QE) is continuous in E. If y is Holder contin- 
uous in OE, then u is Hélder continuous in E. Analogous statements hold if 
OE satisfies (7.1) on an open portion of OE and if yp is continuous (Holder 
continuous) on that portion of OE. 


8 Boundary DeGiorgi Classes: Neumann Data 


Consider the quasi-linear Neumann problem 


— div A(a,u, Vu) + Biz, u, Vu) = 0 in EF 


A(z,u,Vu)-n=% on OE ey) 


where n is the outward unit normal to OE. The functions A and B satisfy 
the structure (1.2), and the Neumann datum w satisfies 
N-1 
q= a AP p<N 


p-1 N 


weL(OE), where (8.2) 


any g>1 if p=N. 


A weak sub(super)-solution to (8.1) is a function u€ W1:?(E) such that 


i [A(z,u, Vu)Vvu + B(a, u, Vu)v] dx < 2) f wv do (8.3) 
E dE 
for all non-negative v € W1?(E), where do is the surface measure on OE. 
All terms on the left-hand side are well defined by virtue of the structure 
conditions (1.2), whereas the boundary integral on the right-hand side is well 
defined by virtue of the trace inequalities of Proposition 8.2 of Chapter 9. 

In defining boundary DG classes for the Neumann data 7, fix y € OF, 
assume without loss of generality that y = 0, and introduce a local change 
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of coordinates by which OF M Br for some fixed R > 0 coincides with the 
hyperplane zy = 0, and E lies locally in {ay > 0}. Setting 


BY =B,N [tn >0] forall O<p<R 


we require that all “concentric” $-balls BY, C BY Cc By be contained in 
E. Denote by ¢ a non-negative piecewise eadeth cutoff fiction that equals 
1 on Bop(y), vanishes outside B,(y), and such that |V¢| < [(1 — o)p|7?. 
Notice that ¢ vanishes on 0B, and not on 0B*. Let u be a local sub(super)- 
solution of (8.1) in the sense of (8.3), and in the latter take the test functions 
v = +¢?(u—k)4 € W!?(E). Carrying on the same estimations as in Section 1, 
we arrive at integral inequalities analogous to (1.6) with the only difference 
that the various integrals are extended over BZ, and BF, and that the right- 
hand side contains the boundary term ees from ihe right-hand side of 
(8.3). Precisely 


I|V(u — k) + I(u— kal? 


P < et ee 
Cll. Bt = (1 —o)PpP x 


+plag [e+ | feu bcd 
IN 0 


p.By 
(8.4) 


where 6 is given by (1.5), 7? is defined in (1.7), the sets Aj, , are redefined 
accordingly, and % = (a1,...,¢y—1). The requirement (8.2) merely ensures 
that (8.3) is well defined. The boundary DG classes for Neumann data w 
require a higher order of integrability of ~. We assume that 


N-1/N 
= 2 ( = if l<p<N 
 € LYE), where -_ (8.5) 
any g>1 if p=N 
for some ¢ > 0. Using such a q, define p > 1 by 
ee _, Np 1 p-1 N 
q BN-l ? “N-p qq p N-T 


One verifies that for these choices, 1 < p < p < N and the trace inequality 
(8.3) of Chapter 9 can be applied. With this stipulation, estimate the last 
integral as 


[/ _ blu Bec 


< ||Pllaozll(u— bac 

€ |Wllaon[IIV Cu — be lp + 271(u— 4) Ella] 

< lleaz[IIV[(u — ke Alp + 27ll(u— k)£Cllp] AE 177? 
1 

<5IVu— bac? gp + Iuka HIVE as 


/\ 


| A oa 
+ 7(N, pl ZanlAz, |e ppt, 
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Combining this with (8.4) and stipulating p < 1 gives 


*y ae _P 
IVu—k)+I ps S < opppell(u— k)+\) pt +974, (72°) Xee) 


where 6 is given by (1.5), and 


Vee = Y(N,p) (IF lle + I foll & Wise =F \|y| Ch a, (8.7) 


Given Y € L‘(0E) as in (8.5), the boundary DeGiorgi classes DG; = 
DG; (JE, p, 7, Y*«,6) are the collection of all u € W'?(B) such that for all 
y € OE and all pairs of 5-balls BY,(y) C By(y) for p < R, the localized 
truncations (u—k)+ satisfy (8.6). We further define DG, = DG; NDG,, and 


refer to these classes as homogeneous if 7. = 0. 


8.1 Continuity up to OF of Functions in the Boundary DG Classes 
(Neumann Data) 


Having fixed y € OF, assume after a flattening of OF about y that OF coin- 
cides with the hyperplane x, = 0 within a ball Br(y). Consider the “concen- 
tric” 5-balls BY (y) C By,(y) C Be(y) and set 


pt =esssupu, po =essinfu, w(2p)=pt—p =essoscu. (8.8) 
BT,(y) By,(u) BT,(y) 


Theorem 8.1. Let OE be of class C! satisfying the segment property. Then 
every u € DGy is continuous up to OE, and there exist constants C > 1 and 

€ (0,1), depending only on the data defining the DGy, classes and the Ct 
structure of OF, and independent of w and u, such that for all y © OF and 
all $-balls BY (y) C By) 


w(p) < C max {w(R) (4)" : nen | : (8.9) 


The proof of this theorem is almost identical to that of the interior Holder 
continuity, the only difference being that we are working with “concentric” 
4-balls instead of balls. Proposition 4.1 and its proof continue to hold. Since 
(u—k)+¢ do not vanish on 0B}, the embedding Theorem 2.1 of Chapter 9 
is used instead of the multiplicative embedding. Next, Proposition 5.1 relies 
on the discrete isoperimetric inequality of Proposition 5.2, which holds for 
convex domains, and thus for 4-balls. The rest of the proof is identical with 
the indicated change in the use of the embedding inequalities. @ 


Remark 8.1 The regularity of ~ enters only in the requirement (8.5) through 
the constant Y..+. 


Remark 8.2 The arguments are local in nature, and as such they require 
only local assumptions. 
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Corollary 8.1 Let OE be of class C' satisfying the segment property. A weak 
solution u of the Neumann problem for (8.1) for a datum w satisfying (8.5), 
is Holder continuous in E. Analogous local statements are in force, if the 
assumptions on OF and w hold on portions of OE. 


9 The Harnack Inequality 


Theorem 9.1 ([53, 48]). Let u € DG(E,p,7, 7,6) be non-negative. There 
exists a positive constant c, that can be quantitatively determined a priori in 
terms of only the parameters N,p,y and independent of u, yx, and 6 such that 
for every ball Bap(y) C E, either u(y) < cy ly.p%? or 


Cy U < inf u. 9.1 
(v) < nf (9.1) 


This inequality was first proved for non-negative harmonic functions (Sec- 
tion 5.1 of Chapter 2). Then it was shown to hold for non-negative solutions 
of quasi-linear elliptic equations of the type of (1.1) ([186, 235, 261]). It is 
quite remarkable that they continue to hold for non-negative functions in the 
DG classes, and it raises the still unsettled question of the structure of these 
classes, versus Harnack estimates, and weak forms of the maximum principle. 

The first proof of Theorem 9.1 is in [53]. A different proof that avoids 
coverings is in [48]. This is the proof presented here, in view of its relative 
flexibility. 


9.1 Proof of Theorem 9.1. Preliminaries 


Fix Ba,(y) C E, assume u(y) > 0, and introduce the change of function and 
variables 
u x-y 
u(y) p 
Then w(0) = 1, and w belongs to the DG classes relative to the ball By, with 
the same parameters as the original DG classes, except that 7, is now replaced 
by 


a Vx 
Tr, =(2py" ——.. 9.2 
(29) (9.2) 
In particular, the truncations (w — k)4 satisfy 
a 1 — 1-£B4+p5 
IV (oF) 10F 3, (en) S Pap (wh wey tL Pl Agel Ft”? (9.3) 


for all B,.(a,) C By and for all k > 0. By these transformations, (9.1) reduces 
to finding a positive constant c, that can be determined a priori in terms of 
only the parameters of the original DG classes, such that 


Ce S max{inf w ; Ey}. (9.4) 
a3 
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9.2 Proof of Theorem 9.1. Expansion of Positivity 
Proposition 9.1 Let M > 0 and By,(x.) C Ba. If 


|[w > M]N B, (as) 


> $|B,| (9.5) 


then for every v € (0,1) there exists « € (0,1) depending only on the data and 
v, and independent of I,, such that either eM < I,rN° or 


|[w < 2eM]N Bar(r«)| < v| Bar|. (9.6) 

As a consequence, either eM < I,rN° or 
w>eM in Bo,(a«). (9.7) 

Proof. The assumption (9.5) implies that 


11 
|[w > M|N Bar(ws)| 2 O|Bar|, where 6 = 57y- 


Then Proposition 5.1 applied for such a 6 and for p replaced by 4r implies 
that (9.6) holds, for any prefixed v € (0,1). This in turn implies (9.7), by 
virtue of Proposition 4.1, applied with p replaced by 4r. a 


Remark 9.1 Proposition 4.1 is a “shrinking” proposition, in that informa- 
tion on a ball B,, yields information on a smaller ball B Lo: Proposition 9.1 
is an “expanding” proposition in the sense that information on a ball B,(a..) 
yields information on a larger ball B2,(x,). This “expansion of positivity” is 
at the heart of the Harnack inequality (9.1). 


9.3 Proof of Theorem 9.1 
For s € [0,1) consider the balls B, and the increasing families of numbers 
M, =supu, N, = (1—)-* 
Bs 
where 3 > 0 is to be chosen. Since w € L™(Bo), the net {M,} is bounded. 
One verifies that 
M,=N.= 1, limM,<oo, and lim N,=oo. 
sol sol 


Therefore the equation M, = N, has roots, and we denote by s, the largest 
of these roots. Since w is continuous in Bg, there exists x, € B,, such that 


sup w= w(#.) = (1—s,)7%. 
Bs, (t«) 


Also, since s, is the largest root of M, = N, 
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—B 
1-5, 1-5, 
sup ws ( ) ‘ where i, 
Br(a«) 2 


By virtue of the Holder continuity of w, in the form (3.2), for alO<r<R 
and for all « € B,(x.) 


w(x) — w(x.) > -c{| sup w—_ inf uj (=) + revs} 
Br(2x) Br(zs) R (9.8) 


> -c[2%a =a)" (=) + ie? 


Next take r = «,R, and then ¢, so small that 
or see he ceed ee 
ofta-aree ene (=*) = all = 84). 


The choice of €, depends on C, a, I, N, 6, which are quantitatively determined 
parameters; it depends also on 3, which is still to be chosen; however the choice 
of €, can be made independent of s,. For these choices 


1 1 
w(x) > w(w,) — 5(1- 84)-8 = 5(1- 5.)-F del 
for all « € B,(«,). Therefore 
|[w > M]NB,(as)| > $|Br|- (9.9) 


From this and Proposition 9.1, there exists e € (0, 1) that can be quantitatively 
determined in terms of only the nonhomogeneous parameters in the DG classes 
and is independent of 6, r, [., and w such that either 


eM <I,rN°, where r= 4e,(1— 5.) 


or 
w>eM on Bo,(xx«). 


Iterating this process from the ball By;,(a.) to the ball Byg;+1,(a.) gives the 
recursive alternatives, either 


eIM <T,(2'r)%? or w>eiM on Bojt1,(ae). (9.10) 
After n iterations, the ball Bgn+1,(a,) will cover B, if n is so large that 
2< 2"thr = a"t*le,(1— 8,4) <4 (9.11) 
from which 


Qe"M = e"(1—8,)~F < (28 e)e8 < 2% e"(1— 5,)-? = 2916", 


10 Harnack Inequality and Hélder Continuity 383 


In these inequalities, all constants except s, and @ are quantitatively deter- 
mined a priori in terms of only the nonhomogeneous parameters of the DG 
classes. The parameter €, depends on {3 but is independent of s,. The latter is 
determined only qualitatively. The remainder of the proof consists in selecting 
6 so that the qualitative parameter s, is eliminated. Select 6 so large that 
€2° = 1. Such a choice determines €,, and 


e"M =e" h(1— 24)? 2 2-H SE o,, 


Returning to (9.10), if the first alternative is violated for all 7 = 1,2,...,n, 
then the second alternative holds recursively and gives 


wree"M>c, in By. 


If the first alternative holds for some j € {1,...,n}, then a fortiori it holds 
for j = n, which, taking into account the definition (9.2) of I, and (9.11), 
implies 

Cay) < Yu (2p)? 2 


10 Harnack Inequality and Holder Continuity 


The Holder continuity of a function u in the DG classes in the form (3.2) has 
been used in an essential way in the proof of Theorem 9.1. For non-negative 
solutions of elliptic equations, the Harnack estimate can be established inde- 
pendent of the Holder continuity, and indeed, the former implies the latter 
({186)). 

Let y* and w(2p) be defined as in (3.1). Applying Theorem 9.1 to the two 
non-negative functions wt = pt —u and w~ = u— p-, gives either 


ess sup wt = ut — essinfu < cy !yp™%* 

Bo(y) Bo(y) 

in. ee (10.1) 
esssupw =esssupu—M <C, Yep 
Bo(y) Bo(y) 


or 


+ — essinf u) < pt — esssupu 


Cx 
( Bo(y) B,(y) 


(10.2) 
c.(esssupu— pw) < essinfu— po. 
B,(y) Bo(y) 


If either one of (10.1) holds, then 
w(p) < w(2p) < ee yp™. (10.3) 
Otherwise, both inequalities in (10.2) are in force. Adding them gives 


Cx(2p) + C.w(p) < w(2p) — w(p). 
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From this 
1l-c 


~ l+eaq. 


The alternatives (10.3)—(10.4) yield recursive inequalities of the same form 
as (6.3), from which the Hélder continuity follows. These remarks raise the 
question whether the Harnack estimate for non-negative functions in the DG 
classes can be established independently of the Holder continuity. The link 
between these two facts rendering them essentially equivalent, is the next 
lemma of real analysis. 


w(p) < nw(2p), where 7 (10.4) 


11 Local Clustering of the Positivity Set of Functions in 
W!'1(E) 


For R > 0, denote by Kr(y) C R% a cube of edge R centered at y and 
with faces parallel to the coordinate planes. If y is the origin on R’, write 
Kpr(0) = Kp. 


Lemma 11.1 ([54]) Let v¢ W!!(Kp) satisfy 
lull wiaccr) < an and fu > 1]| > V\|KR| (11.1) 


for some y > 0 and v € (0,1). Then for every vy» € (0,1) and 0 < A < 1, 
there exist v1, € Kr and €, = €(V,U%,A,y, N) € (0,1) such that 


los Nin Ki ee) > wi ai. (11.2) 


Remark 11.1 Roughly speaking, the lemma asserts that if the set where u 
is bounded away from zero occupies a sizable portion of Kp, then there exists 
at least one point 7, and a neighborhood K,, r(x.) where u remains large in 
a large portion of K.,r(x.). Thus the set where wu is positive clusters about 
at least one point of Kp. 


Proof (of Lemma 11.1). It suffices to establish the lemma for wu continuous and 
R=1. For n€N partition K, into n% cubes, with pairwise disjoint interior 
and each of edge 1/n. Divide these cubes into two finite sub-collections Qt 
and Q~ by 

QiEQh = [fv > 1NQiI > 5H1Q,| 

QEQ <— |ly>1NQil < gv1Qil 


and denote by #4(Q*) the number of cubes in Qt. By the assumption 


S [e>Un@l+ XS [w> tN >Aml =n" 
Q;EQt QiEQ- 


where |Q| is the common measure of the Q¢. From the definitions of Q* 
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N I[v > 1] Q;| \[v > 1NQ;| 
oS oe 1Q5| 7 ont. Qi 
< #(QT)+ su(n™ — #(Q?r)). 
Therefore ” 
#(Q*) > —n™. (11.3) 


Fix v,, € (0,1). The integer n can be chosen depending on v,v.,A,y, and 
N, such that 


I[v > A]NQ,| => (A -—v)|Q;| for some Q; € Qt. (11.4) 


This would establish the lemma for e, = 1/n. We first show that if Q is a 
cube in Q* for which 


I[v > AINQ] < (1 — vs )|Q| (11.5) 


then there exists a constant c = c(v,v.,, N) such that 


_ 
Ilullwia(qy 2 c(v, 4A, NJ (11.6) 
From (11.5) 
1+. 
e<ANQ>u4lQq] and | [fv > S*] ng] > 5x12. 


For fixed x € [u < AJNQ and ye [v > (1 +A)/2] 9 


Y—-wz 


ly—2| 
—— <v(y) — v(x) = ‘i Vu(a+in)-ndt, n= : 
0 Iz — y| 


Let R(x, n) be the polar representation of OQ with pole at « for the solid angle 
n. Integrate the previous relation in dy over [v > (1+ A)/2]NQ. Minorize the 
resulting left-hand side, by using the lower bound on the measure of such a 
set, and majorize the resulting integral on the right-hand side by extending 
the integration over Q. Expressing such integration in polar coordinates with 
pole at x € [vu < AJNQ gives 


— R(a,n) ly—2| 
ae Vial< | | ai | |Vu(« + tn)| dt dr dn 
|n|=1 0 


R(a,n) 
< NX/IQ| i |\Vu(x + tn)| dt dn 


|n|=1 
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Now integrate in dx over [u < A] 1 Q. Minorize the resulting left-hand side 
using the lower bound on the measure of such a set, and majorize the resulting 
right-hand side, by extending the integration to Q. This gives 


vv,(1— A) i: 1 
IQ] < ——— dr 
SATE Al < Wolwrocay sap f) —aerel 


< O(N)|Q|/™ lull w22(@) 


for a constant C(N) depending only on N, thereby proving (11.6). 
If (11.4) does not hold for any cube Q; € Q*, then (11.6) is verified for 
all such Q;. Adding (11.6) over such cubes and taking into account (11.3) 


7p V,A,.N)n < lull w22cK) ay: a 


Remark 11.2 While the lemma has been proved for cubes, by reducing the 
number e,. if needed, we may assume without loss of generality that it contin- 
ues to hold for balls. 


12 A Proof of the Harnack Inequality Independent of 
Holder Continuity 


Introduce the same transformations of Section 9.1 and reduce the proof to 
establishing (9.4). Following the same arguments and notation of Section 9.3, 
for 6 > 0 to be chosen, let s, be the largest root of M, = N, and set 


M,=(1—s,)-8 M* =28(1—s,)~8 


1-—s, 1l+s, 
R= — Ro = — 
4 2 


so that M* = 28M, and Br(zx) C Br, for all x € B,,, and 


esssupw < M* for all x € Bg,. 
Br(x) 


Proposition 12.1 There exists a ball Br(x) C Br, such that either 


M*<D,RN® = uly)<%e™? (12.1) 
or 
\[w > M* —eM*)N Br(x)| > |Br| (12.2) 
where e 
(1— a)! 1 
Ya * 1/591 / ps’ ax=e= 1-35 (12.3) 


and where y is the quantitative constant appearing in (4.3) and dependent 
only on the inhomogeneous data of the DG classes. 
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Proof. If the first alternative (12.1) holds for some Br(x) C Br,, there is 
nothing to prove. Thus assuming (12.1) fails for all such balls, if (12.2) holds 
for some of these balls, there is nothing to prove. Thus we may assume that 
(12.1) and (12.2) are both violated for all Br(«) C Br,. Apply Proposition 4.1 
with ¢ = a and conclude, by the choice of a and 1%, that 


w <(1—a?)M*=M, imal balls Bip(x) C Br,. 
Thus w < M, in B;,, contradicting the definition of M,. a 


A consequence is that there exists Br(x) C Br, such that 


[lv > 1A Br(x)|>v|Brl, where v= =e (12.4) 
Write the inequalities (9.3) for w, (k = 0) over the pair of balls Br(x) C 
Bor(x) C Br,, and then divide the resulting inequalities by [(1 — a)M*]?. 
Taking into account the definition (9.2) of ., and (12.2), this gives 
2pN- 
IVE Ba(a) a ges ee 
From this 
[Volla,Ba(x) < (B)R™. (12.5) 


Thus the function v satisfies the assumptions of Lemma 11.1, with given and 
fixed constants y = (data, 3) and v = 1,(data, 8). The parameter 8 > 1 
has to be chosen. Applying the lemma for A = v = 4 yields the existence of 
x. € Br(x) and ¢, = e,(data, 6) such that 


|[w > M]N B,(xs)| > $|Brl, where r=e«,.R 


and where M = +M,. This is precisely (9.9), and the proof can now be 
concluded as before. | 


Remark 12.1 The Holder continuity was used to ensure, starting from (9.8) 
that w is bounded below by M in a sizable portion of a small ball B., r(x) 
about x,. In that process, the parameter €, had to be chosen in terms of the 
data and the still to be determined parameter 3. Thus ¢, = e,(data, 3). The 
alternative proof based on Lemma 11.1, is intended to achieve the same lower 
bound on a sizable portion of B.,r(«.). The discussion has been conducted 
in order to trace the dependence of the various parameters on the unknown 
8. Indeed, also in this alternative argument, ¢, = €,(data, 3), but this is the 
only parameter dependent on 8, whose choice can then be made by the very 
same argument, which from (9.9) leads to the conclusion of the proof. 


Check for 


1 1 updates | 


LINEAR PARABOLIC EQUATIONS IN 
DIVERGENCE FORM WITH 
MEASURABLE COEFFICIENTS 


1 Parabolic Spaces and Embeddings 


Let E be a bounded domain in R* with boundary OE of class C1, and for 
0 < T < o let Er denote the cylindrical domain FE x (0,T7]. The space 
L"(Er) for q,r > 1 is the collection of functions f defined and measurable 
in EF’ such that 


1 


Ifllaner = (f “4 [\sitae) ar)" < 00, 


Also, f € LE" (Er), if for every compact subset K C E and every sub-interval 


loc 
[ (/. [flfde) * ax < 00. 


[t1, t2] C (0, 7] 
Whenever g = r we set L?4(Er) = L4(Er). These definitions are extended in 
the obvious way when either gq or r is infinity. 

We introduce spaces of functions, depending on (a,t) € Er, that exhibit 
different behavior in the space and time variables. These are spaces where 
solutions of parabolic equations are typically found. 

The set of all functions that are continuous in Fr is denoted by C(Er). 
Given two points (21, t1), (v2,t2) € Er, we define 


def L 
d((a1,t1), (x2, ta)) = | — £2| ot |t4 —t2/?, 


and for a € (0,1), we let C% (Er) be the subspace of C(Er) consisting of 
all functions f such that the norm 


|f (a1, t1) — f(x2, te)| 

a, = sup |f(z,t)|+ sup — 

Ill ae) oe (2.0) etEterr [a((x1, #1), (wa, t2))]* 
eye T2142 
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is finite. This is the space of the so-called Holder continuous functions. Finally, 
C?!(Er) is the set of all continuous functions in Ey having continuous deriva- 
tives fx;, fe;2; with 7,7 =1,...,N, f; in Ep. The previous definitions can 
be extended from Ey to Py; moreover, exactly as we did above for L%" (Er) 
spaces, we say that 


f € Ciocl(Er), ce? (Er), Ce (Er), 


whenever the previous definitions hold on any compact set K C Er. 
Let m,p > 1 and consider the Banach spaces 


V™? (Br) = L©(0,T; L™(E))  L?(0,T;W*?(£)), 
Vi"? (Ep) = L©(0,T; L™(E)) 0 L?(0, T; Wo’? (E)) 
both equipped with the norm 


lull vme(er) = ess sup ||0(-, £)|lm.e + [|Dullp.zr- 
0<t<T 


When m = p, set V?:?(Er) = VP(Er) and V??(Er) = V? (Er). In the follow- 
ing we will be interested in V?(Er) and V?(Er). Both spaces are embedded 
in L4(E) for some gq > 2. In a precise way we have the following. 


Proposition 1.1 There exists a constant y depending only on N such that 
for every v € V2(Er) 


/[,. |u(a, t)|%da dt < vf |Dv(a, t) Pde dt) 


‘ (1.1) 
a 
 (cassup f Io (x,t) ?dx) ; 
0<t<T 
where 
_ oN +2 
¢= N 
Moreover, 
lllaser S Vlellv2cer)- (1.2) 


Remark 1.1 The multiplicative inequality (1.1) and the embedding (1.2) 
continue to hold for functions v € V?(E7) such that 


| v(z,t)dx =0 for ae. t € (0,7) 
E 


provided OE is piecewise smooth. In such a case the constant yy also depends 
on the structure of OE, but not on its size. 
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Proposition 1.2 Assume that OE is piecewise smooth. There exists a con- 
stant y depending only on N and the structure of E, such that for every 
ue Vv? (Er) 


1 
EP a 
lelee <7 (14 2) Cece (1.3) 
Bs 
where, again, 
_,N+2 
q= vy 


The next corollaries follow from Propositions 1.1-1.2 by applying Holder’s 
inequality. 


Corollary 1.1 There exists a constant y depending only on N, such that for 
every v € V2(Er), 


1 
llollaer < y| [lel > 0]|** llellvecer)- 


Corollary 1.2 Assume that OE is piecewise smooth. There exists a constant 
y depending only on N and the structure of E, such that for every v € V7(Er), 


2 ‘i WH WE 2 
llullon~ S¥(1+ BF {lel > O}]? ell2ce,)- 


Working with L%"(E'r) spaces, Propositions 1.1-1.2 take the following form 


Proposition 1.3 There exists a constant y depending only on N, q, r, such 
that for every v € V2(Er), 


llarsBr < Vlellv2cer), 


where the numbers q,r > 1 are linked by 


LN ON (1.4) 
rq 4’ , 
and their admissible range is 
if N =1, q € (2, oo], r € [4, 00); 
if N=2, q€ [2,co), re (2, 00]; (1.5) 


if N>2, qe [2,24]. r € [2, oo]. 


Proposition 1.4 Assume that OE is piecewise smooth. There exists a con- 


stant y depending only on N, q, r and the structure of E, such that for every 
veVv? (Er), 


1 
T Tr 
Planer <7(1+2z) lllvacen. (1.6) 


where q andr satisfy (1.4)-(1.5). 
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We conclude this section by stating a Lemma concerning the truncated func- 
tions (v — k)4. 


Lemma 1.1 Let v € V?(Er). Then, (v—k)z € V?(Er) for all k € R. 
Assume in addition that OE is piecewise smooth and that the trace of v(-,t) 
on OE is essentially bounded and 


ess sup ||v(-,t)||oo:a2 <M for some M > 0. 
0<t<T 


Then, (v—k)4 € V2(Er) for allk > M. 


Besides V?(Er) and V?(Er), in the sequel we will also need the following 
functional spaces: 


V?(Er) = C((0, 7); L>(E)) n L7(0,7;W1?(B)), 
V2(Er) = C((0,T];L?(E)) n 17(0,T; W>?(E)), 
W?(Er) = W'?((0, T]; L?(E£)) nN L7(0,T; W1?(E)), 
W? (Er) = W**((0, T]; L°(E)) 170, T; W57(E)). 


Finally, Wh (Er) for integers k, m, and q > 1 is the Banach space consist- 
ing of the elements of L4(E7) having k generalized space derivatives and m 
generalized time derivatives also in L4(E) (see Section 1c of Chapter 9 for 
higher order generalized derivatives). 


Estimates analogous to (1.6) can be derived for the norm ||ul|g,:5, where 
= 0E x (0,7). 


Proposition 1.5 Assume that OE is piecewise smooth. There exists a con- 
stant y depending only on N, q, r and the structure of E, such that for every 
vEevV? (Er), 


TS 2” Na 
lvllarse S 1+ (a) lvllv2(er)> 


where the numbers q,r > 1 are linked by 


1 N-1_N 


rag 4” 
and their admissible range is 


if N=2, q€[l,co), r € (2,00]; 


if N>2, qe (PACD 2D), re [2,00]. 
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1.1 Steklov Averages 


Let v € Li(Er) and let 0 < h < T. The Steklov averages v;,(-,t) and vj (-, t) 
are defined by 


1 tth 

aI v(-,7)dr for t € (0,T— Al, 
Up, = hse 

0, for t>T —h. 

1 t 

al v(-,t)dr for t € (h,T], 
a oe 


0, for t <h. 


Lemma 1.2 Let v € L%"(Er). Then, as h > 0, vpn > v in LY" (Ep_-) for 
every € € (0,7). Ifv € C(0,T; L°(E)), then vn(-,t) > v(-,t) in LICE) for 
every t € (0,T —€«) for alle € (0,T). 


A similar statement holds for v7. The proof of the lemma is straightforward 
from the theory of L? spaces. 


2 Weak Formulations 


Denote by (a;;) an N x N symmetric matrix with entries a;; € L°(Er), and 
satisfying the ellipticity condition 


AIE|? < aig (w, EE; S AIEI? (2.1) 


for all € € R% and all (z,t) € Er, for some 0 < \ < A. The number A 
is the least upper bound of the eigenvalues of (a;;) in Er, and A is their 
greatest lower bound. A vector-valued function f = (f1,...,fN) : Er 7 
R is said to be in L? (Er), for some p > 1, if all the components f; € 
L? (Er). Given a scalar function f € Ly,.(E7) and a vector-valued function 
f © Li..(Er), consider the formal partial differential equation in divergence 
form (Section 3.1 of the Preliminaries) 


Ut — (aijUx;) =f—divf in Er. (2.2) 


Expanding formally the indicated derivatives gives a PDE of the type of (3.1) 
of Chapter 1, which, in view of the ellipticity condition (2.1), admits one 
family of real characteristic surfaces (Section 3 of Chapter 1). In this formal 
sense, (2.2) is a second-order parabolic equation. 

Now multiply (2.1) by an arbitrary smooth function y = y(a,t) which 
vanishes on OE x (0,7), integrate both sides over Ey, and carry out an inte- 
gration by parts in the terms containing the coefficients a;;. As a result, we 
obtain 
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/[,. (urp + aijUx,; Px; dx dt = [fuer fie, dex dt. (2.3) 


As it is easy to find out, (2.2) and (2.3) are equivalent, if all the terms a,;, f, 
f; are regular. 

The above formulation contains the term uz, which we want to get rid of 
(the motivation for doing so lies in the possibility of proving suitable existence 
and uniqueness theorems, as we will show in the next paragraphs). If we 
perform a further formal integration by parts with respect to the variable t, 
we finally arrive at 


T 
| uy| dx +/f (—uye + aij Ue; Px, )da dt -| (fet fips, )dx dt. (2.4) 
E 0 Er Er 


Equation (2.4) is well defined, provided we make the right integrability as- 
T 

sumptions on u and Vu. Moreover, we also need to give meaning to | ug| dx. 
0 


Leaving these issues aside for a moment, we say that (2.4) is the weak formu- 
lation of (2.3). 


3 The Homogeneous Dirichlet Problem 


Consider the homogeneous Cauchy—Dirichlet problem 


Ut — (aijue;) ,, = f —divf in Ey, 


u=O0 on OE x (0,T), (3.1) 
u(-, 0) = us in EB, 
where 
FEL (Er), u.€ L(E), f € L* (Ep), (3.2) 
with 
2N 
2 1,2] for N > 
a ae [spa], re [1,2] for N> 3 
—-+—=1+4+-— and 4 ¢é (1,2), r € [1,2) for N = 2, (3.3) 
r 2q 4 


4 
qd € [1,2], re 15 for N =1. 


The PDE is meant in the weak sense by requiring that u € V?(Er), and 
such that for almost all 7 € [0,T] and Vy € W2(Er) the following identity is 
satisfied 


[ue r)y(2, nde — fu o(x)p(a, 0) ya — f° | weutea 
+f f ajusjpede dt = Pease \dx dt. 


(3.4) 
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It is a matter of straightforward computations to show that if the integrability 
conditions (3.2)—(3.3) are satisfied, then all the integrals in (3.4) are finite for 
any functions u and ¢ in the indicated classes. 

There is a different but equivalent way to define a weak solution of the 
homogeneous Cauchy—Dirichlet problem (3.1): we say that u € V?(Er) is a 
weak solution of (3.1) if 


fo T 
-f [ weacas | | asus eedeat 
0 E 0 E 
T 
=f f tien + foaeae+ | uolaelx,0)ae. 
0 E B 


for all y € W?(Er), which vanish for t = T. 


Proposition 3.1 The two notions of solutions given in (3.4) and (3.5) are 
equivalent. 


Proof. That (3.4) implies (3.5) is trivial. Let us show that the opposite impli- 
cation is also true. In the weak formulation (3.5), consider the test function 


pe(a, t) = C(a, t)ne(t), 


where ¢ € W?(Er), and 7. is a piecewise linear function, which is equal to 1 
T—t 
for t < 7 — €, vanishes for t > 7, and is equal to 


for t € (7 —e,T). If we 
pass to the limit as € > 0, it is apparent that 


va T 
| fl AijUe;Pea,dxdt + | | ij Ue; Gu, dx dt, 

0 JE 0 JE 

a T 
| | (fipee: + f~e)dadt — | | (fide; + fC)dx dt, 
0 JE 0 JE 
| Uo(“)pe(x,0)du > | Uo(x)C(a, O)dx. 
E E 
As for the first term in (3.5), we have 


JH EF 1 ig 
-{ [ wesdvat =— f | wenacat+ = | J wcaeat 
0 JE 0 JE €Jr-e JE 


Since the function 


w(t) =f w(e.rote, tae 


is summable on [0,7], we conclude that, possibly up to a subsequence, 


— ff west = =f fwcavar+ [ u(e.\¢e,r)ae. 
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Remark 3.1 Formulation (3.5) will be useful in the proof of existence of 
solutions. 


We can also give a formulation in terms of the Steklov averages. Namely, let 
0<h<T. In the weak formulation (3.4) take as test function the Steklov 
average 


Ly 2 
ent) == fer) dr, 
t—h 


where ¢ is an arbitrary element of W2(E7), which vanishes for t > T — h and 
for t < 0. If we take r = T in (3.4), the first two terms on the left-hand side 
vanish because of the assumption on ¢, whereas the third one is transformed 
in the following way 


- ff upp deedt = — ff unprdedt = [f unty dx dt. 
Er Er Er 


Indeed, for functions v, w € L?(—h,T), one of which vanishes in (—h,0) and 


(T —h,T), we have 
T T-h 
| vu7;, dt = 7 upw dt, 
0 0 


where we recall from Section 1.1 the definition of vz. Moreover, we have in- 
terchanged the order of integration with respect to t and 7. In all the other 
terms, in a similar way, we transfer the averaging from y to the corresponding 
factor, taking into account that averaging and differentiation with respect to 
x commute. We conclude 


// [uney + (Gath, nen; | da dt = // (fre + finPe,;) dx dt. 
Erv_pn Ev_n 


By a density argument, it is not difficult to see that the previous equality 
holds for any function y that vanishes for t > t, with t; < T’— h and belongs 
to V?(Er). Therefore, we end up with the weak formulation 


// [unep a (ai; tz, hz; | dx dt = // (frye + finPx,) dx dt (3.6) 
Ex, Er, 


for any function y € V2(E;,), provided that t; < T— h. 


4 The Energy Inequality 


We have the following result, which is important in itself, and at the same 
time plays a fundamental role in the existence proof for (3.1)-(3.3). 
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Proposition 4.1 Let u € V2(Er) be a solution of the homogeneous Cauchy- 
Dirichlet problem (3.1) with data satisfying (3.2)-(3.3). Then, the Energy 
Inequality 


tlveceny <4 lhtollae + Illa + [flare] (4.1) 
holds true, where y > 0 depends only on N and X. 
Proof. In (3.6) choose y = un, take into account that 


1 
// untunadx dt = >| uz (a, t)da 
E E 


ty 


t=t1 


t=0 


and let h > 0. The regularity of all the functions guarantees that this can be 


done, and yields 
1 t=t1 ty ty 
>| u? (a, t)dx +f | aiuaunde at = | | iu fis Jaa 
2JE é=0 0 JE 0 JE 

t=t 


1 
The convergence of the term I uz (2, t) is ensured by the continuity of 
=0 


u with respect to t in L?(E£), which we have assumed. 
By the ellipticity condition (2.1) and the integrability conditions (3.2)— 
(3.3), if g’ and r’ denote the Hélder conjugate exponent of g and r, we obtain 


ti 
5 [late +. | - |Vul?da dt 
2/E 
1 z ty z 
i (x, 0)da + ([° [ \f| “av dt) (/ | IVul?ae at) 
0 JB 


+(L°(hume)' a) (Linea 


<5 f wPe.0de +7 [lflose,, + Ilene] lullvace,) 


since by Proposition 1.3 we have u € L7°" (Ey) and lellawrsE., < lullv2ce,)- 
Hence, 


lal 2ce,) SF [lleollase + Ufllauce, + UFllanesse, |llellv2cee,)- 


Now, choose t; = T on the right-hand side, and by the arbitrariness of t; take 
the supremum on the left-hand side, to conclude. 


5 Existence of Solutions of the Homogeneous 
Cauchy—Dirichlet Problem (3.1) by Galerkin 
Approximations 


We finally come to the solvability of the homogeneous Dirichlet problem (3.1). 
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Theorem 5.1. If conditions (3.2)-(3.3) are satisfied, then Problem (3.1) has 
a solution in V2(Er). 


Proof. Let {wx} be a countable, complete, orthonormal system for W}:?(E). 
The existence of a such a system follows by the same argument as in Section 7 
of Chapter 9. For the sake of simplicity, we assume it to be normalized with 
respect to the inner product in L?(£), that is (w;,wj) = 6;;. We look for an 
approximate solution u™ of (3.1) of the form 


M 
u™ (x,t) =)_ ch! we (2), 
k=1 
where the coefficients cM(t) = (u™(2,t),we(x)) are determined from the 
Cauchy problem 
d Ml 
aed uM wd + | aijut, Wr de = Ca a; + fwr) dx (5.1) 
BE 
cM (0) 7 UoWraa, (5.2) 
B 


with k =1,..., M. Conditions (5.1) are a system of linear ordinary differential 
equations, which we can rewrite as 


d 
ae "(t) + Anici” “(t) = F(t), k=1,...,M, (5.3) 


where 
Axi =j ij Wk,x;, Wi,x; AL, 
B 
Fy, = | (fiwe,x, + fur) dx 
BE 


and both belong to L?(0,7), as can be easily seen from (2.1) and (3.2)-(3.3). 
In Section 5c we discuss a general result, which guarantees that under these 
conditions, (5.3)—(5.2) have a unique solution; we can then conclude that the 
approximate solutions u™ are uniquely determined for any M. 

Let us first ai that the coefficients ett are equibounded. If we multiply 
each of (5.1) by cM, sum what we have obtained over k from 1 to M, and 
integrate with respect to t from 0 to t; for any t; € (0,7), we obtain 


oy. |u™ |? (a, t) a, Pap | aia i, de dt = [ [i fiun + fu de dt. 


We can then work as in the proof of the Energy Inequality of Section 4 and 
conclude that 


levee) S7[Ifllaee + [Flare + lluollae) (5.4) 
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where y depends only on N, A, g, 7, and we have taken into account that 
M 
lu" (x, D3. = >_ lek" (0)? < |luoll3.z- 
k=1 


From (5.4) it follows that the coefficients cM! = cM (t) are all bounded by the 
same quantity for any & and for any M. 

Let us now prove that for fixed k and arbitrary M > k the coefficients cl! 
are equicontinuous. It suffices to show that 


lee’ (t +h) — eR (t)| < €(h, k), 


where e(h, k) tends to zero as h + 0, and depends on h and k, but does not 
depend on M. From (5.1) 


t+h 
jetty Ols ff [laud une 
t E 


By (2.1) and (3.2)—-(3.3) we have 


t+h 
/ | aij un, Who; 
t E 
1. 
t+h 2 $ : 
<A | [ ivettPacat ff [Ven nt, 
£ E E 
t+h tth N 2 $ ' 
ae dxdt < / | dS laPacat / [Van 2 h2 
t E t Ejay E 
u8 
t+h t+h z r 3 ‘ 
/ | lfwelaeae <4 | [ (| lax) dt / [Vary hv. 
t E t E E 


Since all the integrals on the right-hand sides tend to zero as h tends to zero, 
we conclude that 


f | fiWhas 


+ | fwx|| dx dt. 


dx dt 


Jog! (t +h) — cf (t)| S €(h)|| Valls. 


We can now apply the Ascoli-Arzela Theorem, and for any fixed k, select 
a subsequence {c;/'} that converges uniformly on [0,7] to some continuous 
function cz, k > 1 as M; tends to oo. Notice that, in general, the sequence 
{M;} depends on k. However, such a dependence can be dispensed with, owing 
to a diagonal selection process. 

With these coefficients cz we build a function 


u(a,t) = >» Cr(t)we (a). 
k=1 
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We claim that u € V?(Er) and is a weak solution of (3.1). 


If we let 
Mi 
uM — en Wk, 
k=1 
it is matter of straightforward computations to check that, as M; > oo, 
uM -» u weakly in L?(E) uniformly with respect to t, 
u“ —, u weakly in L?(Er), 


Vu + Vu weakly in L?(Er). 
Moreover, by the properties of the weak convergence, u will satisfy 
llullv2(er) S 7 Illa + [Ifllarsor + ||voll2;2], 
just as u™, and we conclude that u € V2(Er). 
In order to show that u is a weak solution, multiply each (5.1) by a smooth 


function d;,(t), which vanishes for t = JT, sum over k from 1 to M’ < M, and 
integrate with respect to t from 0 to T’.. If we let 


M’ 
gM’ (a, t) = 2 del) Wr (a 


after an integration by parts we have 


FE 
i | -uMoM + + jul om] da dt = a el (f@%" + fo") deat 
0 E 
+f u™ (x, 0)6™ (x, 0)de. 
E 


By the weak convergence of the subsequence {u“} studied above, we can 
pass to the limit with respect to M and obtain 


T T 
| | [ = uo" + aiju., OM der dt = | | (fio + fO"") deat 
0 JE 0 JE 
+ Uo(z)O™" (x, 0) da, 
E 
where we have taken into account that 
| u™ (2,0) (x,0)dx > [0k a)™' (x, 0)dx. 
E 
Now, by Lemma 4.12 of Chapter II of Ladyzhenskaya et al. [151], the functions 


&™’ are dense in the space of all functions y € W?(Er), which vanish at t = T. 
Therefore, by density we can conclude that 
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T T 
if | — up, + Ajj Ux; Pes | dx dt -| | (fePe: + f¢) dxdt 
0 E 0 E 


(5.5) 
+ [ Uo(x) p(x, 0)da, 


for all yp € W2?(Er), which vanish at t = T. By Proposition 3.1 we conclude 
that u is a weak solution. ial 


Proposition 5.1 Under the same assumptions as in Theorem 5.1, any solu- 
tion u € V2(Er) of Problem (3.1) is strongly continuous in t in the L?(E) 
norm. 


Proof. By the previous construction, u € L°(0,7; L?(E)); now we show that 
it is actually more regular. We let 


Fy = fi — aijta;, 


so that we can rewrite (5.5) as 


= | : i nome dl ioe Oar i ‘ | (Figs, + fp) dxdt. 


We now extend u, F;, f onto the infinite cylinder E,, = E x (—oo, +00) by 
setting 
u(x,t) t€ [0,7] 
u* =< u(a,—t) te [-T,0), 


0 [ft >T 
Fi(x,t) t€ [0,7] 
FF = F(z, t) t [ 2,0) 
0 |t)>T 
f(x,t) te [0,7] 
f=) —fla,-t) te [-T,0). 
0 |t)>T 


By the previous definitions we have 


-ff u*p, dx dt = // (FF px, + f* yp) dx dt 
Eco Ex 


for any y € W2(Er), which vanishes for |t] > T'. Choosing w = w(t), a smooth 
function that equals 1 for t € [—(T — 4), T — 6] and 0 for |t| > T, and setting 
v(x, t) = w(t)®(z,t), where  € W?(E.), yields 


- ff u*w, dx dt = // (Pewb,, + f* wh + u* uy) dx dt. 
Eco Exo 
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If we let v = u*w, then 


- // v®, dx dt = // (Fw, + (f*w + u*wz)®) dx dt. 
Eso Exo 


Consider 7 = (a, t) a function in L?(0,T; W):?(£)) and in the above identity 
choose as @ the Steklov average 7,. Shifting the average from the second factor 
to the first one, as we have already done in the proof of the Energy Inequality 
of Section 4, yields 


= // unm dx dt = // (Pe w)pne, + (fw + u*we)nn] da dt. 
E Enc 


co 


Let (x,t) = X(t)¢(x), where X is a smooth function of t, and ¢ € W}?(E). 
We can then rewrite 


-[ Xe at fone. e(e)ae 
= a xat | (Fi w)na, + (f*w + u*wr)n¢] da, 
—oo EB 


=f xelor, oat = fx URtedn Gen) + (Fat ween, Oat 


—co —oo 


where (-,-) stands for the inner product in L?(F). Taking into account the 
notion of distributional derivative, 


S010) = (Rre)nsGe,) + (fra + atendasd)- 


By its definition, vp, is strongly continuous in the L?(£)-norm with respect to 
time, and therefore, a fortiori, the inner product (vp, ¢) is continuous in time. 
Moreover, for almost all t € (—oo, 00), 


(0m) = (enas6) 


and 
(vnt,6) = ((Fiw)a, Ge.) + ((f"w + u*we)a, ¢) - 


Choosing two different values h,, hg gives 


(Un, al Vho,t> ¢) 
— ((Fiw) ay ~~ (Fi'w) nos Gx:) ar ((f*w ar u" we) rs _ (f*w + u"Wt)ho») : 


Taking ¢ = vp, — Un,, which is an admissible choice owing to the space reg- 
ularity of vj, and integrating with respect to time in an arbitrary interval 
[t1, ta], gives 
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1 be is * * 
sllem = erallae|,, =f (Rw) — (Fl e)ias Ge) 
1 


ty 


tg 
+/ (ftw + u*wen, — (f*w + u*we)n,, C) dt. 
ty 
The right-hand side tends to zero as both h; and hz tend to zero. Therefore, 
choosing t; = —oo and fz arbitrary, it follows that we have strong convergence 
in L?(E), as h + 0, uniformly in t € (—o0,0o). Consequently, the limit 
function v is equivalent to a strongly continuous function in the L?(E)-norm 
with respect to t, and by the definition of v, the same must hold for wu. 
Notice that, strictly speaking, we have proved the continuity up to T — 6, 
with 6 > 0, but this is immaterial, since we could first extend u to T+ 6, and 
then apply the previous argument to this extension. | 


6 Uniqueness of Solutions of the Homogeneous 
Cauchy—Dirichlet Problem (3.1) 


Theorem 6.1. The homogeneous Cauchy—Dirichlet problem (3.1) provided 
with conditions (3.2)-(3.3) admits at most one weak solution u € V2. 


Proof. It is a direct consequence of Theorem 5.1. Assume by contradiction 
that two solutions u; and uz exist, with uj # uz. By the linearity of the 
homogeneous Cauchy—Dirichlet problem, their difference u € V2(E7) would 
satisfy Problem (3.1) with f = f =u, = 0. By (4.1), it follows that u=0. Mf 


7 Traces of Functions on 5 © OE x (0, T] 


In Chapter 9 we characterized the traces on OF of functions in W1?(E), and 
at the same time we studied the extension from OF to E of functions defined 
in proper Sobolev spaces. Such results were instrumental in solving the elliptic 
inhomogeneous Dirichlet Problem. 

In order to deal with the same problem in the parabolic context, we need 
to consider similar trace and extension theorems in space-time cylinders and 
on their lateral boundary. Given a bounded set FE with boundary OF, we 
denote the lateral boundary OE x (0,7) of the cylinder Ey with X’. 

We are not going to present the theory in full generality. Here, we concen- 
trate on an approach limited to Hilbert spaces, as developed, for example, in 
Chapter 4 of Lions and Magenes [176]. For related comments, see Section 7c 
in the Complements. 

In order to properly define the spaces we are interested in, we need some 
introductory material. For 0 € (0,1), consider the so-called Slobodeckij semi- 
norm, which we have already briefly considered in Section 8.3 of Chapter 9. 
We let 
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We have already introduced Sobolev spaces of higher, integer order in Sec- 
tion 1c of Chapter 9. We now extend the definition. Indeed, for r > 0,r ZN, 
let |r| be its integer part, and set 6 =r — |r|. The space W"?(E) is defined 
as 
wr? 4 J ee wll); sup [D* 
7 ee meee 
It is a Hilbert space endowed with the norm 


2 2 
IIfll2e = | WF lity eu + ( np D'S) 


For a given Hilbert space H, we now consider W*:?(0,T; H): if s € N, then 


Ov Orv 


W*?(0,T;H) = {v € L7(0,T;H): apt ae 


€ L7(0,T; H)}, 


and if s > 0 but s ¢ N, as we have just done for W"*(E), we let k “ [s|, 
and define 


Ww°?(0,T; H) = {v € WS(0,T: H): 


| 2 t) — d®v(-,7)||? 
Oak — Oak 
[ ia pa 7 Re oe 4 dtdr < oo}, 
u(t 


where & AoE ) and peut) stand for time derivatives of order k of v, evaluated 
respectively at time t and at time 7. Finally, let r and s be two non-negative 
real numbers. For a bounded open set EL, whose boundary OE is of class Cl! 
and satisfies the segment property (see Section 8.1 of Chapter 9) we define 


H"*(Ep) = L7(0,T; W"?(E)) 9W**(0, 7; L*(E)), 


which is a Hilbert space with the norm 


2 


T 
lull a= (B27) = (/ Ile (t) ivr2cay at + Isom 


The previous definition extends in a straightforward way to the case where 
Er is replaced by its lateral boundary ™: it suffices to use the spaces L?(0E) 
and W"?(0E), instead of L?(E) and W™?(E). Therefore, 


def 7 


H”™8() = L7(0,T;W"?(0E)) 0 W*?(0, 7; L7(0B)). 


8 The Inhomogeneous Dirichlet Problem 405 


As in the elliptic case, it turns out that the differential properties of the 
boundary values of functions from spaces H"* (Ey) and of certain derivatives 
of theirs can be exactly described in terms of the spaces H“7:”7 (27). Let — 
denote the normal derivative on » oriented toward the interior of Ey. We 
have 
Ou 
Theorem 7.1. For u € H™*(Er) with r > 4, s > 0, we may define ani 
n 
fae] 
DD ifji<r- 2 j > 0 is an integer; moreover, sa © H¥3-"5(x?), where 
n 
- 1 
es ee a and v;=0 ifs=0. (7.1) 
r 8 r 
, ; Ou... ; 
Finally, the mapping wu —> oe is linear and continuous from H™*(Ey) to 
n 
His (2) ; 
Oru 
Similarly, fors>$ , 7 > 0 we may define BE on EB ifk< s— 3, k>0 
Ry 
DIF o* (a, 0) € WP*?(E), where 


‘i 1 
m=" (s-k-5). 


is an integer, and —— 


by 
The mapping u — aE = (a, 0) is linear and continuous from H™*(Er) to 
HP*(E). 
Conversely, givenr > 4 ands > 0, uj; > 0 andv; > 0, which satisfy (7.1), 


oH 
and v € H"3:"i(2), there exists u€ H™*(Er) such that sa =v. 
n 


Proof. See Section 7c of the Complements. a 


Remark 7.1 We omit any extension with regard to the value of u on F, since 
in the applications to come we are only interested in the boundary values. 


8 The Inhomogeneous Dirichlet Problem 


Assume that OE is of class C! and satisfies the seement property. Given f 
and f satisfying (3.2)-(3.3) and y € H2:2(), consider the Cauchy—Dirichlet 
problem 
Ut — (aijuz;) ., = f—divf in Er 
u(x,t) =p on » (8.1) 
u(-,0) = Uo in EF. 
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By Theorem 7.1, if we take r= s =1,j7 =k =0, and pj; =v; = 3, there 
exists v € H'1(E) such that 


ve L(Er), u4€L7(Er), Vue (Er), v(-,0)eW?2(E), v) =y. 


Let vo a v(-,0). A solution of (8.1) is sought of the form u = w+v, where w € 


V?(Er) is the unique weak solution of the auxiliary, homogeneous Cauchy— 
Dirichlet problem 


Wt — (aijwe;) 5, = f= divf in Er 
w(a,t) =0 on 2) 
w(-,0) = we in &, 
where 7 7 
f=f—-, fp = F7 — Gives, Wo = Uo — Vo- 


Since v; € L?(Er), if we choose q, r as in (3.3), we have 
£ ss 
llvellaree STF |B|*—* |lvellasn, 


and therefore, f € L%’(Er); in a similar way, we have f € L?(Er), and 
wo € L?(E). Hence, we conclude 


Theorem 8.1. Assume that OE is of class C! and satisfies the segment 
property. For every £ and f satisfying (3.2)-(3.3) and y € H?:2(%), the 
inhomogeneous Cauchy—Dirichlet problem (8.1) has a unique weak solution 
ueV? (Er). 


Remark 8.1 The class H?:?(X’) where the boundary datum ¢ is assumed, is 
not the most general one. In this context we are not interested in the minimal 
regularity assumptions on the data, which ensure the existence of a unique 
solution. 


9 The Neumann Problem 


Assume that OE is of class C! and satisfies the segment property. Given f 
and f satisfying (3.2)—(3.3), consider the formal Cauchy—Neumann problem 


UL — (aijus;) ., = f —divf in Er 


(Gij Ux, _— fj) 2; = w on ») (9.1) 
u(-, 0) = Uo in E, 
where n = (n1,...,2N) is the outward unit normal to OF and w € L®"?(x’) 


for some proper (q2,7r2). If aj; = 6;;, f = f = 0, and wy is sufficiently regular, 
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this is precisely the Neumann problem (1.3) of Chapter 5. Since a;; € L*° (Er) 
and f € L%"(Er), f € L?(Er), neither the PDE nor the boundary condition 
in (9.1) are well defined in the classical sense, and they have to be interpreted 
in some weak form, as we have just done for the Cauchy—Dirichlet problem. 

We first make proper hypotheses on the integrability of ~, namely we 
assume that 


1 N-1 N 1 
L723) here — =—+5 
we (2), where a Das a°% and 
a [ARR AB) me [2], if N>2 
(9.2) 
qg2>1, re € [1,2) if N=2 
qa = 4; r= 4, if N=1. 


By a weak solution of the Cauchy-Neumann problem (9.1), under assumptions 
(3.2)—(3.3) and (9.2), we mean a function u € V?(Er) satisfying the identity 


=F wordear+ [ff Gj tas Pa, Ae dt = Ve (fet fips, )da dt 
ar II. vedadt+ Uo(x) p(x, 0)dx 


for any function y € W?(Er), which vanishes for t = T. We formally ob- 
tain the previous relation, by multiplying the first of (9.1) by y, performing 
integration by parts with respect to x and t, and taking into account the sec- 
ond and third of (9.1). It is easy to check that by (9.2), the surface integral 


(9.3) 


/ wy do dt is well defined, whereas for the remaining terms, we are under 
py 


the same conditions that we considered for the Cauchy—Dirichlet problem. 
As we did before, we can give an equivalent definition of a weak solution, 
requiring that u € V?(E7) satisfies 


[ were, rae— f [wurde | | crus padeat 
E 0 JE 0 JB 


a . (9.4) 
=| | (fet five, )dx a+ | wyda a+ | Uo(x) p(x, 0)dx 
0 JE 0 JOE E 


for almost any T € (0,7') and for any function y € W?(Er). 

In order to prove the existence of a weak solution, we apply Galerkin’s 
method. In this instance, we require {w,} to be a countable, complete sys- 
tem for W1!?(E£) (not for W2:?(E) as for the homogeneous Cauchy—Dirichlet 
problem), and we assume that (w;,w;) = 6;;, where (-,-) is the inner product 
in L?(B). 

M M( 


We look for an approximate solution u’“ = u™ («,t), given by 
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M 
uw! (0,t) = Sef! (tue (a), 
k=1 


where the coefficients cM(t) = (uM 


problem 
d 

al Muxde+ [ aijustwnn de =f (fitti + fun)de + | purdo, 
E E E dE 


cy (0) = | vowed. 


, Wr) are determined from the Cauchy 


Then, we proceed as with the homogeneous Cauchy—Dirichlet problem, and 
we conclude that there exists at least one weak solution u € V?(Er). As 


before, we also have that u € V2(Ev). Therefore, we have proved 


Theorem 9.1. Let OE be of class C! and satisfy the segment property. Let 
f and f satisfy (3.2)-(3.3), and w satisfy (9.2). Then, the Cauchy-Neumann 
problem (9.1) admits a weak solution u € V?(Er). 


9.1 The Energy Inequality for the Neumann Problem 


Proposition 9.1 Let OE be of class C! and satisfy the segment property. Let 
u € V?(Er) be a solution of the Cauchy-Neumann problem (9.1) with f, f 
satisfying (3.2)-(3.3), and w satisfying (9.2). Then, the Energy Inequality 


a 
Tv rT 
elven ule + Iflaxes + (1+ ) I Fllarier 


|E|~ 


1 1 
T 2 
1 =u . 
, ( . (=) lao, Ls 


holds true, where y > 0 depends only on N, A, q, 7, d2; T2- 


(9.5) 


Proof. In (9.4) take as test function the Steklov average 


1 h 
ealest) == fener, 
t—h 


where ¢ is an arbitrary element of W?(E7), which vanishes for t > T — h and 
for t < 0. The regularity of all the involved quantities allows us to work as in 
Sections 3-4, so that for any t, € (0, 7] we obtain 


1 t=t 
>| u? (a, t)da : + ff Qij Ux; Ux, dx dt 
2 E t=0 Ex, : 


ti 
=|} (fut fate,)a at + f wu do dt. 
Et, 0 JOE 
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The ellipticity condition (2.1) and Hélder’s inequality yield 


1 
>| w(e.tr)de +a ff |\Vul?da dt 
2/5 Eu, 
1 3 
<5 | u2 da + (// Para (/ jah a 
2 JE Et, Fu, 
ty 3 - ty , _ 
+ (/ (/ | f |? ax) i) / (/ |u|? a) dt 
0 E 0 E 
th z= ia ty , a 
+ | (/ lao dt | (/ |u|” a) dt 
0 OE 0 OE 


=I+JII+III+ IV. 


1 
2 


We now proceed with the estimates of J, IJ, III, IV; relying on Proposi- 
tions 1.4 and 1.5, and on the first of (9.2) gives 


1 
IS 5 lluolla.zllullvecery; 


IT < ||fll2;27|lulle,e7; 


at, 
7 


T T 
HI (Slarserlllle wee <7 (1+ at) Ifllarseellullvacen) 


rh\* xa 
IV < |!Pllazro:2llullagrgse SY 1+ | a Pllaz.r2;zllull v2cer) 


|E| 
Ty r 
“( (aE) 


Collecting all these estimates and taking the supremum over ¢t, on the left- 
hand side, we conclude. | 


ode 


-4 
IPllaz.r2;3llullv2(er)- 


As a direct consequence of Proposition 9.1 we have the following. 


Theorem 9.2. The Cauchy-Neumann problem (9.1) provided with conditions 
(9.2) admits at most one weak solution u € V?. 


Proof. Assume by contradiction that two solutions u; and ug exist, with ui F 
ug. By the linearity of the Cauchy-Neumann problem, their difference u € 
V?(Er) would satisfy Problem (9.1) with f = f = uo = w = 0. By (9.5), it 
follows that u = 0. a 


410 11 LINEAR PARABOLIC EQUATIONS 
9.2 A Variant of Problems (3.1) and (9.1) 
We can also consider the following mixed problem 


Ut — (aijue;) o, = f—divf in Ep 


(aijte, — fy) nj = on. 24 
u=0 on 5 
u(-, 0) = Us in E, 


(9.6) 


where QE is of class C' and satisfies the segment property, ©; = (OE), x 
(0,7), Xy = (OF)2x (0,T), with (OE), U(OF)2 = OF, and (OE), N(OE)2 = 9, 
f and f satisfy (3.2)—(3.3), and q satisfies (9.2). 

We let 


Wy(ony,(B) = {v € W'(B): ov =0 on (AB)2}, 


where you is the trace of v on OL. 
We say that 
u € O((0,T]; L°(E)) 0 17(0,T; Won), (E)) 


is a weak solution of (9.6) if 


- ff uy, dx dt + // aijus,eadeat = ff (fet five, ) dx dt 
Er Er Er 


+f updoat+ | Uo(x) p(x, 0)dx 
x1 E 


for any function 


ge W!?((0, T]; L(E)) 9 170, 7; Wom), (E)), 

which vanishes for t = T. This can be seen as a combination of (3.5) and 
(9.3). An equivalent formulation can be similarly obtained combining (3.4) 
and (9.4). The existence of a weak solution is proved by Galerkin’s method, 
the only difference being in the choice of the countable, complete, system for 
the subspace of W!:?(F) of the functions that vanish on (OE)2. The existence 
of such a system can be ensured by the arguments discussed in Sections 19-20 
of Chapter 7 of DiBenedetto [50]. 


10 A Priori L°(E;) Estimates for Solutions of the 
Cauchy—Dirichlet Problem (8.1) 


A weak sub(super)-solution of the Cauchy—Dirichlet problem (8.1) is a func- 
tion u € V?(Er), such that u(-,t) < (>)y(-,t) on OF in the sense of the traces 
of functions in W1:?(£) for a.e. t € (0,7), and such that 
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[ue T)C(ax, nde — fu o(x)C(x o(e,0)ax— f [weave at 
+f | esite,Gaudeat < (2 / [i (fide, + fC)dx dt, 


for almost all 7 € [0,7] and for all non-negative ¢ € W?(Er). It is appar- 
ent that a function u € V2(Er) is a weak solution of the Cauchy—Dirichlet 
problem (8.1), if and only if it is both a weak sub- and super-solution of that 
problem. 


Proposition 10.1 Let u € V2(Er) be a weak sub-solution of (8.1) for N > 2. 
Forl<p< — let 


(10.1) 


_ 7 Dp _ _ 2p(N + 2) 
and assume 
Uo,+ € L©(B), € B(x), 
+ (FE), p+ (2) (10.2) 


fe L'?)(Er), fy € L8®) (Er). 


Then, ux € L° (Er) and there exists a constant C, that can be determined a 
priori only in terms of A, N, p, and the constant y in the parabolic embedding 
(1.2)—(1.3), such that 


ess sup u4 <C, max { ess sup Uo,+; ess sup 9+ [||fl|-(p) 27 
Er B y 


; (10.3) 
+ lf+lls@;er] Er? }, 
where y ‘ 
6=—-+ — - 1. 
p - N+2 


A similar statement holds for super-solutions. Precisely: 


Proposition 10.2 Let u € V2(Er) be a weak super-solution of (8.1) for 
N>2. Foril<p< — let r =r(p) and s = s(p) as in (10.2), and assume 


to, €L™(E), y- € L*(5), 


(10.2)_ 
fe L'? (Er), f-€ L) (Ep). 
Then, u— € L*° (Er) and 
ess sup u_ <C, max { ess sup Uo,_; esssup Y_; [||fl|_-(p);27 
ne = (10.3)_ 


+ ||f-lls@:2r] |r|? } 


for the same constants C, and 6 as in Proposition 10.1. 
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Remark 10.1 The integrability exponents r(p) and s(p) are both decreasing 
with respect to p. In particular, 


N+2 
lim r(p)=N+2, lim s(p) = a 
pote pa 9 


Remark 10.2 The constant C, tends to infinity and 6 tends to zero, as 


pr Ae. Indeed, the propositions are false for p = —. 


11 Proof of Propositions 10.1—10.2 


It suffices to establish Proposition 10.1. Let u € V2(Er) be a weak sub- 
solution of the Cauchy—Dirichlet problem (8.1), in the sense of (10.1) for all 
non-negative ¢ € W?(Er). Let 


k > max{||¢+|l00,x, ||Uo,+lloo,z} (11.1) 


be chosen and consider the Steklov average wu, of u; according to Lemma 1.1 it 
is apparent that (ua(-,t)—k)+ € W}?(B) for all t € (0, T—h), and therefore, 
the test function 

C(a, t) = (un(x,t) — k)+ 


is admissible in the weak formulation (10.1). 
If we rewrite (10.1) in terms of the Steklov average up, and take ¢ as above, 
we have 


HT, 


Unt(Un(a, t) — k)4dax dt + If (aij Ua, )n((un(@,t) — k)+)x,dax dt 


t1 


< i [fin ((un (a, t) _ k) +); + fein (un(2, t) = k)4] dv dt, 


that is 


1 


>| ge — k),)?dx dt + Il. (GijUx; )n((un(x, t) — k)+)n,dx dt 


< /[. en Gin (t) — Be, + falas, t) — ka] dade, 


where ¢; is any value in (0, 7—h). Integrating with respect to time, and taking 
(11.1) into account gives 


5 [ —k)5 (a, ti)dx + ie (aijUe,; )n((un(a@, t) — k)+)x,dax dt 


< Il. [fin ((un (2, t) _ k)+) ai ar fe.n(un(#, t) _ k)4] dv dt. 
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Passing to the limit as h > 0, taking the supremum with respect to t; over 
(0, 7], and using the ellipticity condition (2.1) yields 


1 
5am fu are (edna ff Iv (u — k)4|?da dt 
< ff illu ade + Le(u—K)a]dea 


Since 


[fee Wdedeat 
Er 


és : 1 ae 
a s/f. |V(u — k)4| dx dt + > J, ih Xtu>kjae dt, 


we obtain 


sup eit |V(u — k)4|?da dt 
0<t<T Er 


Er j=1 


Moreover, by Proposition 1.1 


/ [Lola Bs dedt < I FXustlassgie IU — Belg. 


< yl(u— k)4|lv2cer) f+ Xtu>ajllo x42, 


1 ‘ : 
< i = k)+llv2cep) “te COV WI FX uradlla x2, 


Hence, 


sup i wR (e,thdr + ff |[V(u — k)4|?da dt 
0<t<T Er 


< If $ | fil? Xtu>k] dx dt + y2 (/f. pee xiao dt) 


Er j=] 
For any p € (1, 4) we have 
// SAP Xpusnda dt < (ff. |e 2" ara)” |Ag|?, 
Er j=] 


where Aj, aS {(z,t)€ Ep: u(x,t) > k}; by Hélder’s inequality for q = pris 
p(N+4) 


DUNT) NTS) we obtain 


and q/ = 
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gNss seal 
( / fy X usm de dt) 
Er 
p(N+4)~(N+2) 


—2(N+2)p (N¥2)p a 
<(/f (aie, WT tn at) | Ax|? 
Er 
Therefore, 


jap, fw Madde + ff |V(u — k)4|?dx dt 
(/[. |£|2?" avat)" - 


p(N+4)~(N+2) 
BNP (N¥2)P 1 
+(f/ fo ee 2) do dt = 2C'¢|An|” 
+ 
Er 


where we have set 


; a 2(N+2)p 
Gee (// e|2” avdt) +f freee eer ded) 
Er Er 


<72|An|? 


p(N+4)—(N+2) 
(N+F2 


Let 1 
hn = k(2— =), Ax,, = [u> kyl, (7a inp eee 
and rewrite the previous estimate in terms of k,,; this yields 
sup [i — kn) estiae + [1% (u — ky) 4|?da dt < yCs|An |, (11.3) 
O0<t<T JE Er 


where A, = Ax,,. Moreover, 


on = 


. (11.4) 
= (kin _ kn+1)"|An-+1| = qrlAnsil, 


and, by the parabolic embedding of Proposition 1.1 


gNt2 
// (u—kn), * dxdt 
Er 
<1 ff JV — hn) Para ( sup [(u-bnyar) ‘ 
Er 0<t<T JE 


Therefore, taking into account (11.3) and the previous two estimates 


rlamial < ff u—kp)2 dxdt 


11 Proof of Propositions 10.1—10.2 415 


< ( -— [o- kn)2e thd) _ 


0<t<T 
oe 


(ffiiv (u—k nde dt) * |An| 7 
Er 


Lye 
<3 Cs |An|? | An| 72 = 73C;|An|?t?. 


i 1 
By our assumption on p, it is apparent that a Ws > 1. If we set et ao a5 a 
1+, with 6 = d(p, N), we obtain 


a” 
|An4+1| < Vs7aCF Laer, Vn eéN. 
If |A,| > 0 as n > ov, then u < 2k ae. in Ey. By Lemma 15.1 of Chapter 9 


this occurs if 1/64 TT 
Ar] < [Er] < yg /4- MP ORM RRE, 


and this is in turn satisfied if k is chosen from 


k= 2M q8? OF? |B |P?, 


which finally implies 


u< ya(A, N, p, y\Er|? 


(/[ Jey" dear) ma +f fra avdt) sal 


Taking into account the original assumptions on k, we conclude. Oo 


Remark 11.1 In (11.2), the last term on the right-hand side can be estimated 
in a slightly different way, namely 


oN te 
/ far Xtusgde dt 
Er 


N+4 

2nd’ (N+2)q’ N+4 

< fOr" dedt | Ax.| 7 
Er 


N42 4! Wray 1 see 
< / pe ae dt |x| ® |p| O23, 
Er 
where now q > 1, whereas in (11.2) ¢ > p35 — with p > 1. 

We can relabel g with p, and then proceed as before. This is particularly 
useful when considering with this different estimate the limiting case of p > 1, 
which entails that both f and f, end up belonging to L°(E£ 7). In such a case 
we have 


rope 


N+ 
Ny 
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ess sup u4 <C, max {ess SUP Uo, +3 ESS SUP Y+} [IIflloo: 
Er E aE 


1 =o 
+|Br|** || f+ loose ||EI*# } 


where the constant Cj is the stable limit of C, as p — 1. Moreover, apart 
from change from N to N + 2, we have a perfect correspondence with the 
analogous estimates of Section 15 of Chapter 9. 


Remark 11.2 The fact that most elliptic estimates can be repeated almost 
verbatim in the parabolic framework up to a change from N to N + 2 is not 
a casual fact, but it is a direct consequence of the so-called parabolic scaling, 
as we shall more clearly see in Chapter 12. 


12 A Priori L°(E,) Estimates for Solutions of the 
Neumann Problem (9.1) 


A weak sub(super)-solution of the Neumann problem (9.1) is a function u € 
V?(Er) satisfying 


- u(x, 7)C(x,7)dx — ‘| uo(x)C(2, 0)da 


E 
-f [wceacat | f assodesde at (12.1) 
0 E 0 E 


< ©) f° [ice +10acaes ff weacar 


for all non-negative test functions ¢ € W2(Ev). A function u € V2(Er) is a 
weak solution of the Cauchy-Neumann problem (9.1), if and only if it is both 
a weak sub- and super-solution of that problem. 


Proposition 12.1 Let OE be of class C! and satisfy the segment property. 
Let u € V2(Br) be a weak sub-solution of (9.1) for N > 2. For1<p< #2 


N+1 
let ri 
as Pp Pp 
q=4ap) = ——-— (p) = ——, 
N p-l p-1 (12.2) 
oe 2p(N + 2) : 
(N +4)p—(2—p)(N +2)’ 
and assume te 
Uo.4+ € L* (EF), E LPP (S)), 
+E L™(E), vy (E) —s 


Fe LE), fy, € L) (Ep). 


Then, u, € L*° (Er), and there exists a constant C, that can be determined 
a priori only in terms of A, N, p, T, the constant y in Proposition 1.2, the 
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constant y in the embeddings of Theorem 2.1 of Chapter 9, the constant y of 
the trace inequality of Proposition 8.2 of Chapter 9, and the structure of OF 
through the parameters h and w of its cone condition such that 


ess SUP U4 
Er 
N 
T \ RT 5 
<C, max {se Uo,+3 (1 ~ ae) Er]? | ld+lla).r@)s2 (12.4)4 
N 
p DN +2) 
+f lle); Br + (1 + ar) Falls ; 
where 3 5 
6= —-+ —— - 2. 12.5 
ral N+2 ( ) 


Proposition 12.2 Let OE be - class C! and satisfy the segment property. 
Let u € V?(Er) be a weak sub-solution of (9.1) for N > 2. Assume that 


Uo, € L°(E),  p_ € L9)-r)(y), 
feLr)(p,), fe L°)(B,), 
for the same q(p), r(p), s(p) as in (12.2). Then, u- € L® (Er) and 


(12.3)_ 


ess SUP U4 
Er 
N 
ee (1+ ila a 
<Cp Max 4 ESS SUP Uo,—} 2 
Pd /E|* T a(p),r(P)s2 (12.4)_ 


F T ZN Tay 
nee eae : 
Hflnee + (+ oe) WA 


where the parameters Cy, 6 are the same as in (12.4), and (12.5). 


Remark 12.1 The constant C, depends on the embedding constants of The- 
orem 2.1 of Chapter 9. As such, they depend on the structure of OF through 
the parameters h and w of its cone condition. Because of this dependence, Cp 
tends to oo as either h > 0 orw > 0. 


Remark 12.2 The integrability exponents q(p), r(p) and s(p) are all decreas- 
ing with respect to p. In particular, 


N—-1)(N+2 
tim, g(p) = AVA) him op) = N +2, 
P NH N PNT 
N+2 
lim s eae 
pots (p) 5 


and as far as f and f are concerned, we find the same limiting conditions as 
in Propositions 10.1—10.2. 
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Remark 12.3 The constant C, tends to infinity and 6 tends to zero, as 


p- 2S. Indeed, the propositions are false for p = Ssh. 


13 Proof of Propositions 12.1—12.2 


It suffices to establish Proposition 12.1. Let u € V2(Er) be a sub-solution 
of the Cauchy—Neumann problem (9.1), in the sense of (12.1). Let k > 
€SS SUP pf Uo,+ to be chosen. 

Working with Steklov averages, and then passing to the limit with respect 
to the parameter h as in the previous section, we have 


1 
sup 5 [unk leae+a ff 19 k)1|?dx dt 
o<t<T 2 


< fff Ulu Ws efi ny ren 


Now we have to estimate the right-hand side, taking into account that (u(-, t)— 
k), € W'?(E) for almost every t € (0,T7], but in general it does not have 
zero trace. Since 


/[,. fi((u— k)+)a,dx dt 
<5 ffi (u—k)4 Pde dt + > sf. SAP Xtusn) de dt, 


Er j=1 


Sip [ou mreoas ff IV (uu — k) 4 2dr dt 
0<t<TJE Er 


<n ff ltPusndedt+n [f fa(u-ksdedt 
Er Er 


we have 


+ nf w+(u = k),do dt. 
ay 


By Proposition 1.2 


i | Feu B)sdedt < Ws Xeoullaxease, IC — Ka lloag2,e, 
Ls ie 


N+4? 


T \ awe 
ay (1+) ie Pies caltee, 


|E|~x N+4' 


1 
ie Ball? 
<I Nala ce,) 


fro 


;Ey? 


e ne: Way : 
+c0nn) ( +) I PaXes las 


13 Proof of Propositions 12.1-12.2 419 


which gives 


sup [e-meendes ff |V(u — k)4|?da dt 


0<t<T 


=e // IP Xjusnae dt+ anf +(u — k)4do dt 
Er Py) 


T WD gN+2 N 
+ 2 (1 + ae) | a Fy Xue de a| 
r 


Tt 
toh 


By Remark 12.2, q > N —1 and by assumption 1 < p < eae therefore, we 


can determine p and p* from the following conditions 


1 to.) Np 1 _p-l N- 


1--=—_, p= ’ 
q pf N-p 4q p N-1 


We can the apply the trace inequality (8.3) of Chapter 9, to obtain 


i A 
/ Ula Beasare | Ib. Dllqrozll uC-st) — By 
0 OE 0 


T 
<| I1v+(-> t)llaaw [Vu — k)+llp.2 + 27||(u — &)+Ilp:e] at 


p* N—L9R dt 


L 
<| I+; t)llgaw [IV (u — k)+ lla + 29[l(u — &)+|la2] An (|? 2 dt 


1 - 20 
<7 ff Wem Pacae ty f Ide(.9lorlaeOl tae 
T 0 
1 2 . 2 2-1 
a ff u-miaeat ty fal lRoelAa(Oltat 
Er 0 
1 
<+| sup [u-wreoes ff V(u — k)4|?dax dt 
4 E Er 


0<t<T 
2(p—1) 


T P =A 
vf Ilp+(-, ‘)||Zond ) |Ax| ">, 


where Ay(t)={a EE: u(x,t) > k} and Ay = {(2,t)€ Er: u(x,t) > k}. 
Hence, collecting all the terms yields 


sup [o-wdeode+ ff vu K)4Padrae 


0<t<T 


Ee ( ae) (/[ fe Xtus nde it) 
ae: 
2(p—1) 


- —P_ P 53 
+ 2 If |£|?Xjusi aa dt + 73 (/ eC, Pow dt Agia 
= 0 


A 
TH 
rors 
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Moreover, 


2(p—1) 


/[,. |E?Xtusajde dt < |Ax| > Uff ii dea 


and 
( a Mondera) 
Er 
es | / |. ROT op a| 
Hence 


ow [ u- k)? (2, t)dx +f 


where 


2(p—1) 


Crp SY ff La 


(ge) UL 
+(f" nina 


Let 1 


and rewrite the previous estimate in terms of k,,. By Proposition 1.2 


If (u — qe dt 
Er 


N 
T N+2 
<y (1+) | s 
|E|x 


2(p—1) 


Ak, = 


_2p(N+2) 
for eer @- P)IN+2) dan dt 


p(N+4)~(2~p)(N +2) 
DINF2) 


Se Diced 


N+2 N+2 s 
X dx it) |An| 72 


| (u — Rn) (a, t)dx 
E 


+ // IV(u ~ hn) Pa a |An| 7, 
Er 


where A, = Ax,,, and therefore, 


(13.1) 


V(u—k)4|2da dt < yCpy|Agl >, 


p(N+4)~(2—p)(N+2) 
(N+2) 
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N 


T N+2 a= 
ff idx dt < yCpy ies |An| ?- 
Er |E|* 
By the assumption on p, we have 2-2 + Ws > 1. We set 
a=) 2 def 2 2 
—— =14+6>5> 6=-4+ 2-2. 
v7) + Wy2 7 a” Nao 


As we have already seen in (11.4) 


k? 
// (u— kp)4.da dt > —|An+al; 
Er t 


and therefore, 


N 
T W+2 n 
|An+1| < VC fb (1 + ar) qalAnl’™. 


We can now apply Lemma 15.1 of Chapter 9, and conclude that u < 2k a.e. 
in Ey, provided we have 


N 
1/5 41/52 w—-1/6 TP ~ O(NF2) 
Al < MB] <9 Mao (14 oe) 


and this is in turn satisfied if k is chosen from 


1 T QNF2) 
k= 2342 |Er|2 C?,, +e ) 


which implies 


T BN PSY oo 

ess sup u <7 (1 + ss} |Ep|? fe. [f)") dx al” 

Er |E|x 

bi 
T OCW TSy - s(p) 

i (1 a ) / fide ai] 

|E7|¥ Er 
ip rp) |] oF 
a(P) 
EL Cf leecen@an) ae >. 
0 dE 


If we take into account the original stipulation on k, we conclude. a 


Remark 13.1 In (13.1), the last term on the right-hand side can be estimated 
in a slightly different way, namely 


N+4 


cee Ny2 
(/ figs "Xu>k seat 
Er 
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N+4 

2nd’ (N¥2)4q7 a 

< fa X[us Kae dt | Ax | &F2* 
Er 


WH Wray 


<(/f. prs 2 Vp yde at)’ | Ax a |r| Wag 


where q > 1. 

We can relabel g with p, and then proceed as before. This is particularly 
useful when considering with this different estimate the limiting case of p > 1, 
which entails that f, f;, w+ all end up belonging to L~° (Er). In such a case 
we have 


ess Sup U4 
Er 


iq 
|E|* 


T O(N FD) oa 
+||flloosBr = (1 + at) |Er| Mee Il f+ lloo; 27 ’ 
|E|* 


SN TS) Fi 
26 see) easton «: (1+ ss} Bl | Ib lleoss 
E 


where the constant C} is the stable limit of C, as p — 1. Moreover, apart 
from change from N to N + 2, we have a perfect correspondence with the 
analogous estimates of Section 16 of Chapter 9. 


14 Miscellaneous Remarks on Further Regularity 


A function u € Cjo<(0, T; L?,.(E))NL?,.(0,T; W,42(E)) is a local weak solution 


o (2.2), irrespective of possible boundary data, if for every compact set K C E 
and for every sub-interval [t1,t2] C (0, 7] 


[ worl) +f [asia pate dt = y I [fe + fivu,| dx dt 


for all  € Cio- (0, T; L?(K))NL?,,(0, 7; W2'?(K)). On the data f and f assume 
2 


N 
fel (Br), feel(Br), withr>N+2,e> 22 


(14.1) 


The set of parameters {N, A, A,r, s, ||f\|-:2,; || f|ls:e,} are the data, and we 
say that a constant C,y,... depends on the data if it can be quantitatively 
determined a priori in terms of these quantities only. Continue to assume 


that the boundary OE is of class C' and with the segment property, and let 


Op Er det sy (E x {0}). For a compact set K C Er define 


dist(K,AEr)= inf (ln—yl +lt- sl). 


(y,8)€OpEp 
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Theorem 14.1. Let u € Cioc(0,T; L?,.(E)) N L2,,(0,T; Wiy2(B)) be a local 
weak solution of (2.2) and let (14.1) hold. Then, u is locally bounded and 
locally Holder continuous in Ey. Moreover, for every compact set K C Er, 
there exist positive constants y > 1 and a € (0,1), depending only on the 
data, such that 


\ay = x2| + \ty = to|2 
dist(K, 0)Er) 


|u(x1,t1) — u(re, t2)| < 4K ( 


for every pair of points (#1, t1), (t2, te) EK. 


Theorem 14.2. Let u € V?(Er) be a solution of the Cauchy—Dirichlet prob- 
lem (8.1), with £ and f satisfying (14.1), uo € C%(E) for some exponent 
a € (0,1), pe H22(Z) and Holder continuous in 3) for some exponent 
e € (0,1). Then, u is Holder continuous in Ep and there exist constants 
y>1 andae (0,1), depending only upon the data, the C' structure of OE, 
the Hélder norm ||pllle.5, and the Hélder norm ||\Uolla,.@ such that 


a 
ju(a, tr) — u(wa,ta)| <7 (Jen — aa] + | — tal?) 


for every pair of points (21, t1), (x2, t2) € Er. 


Theorem 14.3. Let u € V?(Er) be a solution of the Cauchy—Neumann 
problem (9.1), with £ and f satisfying (12.1), » € LN*+!*°(0E) for some 
o € (0,1), uo € C%(E) for some exponent ao € (0,1). Then, u is Hélder 
continuous in Ey, and there exist constants y anda € (0,1), depending on the 
data, the C1 structure of OE, \|t)\|w+4140;an, and the Hélder norm ||\Uolla,.% 
such that 


Qa 
ju(wr, ta) ~ (2, ta)| <7 (|e — 22] + [ts — tal) 


for every pair of points (21, t1), (x2, t2) € Er. 


The precise structure of these estimates in terms of the initial condition uy, 
Dirichlet data y, or Neumann data w, as well as the dependence on the struc- 
ture of OF, is specified in more general theorems for functions in the parabolic 
DeGiorgi classes (Theorem 8.1 and Theorem 9.1 of the next Chapter). These 
are the key, seminal facts in the theory of regularity of solutions of parabolic 
equations in divergence form. They can be used, by boot-strap arguments, 
to establish further regularity on the solutions, whenever further regularity is 
assumed on the coefficients. 


15 Gaussian Bounds on the Fundamental Solution 


In Section 2 of Chapter 5 we studied the fundamental solution of the heat 
equation, and in particular, in Theorem 2.1 we discussed the role it plays in 
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solving the Cauchy problem in R%. The linearity of the heat equation is a 
central feature in these estimates. 

When considering (2.2) with f =f =0 in R% x (0,7), since the linearity 
is preserved, it is quite natural to define a fundamental solution in this more 
general framework as well, and inquire about its structure. 

In other words, we seek a smooth function (t,2,y) H I'(x,t;y) defined on 
RX x (0, +00) x R® such that, for every y € RY, I'(z,t;y) is a solution of 


(O; — div aj; (x, t)V) u = 0, (15.1) 


satisfies 
| I'(a,t;y) dx =1 
RN 


Vy € RY, Vt > 0, and for any y € Cg (RY) 


u(z,t) = I. I(x, t; y)y(y) dy 


tends to y(a) as t — 0. In other words, I’ allows us to solve the Cauchy 
problem for (15.1) in RY. When the initial condition is assigned not at time 
0 but at a general time s, the corresponding fundamental solution depends 
on s too, and we write I'(x,t;y,s). As a straightforward consequence of its 
definition, we have 


RN 
This is usually referred to as reproducing property. We assume that 
aiy € C@(RN x (0,T))N LO (R* x (0,T)) 


and the N x N matrix a;,; satisfies the structure (2.1). The C™ regularity of 
the coefficients a;; allows us to easily justify all the computations to follow, 
but otherwise plays no role. 

Whenever we need to highlight the correspondence with the matrix a;;, 
we will write I. 

Quite surprisingly, it turns out that the estimates above and below for I" 
very strongly resemble the fundamental solution of the heat equation. Indeed, 
there exists a positive constant C’, which depends only on A, A, N, such that 
for s < t we have 


x—y|? x—y|? 
exp (- ae ) Cexp (- ate) 
N < (a, t; Y; ) < N e 
C(t — s)= (t— 8)? 


Upper and lower bounds on I’ were first shown by Aronson ({11]), and then 
by Davies ({44]). In the first case, the proof relies on the parabolic Harnack 
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inequality (see Chapter 12), whereas in the second instance such an inequality 
is not used. Anyway, in both examples, the connection with Nash’s ideas, 
developed in his foundational paper [190], is not clear. 

Here, we derive the bound above on I’, following Fabes’ interpretation of 
the original ideas by Nash [68, 190] (see also Fabes and Stroock [69]). For 
the bound below, again we rely on Nash’s paper, combining the presentation 
given in Fabes [68] and Semenov [229]. 

As shown, for example, in Fabes and Stroock [69], once the estimates on the 
fundamental solution I are available, the local Holder continuity of its local 
solutions, and the Harnack inequality can be proven. We refrain from studying 
such properties in this chapter; we will deal with them in Chapter 12, in the 
more general context of parabolic DeGiorgi classes. Here, we limit ourselves 
to the bounds on I’, which represent a very interesting issue in themselves. 

In both coming sections, whenever we refer to the data, we mean the set 
{\, A, N}. Moreover, we denote with 0; and 0,, the partial derivatives with 
respect to t and 2; respectively. 


15.1 The Gaussian Upper Bound 


We state and prove a number of introductory results, before coming to the 
main statement. 


Proposition 15.1 There exists a positive constant y, depending only on the 
data, such that for s <t and all x € RN we have 


1 
[leur estiues) dy <7(t 9). 
R 


In order to prove Proposition 15.1, we need some introductory Lemmata. 


Lemma 15.1 There exists a positive constant y, depending only on the data, 
such that for s <t and all x, y € RX we have 


Y 


I(x, t;y, s) < ———>. 
( ) (t—s)* 


Proof. Fix t > 0, let p(x, t) = I'(x,t;0,0), and set 
u(t) =| p* (a, t) dx. 
RN 
Differentiating, we have 
u(t) = ? (O:p) pdx = 2 | pdiv (a;;Vp) dx 
RN 


= -2 f (aij 0x, P Ox,P) dx < -2 f |Vp|? dx. 
RN RN 
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If we rely on the so-called Nash inequality (see Section 15c of the Comple- 
ments for the proof) 


(f, p a) < 7(N) if IV)? a] [eae . (15.2) 


and take into account that | pdx = 1, we have 
RN 


aN 2 “du : 
u(t) < —2 ut®, / 7 << -7 ds, 
Ws y(N) u(t/2) ur te/N t/2 
Fu IN (6/2) — Lu) < yg, ob ur /2) < Ta (H), 


1 2/N 1 
( < —..___ 
WIN) > tba 2/N(E/2)’ 


ot + un? (t/2) < 
and therefore, 
u< yt? «2 I? (a, t;0,0) dx < yt7X/?. 
RN 


By the translation invariance and the reproducing property, we easily obtain 
| Meaty. saps yee) OP 
RN 
whenever s < t, and also 
[ Petius)dr soto, 
RN 
Since for s <t 


t i 
DGG, 8) = P(x,t;2, 2") r(z,2 "sy, 5) dz, 
RN 


by the Holder inequality 


1/2 1/2 
t+s t+s 
' 2 Bf ow de 2 
retns)< (fir (2,t32, 5 ) az) (fl 5 us) a2) 


<(t- 3) -%”?. 


Lemma 15.2 There exists a constant y > 0, depending only on the data, 
such that for all y € RY, 


[ _le-ulP (atu, 8) de < y(t 9)! 
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Proof. As in the proof of Lemma 15.1, we can take y = 0, s = 0. Moreover, 
as before, we let p(a,t) = I'(a,t;0,0), and define 


M,(t) = i, |x| p(a, t) da. 


Mie) = | ilO.p(e,t) ax = [ |x| div (aij0x,p) dx 
RN RN 


XL; 1 XL; 
=— aij0r,p— dx = -{ jj;Or,;,P—= /p—~ dx 
[,002a.rr go On P BVP Tal 


1/2 ws 1/2 
<([ oj eee? a) (/ ge i) 
J j Pp 
RN Pp RN |x| |x| 
Vv 2 1/2 
-c({ er ae) . 
RN Pp 


where the constant C > 0 depends only on the data. Now, we introduce the 
entropy 


Q(t) =—- 2 p(x, t) np(a, t) dx. 


If we differentiate, we have 


© 
< 
— 
os 
YS 
lI 


= i (Op np+ Ap) dx 
RN 


= -| [div (ai;0¢,p) Inp + div (ajjx,p)] da 
RN 


= 045 POE ay 
J 
RN Pp 


Hence, by the ellipticity condition 


2 
r Ivplt da < Q'(t) <A |Vel" 
RN P RN PD 


and we conclude that 


1/2 
Mi(t)< Clq? =c (aw) 2c? aw + | . (15.3) 


If we integrate from € > 0 to t, we have 


t t 
M,(t) — My(e) <c [ ai Os ar+c | — dr 
€ e 7 


<2€ [t? — e¥?| +0 (Q(t? — Q(ee"?) 
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C f* Q(x) 
Bh Ve 
with C > 0. If we let as usual Q_ max{0; —Q}, we obtain 
t 
M(t) — My(e) < 2Ct/? + CQ(t)e/? + c / Ho ) ar. (15.4) 
€ T 


We need an estimate for Q_. Since from Lemma 15.1 we have 
Peat. =pa) aa, 


we get 
N 
—Inp>—-C+ nt 


and also 
Q() =~ f  rle,t) inple,t) de 
> [| min (-Inp(2,2)] p(e.t) ae 


>| -c+ Sind pe idea #2 int, 
RN 2 2 


because | p(a,t) dx = 1. Therefore, we have proved that 
RN 


N 
Q(t) >-C+ oy Int, (15.5) 
which implies that 
N 
Q_(t)<C+ =| Int]. (15.6) 
If we insert (15.6) in (15.4) and let t > 0*, we conclude that 
C f* |\inz| 
My(t) < 2001/2 + CQ(@)t}/? s/f 
i(t) S + CQ +5 Per 


Now we want to estimate MM, from below. If we consider 
g:(0,+co)-—+R, defined by g(p)=plnp+op, 


since g'(p) =Inp+oa+1, we immediately obtain 


min g Mie 
pe (0,+00) 


(p) =—e 


Hence, if we choose o = a|a| +b, we have 
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p(x, t) Inp(x,t) + (ala| + b)p(2,t) > —e~ te“! 


and also, if we integrate over RY, 


i [p(x, t) In p(a, t) + (ala| + b)p(z, t)] de> —e | en al#l dy, 
RN RN 


which implies 


—Q(t) + aM, (t) +b > ae | dw [ e pl do 
|w|=1 0 


e ol 


a fe [rte alan), 


—Q(t) +aMy(t) +b > —Cnea-%. 


that is, 


If we choose a = e~° = aN, we obtain 


1 
My(t)’ 


1 
— = ———— 
Q(t) +1-—-Nln Mb >-Cy, 
that is, 
Q(t) < Cn +14+ Nin M,(t), 


which yields 
CM, > ex@), 


Hence, we have the following estimates 


N 
Q(t) >-C+ > int; (15.7) 
GC /* |Iwe| 
rt) < oc4t/? 1/2 s/f 
Mi(t) < 208? + CQ(EEN? + 5 oF dr; (15.8) 
CM,(t) > er 2, (15.9) 


From (15.3) and (15.9), we have 


£ 
mer < Mi(t) < nf [Q'(r)]*/? ar. 
0 


N 
Now define NR(t) = Q(t) +C — > Int. By what we have just seen, NR > 0. 


N 
Moreover, Q'(t) = NR’(t) + = Hence, 


t 1/2 
yeRO-H +E Mt < M(t) < NV? 9p i (2) + x) dr, 
0 
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bry ue oF 
ygVt eR) < My(t) < ye i (5-) dr + 7 oe F 
0 Te. 


t * 1 R(t) 
vixen - | a SE dr 


where we have used that when a and a+ are positive, (a+ b)? <a? + 
this yields 


ysVieR) < My(t) < 72 


yaVie®® < Mi(t) < y2vt v3 + Rt) ; 


Since the right-hand side grows slower than the left-hand one, we conclude 
that R(t) has to be bounded above and 


yavt < M(t) < y5v*. 


Remark 15.1 Since ; 
men? < Mit), 


we have N 
yen 2) <ast? = Q(t)<ret = Int. 


Hence, we can say that 
N N 
-—C+ 5 int < Q(t) <C+ > int. 
Proof of Proposition 15.1 — The bounds above and below on Mj(t) proved in 


Lemma 15.2 amount to the bound required by Proposition 15.1, again because 
of the properties of the fundamental solution. o 


Proposition 15.2 For each j € N, there exists C; > 0, depending only on 
the data and j, such that 


d ; 
M;(t) =f |x|? P(@, t30,0) da < C,t9/?. 


Proof. It obviously suffices to take 7 > 2. As before, we let p(a,t) = 
I(x, t;0,0). If we differentiate, we obtain 


M;(t) =| ||? Op dx =| |r|? div (aiz0x,p) dx 
RN RN 
--i | ai0r,P ||" der 
RN |x| 


: j . V 
<0; f lel" WWolae= Cy fol? jap? 22 pae 
RN RN VP 
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1/2 2 1/2 
<6)(f lel n(er)ar) (fap 22 ae) 
RN RN Pp 
pl 1/2 
= 0;M;” (/ joe? REP a) 
RN Pp 


t 2 1/2 
\/M;(t) < cf (/ |a|2-? Ms i) ds. (15.10) 
) RN Pp 


If we now define Q;(t) = -[ |a|\’p ln pdz, we easily obtain 
RN 


Hence, 


Qi =~ [lel ip mp + ap) ae 
RN 


= -f ||? [div (ain0x,p)] (1 + Inp) dx 
RN 


=i [ jth? as, 2e,pas (1+ Inp) de + f ||? aux dz. 
RN RN 


Therefore, 


V ; 
I. |r|? | Re dx < AQ; + A745 -. |a|?—"|Vp|(1 + | In pl) dx 
R 


; gol dot 1|V 

=AQ, +42 fal" Vp. + |Inp)) fal" 22a 
RN 
<AQ; 
2 1/2 1/2 
+ A*y ff op EE ae] ff |a|?~*p(1 + | In p|)? as| 

RN Pp RN 

<AQ; 


2 


_, |Vpl2 1/ 1/2 
+CjA | joy EE ae| [Ma +f ||?" p| inp? az| : 
RN Pp RN 
We conclude that 
2 
i: joe WPL dx < AQ’, 
RN Pp 
+C; L. |a|?~ [Vel Vel" dz + Mj— +f jp) inp |. 
RN Pp 
If we iterate, we have 


ft en dx <Y (Cu, Qi (t) + >| Ce, Me(t) 


a ees (15.11) 


Ly G,, ie lel*p | Inpl? de 


k<j 
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where Cx, > 0, Cr; > 0 depend only on k, j, and the data. Inserting (15.11) 
in (15.10) yields 


Mi (t) < | [ So Cu Qels) + S> Sa Mel) 


— ied (15.12) 
~ 1/2 
+ x Ck, | lal" p [In p|? de ds. 
k<j—2 RN 


Now, we need to control the right-hand side of (15.12). This is given by the 
following result. 


Lemma 15.3 Set 
Pelt) = ff lel p(v,2)| upto, 0)? de 
RN 


Then there exists a positive constant Cy, depending only on k, and the data, 
such that 


Py(t) < Cy (1+ In? t) (atte) - Ment + i) ; 


Proof. Since 


xv xv 
I,(z,t;0,0) =I, ( Vi-=,t-1;0,0) =t-%?r ==, 10,011. 
(2,1:0,0) = a (VEZ vet \ 75 


it suffices to assume t = 1. We let p(w) = I'(a,1;0,0), and we want to show 
that 


a |zx|* p(x)| In p(w) |? da < Cy [Mx (1) + Mu41(1) + J. 


Since p is bounded by Lemma 15.1, we have 


| inf plinpPde <C fel p? ae 
RNA{p>1/e} RN 
< c| |x|* pda = CM,,(1). 
RN 
Moreover, for any r € Ry 


max p (In? p—r] =e Vl 2/147 4 QI. 
O<p<1/e 


Hence, 


| lo|*p | np? dx 
RNN{0<p<1/e} 
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=| lal*p [limpl? — |x| + lal] de 
RNN{0<p<1/e} 

=i, lel*p [| np? — |x|] dx + Meya(1) 
RNN{0<p<1/e} 

<C |z|Fe~V1418l da + Mii (1) 


RNN{0<p<+} 
< Cy + Mgy+i(1). 


If we now go back to (15.12), we have 
1/2 


M;7(t) <f{[> Crs Qi, (8 +» Cr; (Mi(s) + Pr(s)) ds. 


k<j—2 0<k<j-2 


Now we work by induction, recalling that M,(t) = 1, Mi(t) < Cit!/?. Take 
j > 2, and assume that M;(t) < C,t*/? for all 0 < k < j. Relying on all the 
previous estimates, we have 


1/2 
M;/?(t) <f[ S> Ce Q.(s)+C; >> s¥? (14m? s) | ds. 
k<j—2 0<k<j-2 


If we take t = 1, we have 


1/2 
M;/?(1) <[ > Cri Q;, (8 )+Cjs7| ds 

a 2 
a0," pad aml s Cig Qh. (a)a'? da 

0 0 K<j-2 

1/2 4 
<2C; + on S > Ce; Qx(1) 
5 k<j-2 


[ S- Cr; Qe(s aad 


1/2 
TER O p<j—-2 


Since |Qz(t)| < P PLP ce t)M, M,’? (t), by induction we conclude that IC; > 0 such 
that M;(1) < C;. Scaling back, we conclude. Oo 
As 


I, (z, t; Y, s) = Tite 249 — z, t— 8; 0, 0), 
we also have the following. 


Corollary 15.1 For each 7 €N, there exists C; > 0 such that Vs <t 


x — y\) I'(a,t;y,s) dy < C; t—s)9/?, 
RN : 
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We now have all the elements, to state and prove the Gaussian upper bound 
on the fundamental solution 


Theorem 15.1. There exists a constant C > 0, depending only on the data, 
such that 


Piaety,s)< Ch=—2)-*"e-* ul? /C(t—2) 
As with Propositions 15.1-15.2, we need a couple of auxiliary results. 


Lemma 15.4 Let 
p(t) = ||?2 I? (a, t; 0, 0) de. 
RN 
Then, there exists a positive constant C’, depending only on the data, such that 
i (t) < CFjle- Ft, 
Proof. From Lemma 15.1 and Proposition 15.2 


x(t) < orne | |x|?4 F(a, t;0,0) dx < CC;t-N/2+3, 
RN 


Hence, forO<7< |< | +1, we can find B, depending only on the data, such 
that 23 
py(t) < Bajle- EH, 


Now, take j > | 4] +1. Setting as usual p(x, t) = I(x, t;0,0), we have 
y(t) = 2 |x|?! p Op dx = 2f |x|?’ p div (ainOx,p) dx 
R 
= -2 f |") aizOr,P Ox,p dx — 4 f piz|-1a;40n,P— dx 
RN RN |x| 


2P*plVpl ax —2d | fa|*|VpP de 
R 


xP ple Wel ax — 20 [ |x|? |Vp|? da 
RN 


< Gp f a)?0-Y par, 
R 


€ 
yi(t) < 67 | yj-1(s) ds. 
0 


If we assume 
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y;-1(8) < CI (5 — 1)! go 2 tG-)) 
we obtain 


N 
2 


-— 3t5 2 : } ; 
Po = Gc EH, 


y;(t) < C7?C7-* (5 - 1)! 
/ arg z 


; N 
For 7 > |< | + 1, we have rae < a = Dy. Hence, choosing 


C > max {B,CDy} ; 
we can conclude by induction. | 


Corollary 15.2 There exists a constant C > 0, depending only on the data, 
such that, for all 7 © N 


|z|7 F(a, 30,0) < CF(j1)/? t-N/245/2, 


Proof. By the reproducing property of the fundamental solution, we have 


t t 
F(x, t;0;, 0) = | P( ata, =) r(y, =:0,0) dy, 
i 2 D 


and also 
: ; t t 
je T(e,40,0) <2 fe —ylP(2,t:u5) P(u. 53040) dy 
- 2 5 


; ; t t 
R 


If we now apply the Schwarz inequality, and Lemma 15.4, we conclude. o 


Eventually, we finish the proof of Theorem 15.1. 


Proof. As always, we can take y = 0, s = 0. By Corollary 15.2, 


[oe} 


s|x/? 6) gg 
et P(@,t:0,0) =) ag |x|? I(x, t; 0, 0) 
g=0 
love) ji ; 
<0 oe NP Lajy”?, 
j=0 °° 


whence 
1/2 


? 


ev) J( 
I'(x,t;0,0) < a ae 23) 


where we have relabeled C? as C. Now, choosing 6 = = yields 
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ley = ((25)I)/? 
j= 


We recall the Stirling formula n! ~ V27n ( . Hence, for n sufficiently large 


) 
11/2 oF (Vig TJ ving (2) 


((23 oe) 
oe —- ar 45 /Prg (4) ga 1/4 51/495 “is 


Since the series on the right-hand side has finite sum, we conclude that 


|x|? 


Cc 
I'(x,t;0,0) < pN/2 © ICE 


15.2 The Gaussian Lower Bound 
We now come to the lower bound. Assume for the moment that we have the 
following. 


Proposition 15.3 There exists a positive constant C’, depending only on the 
data, such that Vo € RN, Va, y € Byg=(xo), V8 < t, we have 


i 


P(e,t 4,8) = CG a5) 5P 


Assuming the proposition for the moment, we prove this lower bound, by an 
argument due to Fabes and Stroock [69]. 
Theorem 15.2. There exists a constant C > 0, depending only on the data, 
such that 

> a e ex (-“") 

= Ct —s)N2 t—-s )° 


Proof. We assume y = 0, s = 0. Moreover, by the usual properties of the 
fundamental solution, we can also take t = 1. Hence, it suffices to prove 


Pi 43) 


i 
I'(x,1;0,0) > G oP (—C|z|?) . 


In view of Proposition 15.3, we may also take |z| > 1. Given x € R% with 
|a| > 1, let k € N be the smallest integer such that k > 4|x|?, and let 


For (£1, €2,-.-,€—-1) € S, by simple computation we have 
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1 1 1 
<5 — j= ay = 4-1 |< —S: 
|€1| Se max |& EI 1| < Je |x &k 1| Jk 


Hence, by Proposition 15.3 


k-1 
r(2,1;0,0)= [ af P(atigica ): 
RN RN k 


k-1 k-2 1 
1 (61,9 6-2) 2 (6,750.0) d&,...d&p—1 


kN/2 k 
>() 151 


EN/2\ * i; ‘A 
=( C ) WN (sanz) 


-( WN )' 9N/2,.N/2 


k-1 


C2N/2 WN 


and from here we immediately conclude. | 


Proof of Proposition 15.3 — Without loss of generality, we may assume s = 0, 
and work with ¢ > 0. For simplicity, we let p(a,t,y) = I(x, t;y,0). We want 
to show that there exists k > 0 such that Vz, € RN, Va, y € By (fo), Vt > 0 


where k depends only on the data. 


Again, without loss of generality, we can assume x, = 0. In the following 
we let 


=. 1 Iz — yl? 
pu(z,t,y) = (ant)? XP (- i 
and 
Do(x,t) = px (a, dt; 0) 
for any 6 > A. We have 
I'(a, 2t; y,0) = I'(a, 2t; z,t) F(z, t; y, 0) dz 


Daf 40), 020) Loe 5 (UG 2,0) de. 


[ 

= f Paco ests 2,0) P(e, ty,0) de 
R 
IL 


If we let 


p+(z,t, z) _ iy eens Css ze, 0), p_(y;t, z) _ Fated (Ut; z,0), 
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this yields 
p(z, 2t, y) _ I. p+(2, t, z)p_(y, t, 2) dz 
(Zt 
> | DOE) eps spel st ae 
RN |[Dolloo 
= (ant)? F pas(z,5t,0)pa (x,t, 2)P-(u,t,2) dz 
RN 
By Jensen’s inequality 
in f pu(z, ot, 0) ps (a, t, 2) p_(y, t, z) dz 
RN 
2 : In|[p (2, t, z) p_(y, t, 2)] pu(z, dt, 0) dz 
RN 


> | Inp+(0,t,2) pa(2.6t,0)de+ f In p_(y,t, z) px (<, ot, 0) dz. 
RN RN 


Hence, 
N N . _ 
In p(w, 2t, y) > > In(476) + i Int+ 0; (4) + 6, (@), 


z 


where we have set OF (t) = i: Inp+(z,t, 5) px(s, 6t,0) ds. Therefore, if we 
RN 


can show that 


N 
WEB, OF(t)>-Fint+7 (15.13) 


for some positive y, depending only on the data, we have finished. In the 
following we proceed with a general p(x, t, z), irrespective of any time-shift. 
In order to prove (15.13), we introduce Nash’s function 


G(r) =} px(0, ot, s) np(z,T, s) ds 
RN 
for s <7<t. It is apparent that 


G(t) = I. px (0, ot, s) np(z,t, s)ds = O,(t). 


If we differentiate, we obtain 
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1 
G'(r) ={, PaO Gea s) ds 


=| x05.) —— 


RY p(Z,T, 8) 


-- | ajj05,P Os, (#4) ds 
RN Pp 


Os.) Os, Os, Os; 
=| oj PP oy ds + | aj PP ds 
PH RN Pp 


div (aij Os; P) ds 


(ora 
RN PH PH 
where we have set 


Os, Os. 0.,p Os, 
a = jg ee ds, a i ee 
RN PH PH RN Pp p 


If we now let 
def % def 
Po(0,t,s) = VpH(0,t,5), Gols) = go(0, 5t, 5), 
it is a matter of straightforward computation to check that 


|s|? N | . N 
oO o—Y, oO er: SS 
age ag eg Pol eS ae: 


Hence, we can estimate J, from above in the following way 


—AsGo + 


Vv 2 
Weal’ 4 a, IV Gol? ds 
RN PH RN 


AN Ad (N Sint 
~ 6 t  ddt . 


Jo <A 
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In order to estimate J from below, we rely on the following Poincaré-type 


inequality 
2 
a (f- ef) Yods < 2 f IVF? eo ds 
RN RN 


where v2 vef= I. yf ds. Hence, we have 
Os,p Os, 
=f ij Pei on ds 
Pp 


=| aij0s, np Os, Np py ds 
RN 


2 af |V ln p|?py ds = = | (In p — G(r))* px ds. 
RN 26t RN 
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We can then conclude that 


Ad ({N aN 
G'(r) > -=— (Fim) + of py(Inp — G(r))? ds. 
2 -FaH\D 46t Jn at (7) 


Setting Q(t) = * Int, it is immediate to check that for rT < t, we have 


Q'(7) = Q(t). 


Taking into account that 6 > A, we obtain 


~ 
(G(r) + Q(r))’ = = / pu(Inp — G(r))? ds. (15.14) 
A4ét RN 
By the upper bound of Theorem 15.1 and thanks to the triangle inequality 
t 
Vee By, T€ Set ,O0>A, pr(0,dt,s) > kp(z,rs), (15.15) 


where k > 0 depends only on the data. Inequality (15.15) and the Cauchy 
inequality yield 


k f2 inp Gerla) < ([,, vas) kf plinp—G(r)Pas 
< [ _pa(inp— G(7))? ds, 


so that 


and also 


= | plupds — a) | pds = —Q(r) — G(r). 
RN 
Taking into account (15.5), we have 
N 
| p|lnp — G(r)| ds = —G(r) - a Int —C. 
RN 


We distinguish two alternatives: 


a) IfVr € [4,t] —G(r)—- 47 -2C > 0, then 


IV 


(cm + xin) a (-@0) . nr — c) 


vk N . 
5 IY ees 
2 Gh ( G(r) 5 inr) ; 
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whence, after integration over 7 in the interval (4. ‘|, 


N 326 
=n =. 
G(t) + 5 Int> v7 


N 
b) If for some 7 € [4,t] we have —G(r) — 5 Inv — 2C < 0, then by (15.14) 


G(t) + + Int > G(r) + Snr > 20 


and in any case we have finished. o 


Problems and Complements 


3c The Homogeneous Dirichlet Problem 


In Section 5 of Chapter 9 the homogeneous Cauchy—Dirichlet problem (4.1) 
was solved using the Riesz Representation Theorem, which is usually referred 
to as the Lax—Milgram Theorem in this context. It turns out that in the 
parabolic case there exists a corresponding result, which plays a comparable 
role. 

Let H be a Hilbert space, endowed with its inner product (-,-) and the 
norm |-|. We identify H with its dual space H’. Moreover, we consider a second 
Hilbert space V, with norm || - ||. We assume that V C H, with continuous 
and dense imbedding, such that 


VOHSV'. 


Choose T > 0 and suppose that for a.e. t € [0,7] we have a bilinear form 
a(t;-,-): V x V +R, which satisfies the following properties: 


1. Vu,v € V the application t + a(t;-,-) is measurable; 

2. there exists M > 0 such that for ae. t € [0,7], Vu,v € V we have 
a(t; u,v) | < M|lull |e); 

3. there exist a, C > 0 such that for a.e. ¢ € [0,7], Vv € V we have a(t; v, v)+ 
Clv|? = allull?. 


We have the following abstract result. 


Theorem 3.1c. [174] Let f € L7(0,T;V’) and uo € H. Then there exists a 
unique function u € C([0,T];H) 9 L7(0,T;V) satisfying 
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i cp 
: | (u(t), o'(t)) dt + | a(t; u(t), p(t) at 
0 0 


for every p € &, where 
P={p: gE C([0,T];V), y € C([0,T];H), (0) = 0}. 


For the proof, see, for example, page 46 of Lions [174], § 5 of Fujie and Tanabe 
[88], or Chapter 3, § 1-4 of Lions and Magenes [175]. 
If we let 


A=L4(E), V=W?)*(B), a(ti;v) =|} Gi NS tig, Ve de; 
E 


with aj; as in Section 9.1, and f,f € L?(Er), Theorem 3.1c ensures the 
existence of a unique weak solution of the homogeneous Cauchy—Dirichlet 
problem (3.1). 


5c Existence of Solutions of the Homogeneous Dirichlet 
Problem (3.1) by Galerkin Approximations 


It is well-known that given an open set D C Rt! and (to,2%0) € D, for a 
continuous vector field f : D + R%, the Cauchy problem 


a(t) = f(t, x(t) 
u(to) = Lo 


(5.1¢) 


is equivalent to the integral equation 


L(t) =a +/ f(s, x(s)) ds. 


Moreover, for f continuous, any solution « = x(t) of the Cauchy problem is 
of class Ct. It is apparent that (5.1c) makes sense for a more general class of 
functions f, if x is not required to have a continuous first-order derivative, but, 
for example, it is assumed to be only absolutely continuous. This remark helps 
us in extending the notion of solution of an ordinary differential equation. 

Take an open set D C RN+! and consider f : D — R%. We look for con- 
ditions on f, which ensure the existence of an absolutely continuous function 
z:ICR—RY, such that (t,2(t)) € D fort € I and 


ax’ (t) = f(t, x(t) (5.2c) 


5c Existence of Solutions by Galerkin Approximations 443 


for all t € I, except on a set of zero Lebesgue measure. If such a function x 
and interval J exist, we say that x is a solution of (5.2c). Moreover, a solution 
x through the point (t,,x2.) is said to be a solution of the Cauchy problem 
(5.1c). 

In the sequel, we will always assume that our conditions are satisfied except 
on a set of zero Lebesgue measure, and therefore, we will not repeat it. We 
have the following. 


Theorem 5.1c (Carathéodory [29]). Let DC RX*+ be an open set. Sup- 
pose that f : D > RX, f = f(t,x) is measurable in t for each fixed x, 
continuous in x for each t, and such that for each compact set K C D, there 
exists an integrable function mic = mx«(t) such that 


lf(t,x)| <mx(t) (t,x) EK. 


Then, for any (to,%o) € D there exists a solution of (5.1c) in the sense given 
before. 

Moreover, if p = y(t) is a solution of (5.1c) on some interval J, yp can be 
extended to a maximal interval of existence (a,b), and y = y(t) tends to the 
boundary of D ast >a andt > b. 

Finally, if under the previous conditions, for each compact set K C D, 
there exists an integrable function h = hx(t) such that 


lf(t,2) — flé,y)| < hk (t)|2 — y| (x, t) EK, (é,y) EK, 


then for any (to,¥o0) € K there exists a unique solution of (5.1c) in the sense 
given before. 


Remark 5.1c It is apparent that for any linear system 
a'(t) = A(é)a(t) + b(t), 


where A is a N x N matrix and b is an N vector, whose elements are in- 
tegrable on any finite interval, all the previous conditions are satisfied, and 
consequently, the corresponding Cauchy problem has a unique solution. 


Proof of Theorem 5.1c — We follow the approach given in Hale [113]. Choose 
a, 8 > 0 such that 


R%! f(t,2): |t—to] <a, |x — 20] < B} CD, 


t 
define In = {t: |t—to| < a}, let m(¢) = ma(t), and M(t) 2 / m(s) ds. 
to 
Pick @ € (0, a], B € (0, 8] such that Vt € Ig, we have |M(t)| < 8, and let 
A= {pe C(Ia;R%): y(t.) =x, and VtE la |y(t)—zo| < B}. 


It is straightforward to check that A is a closed, bounded, convex subset of 
C(Ia;R%). For y € A and t € Ia, define 
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t) =a + | f(s, o(s)) ds 


Since the fixed points of T in A coincide with the solutions of (5.1c), if we can 
prove that such a fixed point exists, we conclude about existence. In order to 
do so, we rely on the Schauder—Leray Fixed Point Theorem (see Theorem 3.1 
of Chapter 14). 

First of all, Vy € A, T is well-defined, since f(s, y(s)) is integrable when- 
ever py € A. 

It is clear that Ty(t.) = a, and Vt € Ig, Ty(t) is continuous at t. 


Moreover, for all t € Ig 
t 
<| f Lr(s.¢(s)las 
to 


=|M()| < 6. 


rtd) = m| = | / He, o(e))ds 


t 
< i mr(s) ds 
to 
Hence, T: A> A. 


Let us consider the continuity of T on A. Consider {y,} C A such that 
Yn > € Aas n-— oo. By the continuity of f(t, x) in x for each fixed t, we 
have that Vt € Ig 


as n — oo. Since | f(t, Pn(t))| < m(t), by the Dominated Convergence Theo- 
rem, we conclude that for any t € Jg 


‘| f(s, ~a(s))ds | f(s, o(s)) ds 
as 1 — OOo. 


Finally, Vy € A and for all t, 7 € Ig 


IT p(t) — Te(r)| = [ OO y Hedaya 


=| f H6.068) )) ds| < 
<| f° m(s)as =|M(t) - M(x). 


By the continuity of M on Ig, we have that M is also uniformly continu- 
ous on Ig; hence, the set TA is an equi-bounded and equi-continuous set of 
C([0,7];R%) and by the Ascoli-Arzelé Theorem is relatively compact. We 
conclude that T is completely continuous. In this way, all the assumptions of 
the Schauder—Leray Fixed Point Theorem are satisfied, and we finish. 

We omit the proof of the second and third parts of the theorem, since they 
can be obtained by straightforward adaptations of the corresponding classical 
arguments for a Lipschitz continuous function f. a. 


Mice ))| ds 
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7c Traces of Functions on © OE x (0, T] 


The statement of Theorem 7.1 is taken from Chapter 4, § 2.2 of Lions and Ma- 
genes [176], where a full proof is given, which, however, requires the knowledge 
of tools from interpolation theory. The same result is also given in Lemma 3.4 
of Chapter II of Ladyzhenskaya et al. [151], without any proof, and in Theorem 
4.2 of Grisvard [109], whose proof again is based on interpolation theory. 

The sharpness of these embedding results is briefly discussed in Weide- 
maier [273]; the author provides an alternative proof in Weidemaier [272], 
where he requires the boundary OE to be of class C?. 


8c The Inhomogeneous Dirichlet Problem 


Besides considering linear equations, one could deal with more general quasi- 
linear equations 


uz — div A(z, t,u, Vu) = B(a,t,u, Vu), (8.1¢) 


where A: Ep X Rx RN > RY, B: Ep x Rx RX = R are measurable with 
respect to (2, t) for all (u,€) € RY*1, continuous with respect to (u, €) for a.e. 
(x,t) € Evy, and they satisfy the structure conditions 


A(z,t,u,€)-€ > Col€|? — go(a, t), 
|A(a, t, a, £)| < Cyé| ol g(a, t), (8.2c) 
|B(a, t, u, €)| < ClE| + ga(x, t), 
with 0 < Cy < Ci, C > 0, and go, g?, go € LY?” (Er) as in (3.2)-(3.3). 


Assume that OE is of class C1! and satisfies the seement property. Given A 
and B as above, we are interested in the Cauchy—Dirichlet problem 


uz — div A(z, t,u, Vu) = B(a,t, u, Vu) in Er, 
u(a,t) = on 3, (8.3c) 
u(-,0) = Uo in E£, 


where w € L?(0,T;W1!?(E)). 
A weak solution of the Cauchy—Dirichlet problem (8.3c) is a measurable 
function u € C(0,T; L?(E£)) N L?(0,T;W'?(£)) satisfying for all r € [0, T] 
| u(x, T)p(a, T)dx + // [— uy: + A(z, t,u, Vu) Vy] dxdt 
E E, 
= // B(a,t,u, Vu) dxdt +f Uoy(x, 0)dx 
E, E 


for all test functions yp € W2(Er). 
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In addition, we take the boundary condition wu = 7% to mean that (u — 
w)(-,t) € Wi?(E) for ae. t € (0, 7]. 

Here, the boundary condition on »’ is given in a slightly different sense 
with respect to what we did in Section 8. The solvability of (8.3c) is studied, 
for example, in Chapter V of Ladyzhenskaya et al. [151]. 

One can also define local weak solutions, as we will do in Chapter 12, and, 
precisely as in the elliptic context, it turns out that local solutions of (8.3c), 
whenever they exist, show the same kind of local behavior as local solutions 
of (8.1). 

The situation is much more complicated, in terms of existence, uniqueness, 
and above all regularity of solutions, if one deals with 


uz — div A(z, t,u, Vu) = 0, 


where we dropped the lower order terms just for the sake of simplicity, and 
A: Er x Rx RX + R% is measurable with respect to (x,t) for all (u,€) € 
R+!, continuous with respect to (u,€) for ae. (x,t) € Er, and it satisfies 
the structure conditions 


A(z, t,u,&) . gE 2 Calél? 
|A(a, t, u, €)| < Cie, 


with 0 << Cy < Ci, and p> 1, p 4 2. We refrain from going into further detail 
here, and refer the interested reader to, for example, DiBenedetto [49] and the 
references therein. 


8.1c Parabolic Quasi-Minima 


As we have seen in Section 8.2c of Chapter 9, the notion of Q-minimum can 
be introduced, in order to provide a unifying framework to some regularity 
results for elliptic equations, and also for systems. 

The same approach can be followed in the parabolic context; it was started 
by Wieser [280], and it has seen tremendous development in recent years. 

Given an open set E C R% with N > 2 and T > 0, consider a function 
F : Er x Rx R® > R, which is measurable in (z,t) for all (u,€) € R x RY, 
and continuous in (u,&) for a.e. (a,t) € Er, and assume that it satisfies the 
growth conditions 


Colé|” — blul” — g(a, t) < F(a,t,u,€) < Cilél? + dul” + g(z, 2), 


where g € Li (Er), g 2 0, b, Y S R,, 0< Co < Ch. 
For Q > 1a function u: Er > R, u € L2,,(0,T; We2(E)) NL (Er) is 
called a parabolic Q-minimum, of the functional 


Jul | F(a,t,u, Vu) dxdt, 
Er 
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if for every yp € C&°(E) we have 


-ff uy, dxdt +/f F(a,t,u, Vu) dxdt 
K K 


<q ff F(a,t,u—y, Vu— Vy) dedt, 
KR 


where K = suppy. 

Consider the quasi-linear parabolic equation (8.1c) with the structure con- 
ditions (8.2c). Then, along the same lines as the elliptic proof, it is not difficult 
to show that a local weak solution of (8.1c) (see Chapter 12 for more details 
on local solutions), is a parabolic Q-minimum for the functional 


J[u] = aff (|Vul? +h) dedt, 


with  € (0,1) and h = h(a, t) = (1 + go(z, t) + g?(z, t) + g3(z, t)). 


9c The Neumann Problem 


It is quite natural to wonder whether the abstract approach discussed in Sec- 
tion 3c of the Complements, in the context of the homogeneous Cauchy— 
Dirichlet problem, can also be used for the Cauchy—Neumann or mixed prob- 
lem. In § 4.7.2-4.7.3 of Chapter 3 of Lions and Magenes [175], problems (9.1) 
and (9.2) respectively are discussed with ~ = 0, and it is shown how the frame- 
work of Section 3c allows the unique existence of a solution u to be proved. 
However, the abstract approach requires some care in dealing with the term f 
on the right-hand side; indeed, in this case V’ = (W1:?(E))’, whose character- 
ization is not straightforward (in particular, it is not a space of distributions). 
We refrain from going into further detail here. 

As we did in Section 8c of the Complements, for the Cauchy-Neumann 
Problem, we can also consider a general quasi-linear operator. Namely, assume 
that OF is of class C1 and satisfies the segment property. Given A and B as 
in (8.2c), we are interested in the problem 


uz — div A(z, t,u, Vu) = B(a,t, u, Vu) in Er, 
A(a,t,u, Vu) -n=w on 5, (9.1c) 
u(-,0) = Uo in E, 


where n is the outward unit normal to OF, and w enjoys the same regularity 
as in (9.2). 

By a weak solution of the Cauchy-Neumann Problem (9.1c), under all the 
previous assumptions, we mean a function u € V?(E7) satisfying the identity 
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- ff uye avdt + ff A(z,tu,Vu)Ve deat = | B(a,t,u, Vu)y dadt 
Er Er Er 


4 / i Du ded : aston Olde 


for any function y € W?(Er), which vanishes for t = T. 


10c A Priori L°(E7) Estimates for Solutions of the 
Dirichlet Problem (8.1) 


For N > 1, « > 0, the equation 
Ut — Au = Ts 


where 
(2N +1)(T—t)+(2N — 3)|2|? 


[(P— t) + |e??? 
is solved in a cylindrical neighborhood Er = B, x (T—«,T) of the point (0, T) 
by 


f=- 


u(z,t) = In{(T —t) + [2/2]. 


One verifies that f € L*(Er) for any s < a and it is apparent that wu is 
unbounded in Ep. 
On the other hand, for N > 3, if 


fed a-ha ee ee 


[tye [alP |? 
a(a 1) [ In((T t) + ke? 


: — N=? . : 
with a = 455, the solution is 


u(z,t) = ([—In(T—-t) + |x|?)]* : 


In such a case one verifies that f € ie 


Er. 


(Er), and again wu is unbounded in 


10.1. Extend Proposition 10.1 assuming 
£ Ee L™),72(P) (Er), fe L 51 (P),82(P) (Er), 


for proper (71,72) and (s1, 82), where the spaces L?4(Er) have been de- 
fined in Section 1 (see also Section 12.1 of Chapter 14). 
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12c A Priori L°(E7) Estimates for Solutions of the 
Neumann Problem (9.1) 


12.1. Extend Proposition 12.1 assuming 
fe LT @),r2(P) (Er), fe L51(P):82(P) (Er), 


for proper (71,72) and (s1, s2). 


15c Gaussian Bounds on the Fundamental Solution 


We prove (15.2); it suffices to show that the following hold. 


Proposition 15.1c [190] There exists a positive constant Cy such that for 
any function f € Coe (R*) we have 


Let) < CRIVEIBIF. 


Proof. For f € Cg? (RY hi we denote by f its Fourier Transform 


flO =] tae ®* ae. 
RN 
It is well-known that 
sup |f(€)| < i fl de, (15.1c) 
RN RN 
lfll2 = Qn)? fla. (15.2c) 


Moreover, Vfl = |€||f]. Starting from (15.2c) and relying on (15.1c), we have 
1 


I fla = Gaywllfll 
1 p\2 p\2 

= —— d d 
(27) Local! et fe al ‘ 
wn RN a 1 712 

= owrllflee+ ooo f, [PI fI? dé 
wn RN 1 

< owl + compe |V FI? da. 


If we optimize over R, we obtain 


4 2N 


fla < CUFT IV Fle? 


N 2) WR 
with C = [(#) N+? 4 (+) el aye and we conclude. | 


Check for 
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PARABOLIC DEGIORGI CLASSES 


1 Quasi-Linear Equations and DeGiorgi Classes 


A quasi-linear parabolic equation in a set Ep = E x (0,7] C RX** is an 
expression of the form 


uz — div A(a,t,u, Vu) = B(a,t, u, Vu) (1.1) 


(0,7; W,2?(E)), the functions 


loc 


where for u € C\o-(0,T; L2,.(E)) 0 L2 


loc loc 


A(z, t,u(z, t), Vu(ax,t)) € RN 
B(a,t, u(x,t), Vu(x,t)) €R 


Er > (at) > { 


are measurable and satisfy the structure conditions 


A(z, t, u, €) . g ea Col€|? _ [f (2, t)?? 
|A(x, t, u, €)| < Cil€] + f(a, ¢) (1.2) 
|B(a, t, u, €)| < Co|€| + fo(a, t) 


for given constants 0 < Co < C) and C2 > 0, and given non-negative functions 


N+2+¢€ 


fel ria), foEL ? (Er), for some ¢ > 0. (1.3) 


The Dirichlet and Neumann problems for these equations were introduced in 
the Complements of Chapter 11, their solvability was established for a class 
of functions A and B, and L®(E7) bounds were derived for suitable data. 
Here we are interested in the local behavior of these solutions, both at the 
interior, and at the boundary, either with Dirichlet or with Neumann data. 

A function u € Cioc(0,T; L?,.(E)) 9 L2,.(0,T; Wig? (E)) is a local weak 
sub(super)-solution of (1.1), if for every compact set K C E and every subin- 
terval [t1, ta] C (0, 7] we have 
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| uy dx 
K 


tg ta 
+/ | [— uy: + A(z, t,u, Vu) - Dy] da dt 
ty ti K 


is (1.4) 
< cf | B(a,t,u, Du)y dx dt 
ty K 
for all non-negative testing functions 
9 € Wie (0,7; L7(K)) 9 Live (0,7; W57(K)). (1.5) 


This guarantees that all the integrals in (1.4) are convergent. 

A local weak solution of (1.1) is a function u € Choc(0,T; L2,.(E)) 9 
L2,.(0, 7; Wie? (E)) satisfying (1.4) with the equality sign, for all 

g € Wye (0,7; L7(K)) 9 Line (0,7; Wo7(K)). 

No further requirements are placed on A and B other than the structure 
conditions (1.2). Specific examples of these PDEs are those introduced in 
the previous chapter. In particular, they include the class of linear parabolic 
equations with bounded and measurable coefficients (2.2) of Chapter 11. Even 
though the coefficients are only measurable, nevertheless, local weak solutions 
of (1.1) are locally Holder continuous in Er. This follows from their mem- 
bership in more general classes of functions called parabolic DeGiorgi classes, 
which are introduced next. 

Let B,(y) C E denote a ball of center y and radius p; if y is the origin, 


write B,(0) = By. For 6 > 0 let (y,s) + Q7 (0) C Er denote the cylinders 


(y, 8) + Q5 (0) = Bo(y) x (s — Op", s], 
(y, 8) + Q3 (8) = Bo(y) x (s,8 + 8p"); 


If 6 = 1, write (y, s) + Q5 (1) = (y,s) + Q5. 

Consider a piecewise smooth, cutoff function ¢ vanishing on 0B,(y), and 
such that 0 < ¢ < 1, and let u be a local sub(super)-solution of (1.1). For 
k ER, the localized truncations +¢?(u—k)4 can be taken as test functions y, 
modulo a standard Steklov average, as considered in Section 11 of the previous 
Chapter. 

After a translation we may assume (y,s) = (0,0). In (1.4) integrate over 
B, x (—6p?, t], with t € (—p?, 0). 


ae i ur(u— k)4¢?da dr 
B,x(—6p?,t] 


+ rl A(a,7,u, Vu)V[(u — k)4¢?]da dr 
B,x(—69?,4] 


<+ // B(a,7, u, Vu)(u — k)+C? dx dr. 
B,x(—6p2,t] 
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As for the first term 


1 
ff ur(u— k)C?da dr = // [(u — k)3.],¢?da dr 
B,x(—6p2,t] 2 J JB, x(—6p2,t] - 


a a roa )? (da dr — // (u — k)3.¢¢,da dr 
0p? dr B,x(—Op?,t] 


(u— WEP (a t)de~ Ff (u— W/L C%(0, —8p? de 


Pp Bp 


- ff _ pt MESIkeldn dr 


The second integral is transformed and estimated as 


IV 
Nile 
a 


fe || A(z, T,U, Vu) . Vi{(u i k)a¢7]dar dr 
B,x(—Op?,t] 


= // +A(z,7, u, Vu): V(u — k)4C?da dr 
B,x(—6p?,t] 


+ aff (u—k)iCA(a,7, u, Vu): VC da dr 


—Op?,t] 


>, II. — k)a.|?C?dx dr 
B,x(—Op?,t] 
— ff Pxu-meso dear 
p (9) 
- 2c, ff Vu — bs 
By, x(—6p?,t] 
-2ff su baclveldedr. 
p (A) 


By Young’s inequality 
2C; // |\V(u— k)4|(u — k)4¢|V¢|da dr 
B,x(—Op?,t] 
<2 ff [V(u— kh) 
4 JS JB,x(—0p2,t] 
(Co) ff (w= WR IVEP ae dr 
p (9) 


Ife A) f(u—k)a6|VGlda dr 


< // (u — k)4|VC|P dx dt +/f P?X1u—k)e>0]¢7da dr. 
p (9) Qp (9) 


(u—k 


peer 


+¢|V¢|da dr 


2¢2 da dr 


and 
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Combining these terms 


+ Ih. A(a,7, u, Vu) - V[(u— k) 4.07 |da dr 


—Op?,t] 


2 er if V(u— k)s|?C?da dr 
= a By,x(- eae: 


[fw waiweracdr— ff Pxquineso6dear. 
p (9) Qp (9) 


Finally, 


ff B(a,7, u, Vu)(u — k)4.C?dax dr 
B,x (—Op?,t] 


26 / | [V(u— k)se|(u — hi) C2da dr 
B,x(—6p?,t] 


+ ff fo(u— k)a dx dr 
B,x(—0p?,t] 
Co 2-2 
< [Viu— k)+| 4 dx dr 
B,Xx 


+(C.)C3 IL gums ff. fo(u — k)4.C? dz dr. 


Combining the previous estimates and recalling that t € (—4p?, 0] is arbitrary 


yields 


ts ess sup I (eWECDde— 5 | (u — k)4.C? (x, —0p*)dax 


—0p?<t<0 p 


«Ve ow » [(u — k).C]|2da dr 


<7 |, _ gu DEVE + (a WEG] dear 


a // _ [f?X (uk). >0) +f fo(u ~ k)4 
Qp (9) 
+7C3(u — k)4] (dx dr. 


We point out that the proof traces the dependence of the constant 7 on the 
parameters {N,C,, C1, C2}. Next, estimate 


If. PX naradedr < MFes2sas Abe 


2 
[iowa t29 | 


where 
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Axo =[(u—k)s > 0)9 Q;, (8) 


E 


The term involving f, is estimated by Hoélder’s inequality and using Proposi- 
tion 1.1 of Chapter 11. We have 


If AO) fo(u—k)s¢*dx dr 


SI] FoX{(u—k) 4. >0) lo¥42.97 oy ll(U — *)+ 4) lloxee 


<y(N)||(u — k)+Clly2(q= 6) tories >0] Ilo N+2. 


N27 (6) 
C5. 1 

<mi ie —k)s _ 

<min { ! Ff lee )4 


2 
¢l| 2(Qp (9)) 
2 
at y(N, Co)|| foX((u—h) 4. >0] lbx42.9- (0) 
1 


<= esssup a (u — k)i.¢? (a, t)dx 
4 a 7 


e/ [| ~ k)x¢|[Pde dr 


+ )1-;2 5 
+(N, Co olga er na t26. 


iQp (9) 


a N+2 
where 6 is as in (1.6), and 6 = een Combining these estimates 
yields 


ess sup i (u- KEP tae — [ (u — k)3.C? (x, —Op”) da 
—0p?<t<0/B, B 
_ 2 dx dr 
+ ff ie k)s¢]Pdxd 
<4 ff [le WEIVCP + — KE IGl] dra 


+703 / | (u— KB Cdr dr + >2|Az |, 
p (9) 


2) 


where 0 is given by (1.6) and 


7 2 2 
= 7, Co)(IIFllPrpateiqz(o) + llfoll east co-cey) (1.7) 


If we revert to a general point (y,s) instead of considering (0,0), we have 
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ess sup | i(u — k)2.¢? (a, t)dx — | (u — k)3.¢?(a, s — Op”) dx 
y 


s—O0p?<t<s Boy) 


V[(u — k)4¢]|?da dr 
en ee be ae 

= u— 2 2 ties 2 7 7 
<i fff er aK ka |VC)° + (u— k)a1Gr|] dx d 


(1.8) 


+703 || — kya. Cda dr + 72|AE | 24, 
(y, s)+Qp (0 


with the obvious corresponding meaning for A;,. Analogous estimates hold 
for “forward” cylinders (y, s) + Q}(0) C Er. 


1.1 Parabolic DeGiorgi Classes 


Let E Cc R% be an open set, let Er = E x (0,7), and let 7, yx, C2, and 6 be 
given positive constants. The parabolic DeGiorgi class PDG* (Er, 7, ¥x, C2, 5) 
is the collection of all functions u € Cioc(0,T; L?,,(E)) N L2,,(0, 7; Wiy7(E)) 
such that (u — k)+ satisfy (1.8) for all k € R, for all piecewise smooth, cutoff 
function ¢ vanishing on 0B,(y) and such that 0 < ¢ < 1, and for cylinders 
(y, 8) + Q# (8) C Er. Local weak sub-solutions of (1.1) belong to PDG*, for 
the constants 7, 7, C2, and 6 identified in (1.6)—(1.7). 

The parabolic DeGiorgi class PDG (E7,47,7«,C2,6) is defined similarly, 
with (u—k)+ replaced by (u — k)_. Local weak super-solutions of (1.1) be- 
long to PDG-. The parabolic DeGiorgi classes PDG(Er, 74, ¥«,C2,6) are the 
intersection of PpGt NPDG , or equivalently the collection of all functions 
U € Cioc (0, T; L2,.(E)) L2,.(0, T; W227 (E)) satisfying (1.8) for all k € R, for 
all piecewise smooth, cutoff finskien ¢ vanishing on 0B,(y) and such that 
0<¢ <1, and for cylinders (y, s) + Q5 (0) C Er. We refer to these classes as 
homogeneous if y, = 0. In such a case the choice of the parameter 6 is imma- 
terial. The set of parameters {N,7, C2} are the homogeneous data of the PDG 
classes, whereas y, and 6 are the inhomogeneous parameters. This terminol- 
ogy stems from the structure of (1.8) versus the structure of the quasi-linear 
elliptic equations in (1.1), and is evidenced by (1.7). 

Functions in PDG have remarkable properties, irrespective of their con- 
nection with the quasi-linear equations (1.1). In particular, they are locally 
bounded, and locally Holder continuous in Ey. Even more striking is that 
non-negative functions in PDG satisfy the Harnack inequality of Section 5.1 
of Chapter 2, which is typical of non-negative caloric functions. 


2 Local Boundedness of Functions in the PDG Classes 


We say that constants C,y,... depend only on the data, and are indepen- 
dent of 7, and 6, if they can be quantitatively determined a priori only in 
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terms of the homogeneous parameters {N,7, C2}. The dependence on the in- 
homogeneous parameters {7., 6} will be traced, as a way of identifying those 
additional properties afforded by inhomogeneous structures. 


Theorem 2.1. Let u € PDG™ and o € (0,1). There exists a constant C 
depending only on the data such that for every pair of nested cylinders (y, s)+ 
Q5p(9) Cc (y, s) a Qo (9) Cc Er 


esssup u4 < max jeer 
(¥,8)+Q5p (8) 


cvo af 1 2 
(1- o) 3 (1 7 3) (om Ihc aya tr) \. 


For homogeneous PDG™ classes, yx =0 and 6 can be taken 6 = x5. 


Proof. The proof will be given for non-negative u € PDG* (Er, 7, y«, C2, 5), 
the proof for the remaining case being identical. Assume (y, s) = 
for fixed o € (0,1) andn =0,1,2,... set 


l-o l-o 
Pn = Op + on tn = —007p? — OP 
Bn = Bp, By, = Ky X (tn, 0). 
This is a family of nested and shrinking cylinders with a common “vertex” at 
(0,0), and by construction 


Qo = By x (—Op”,0) and Qoo = Bap x (—007p”, 0). 


Denote by ¢ a non-negative, piecewise smooth cutoff function in Q,, that 
equals one on Q,41, and has the form ¢(#,t) = ¢1(x)¢2(t), where 


_ ft in Bays ? ee 
cea in RY —B, oS ey 
0 for t<ty att 
— “ = < ———: 
62 { 1 for t> tn4i OS 24S (1 — 0) 6p?’ 


introduce the increasing sequence of levels k, = k — 2~"k, where k > 0 is 
to be chosen, stipulate that p < Cy', and write (1.8) for (u — kn41)4¢7: we 
obtain 


sup, I, [(u — kent). CP (a, r)de + th” ((u = kngt)4 Pde dr 


| eq (143) ff te tetheer 


+ 72\At 1— pg +28 (2.2) 


kn+1,Pn 
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<q lip (145) ff medaoee 


+ AE vasonl 


kin+15Pn 


where ¥ is a positive constant depending only on the data and that might be 
different in different contexts. 
By Holder’s inequality and the embedding Proposition 1.1 of Chapter 11 


N 
If (u— kn41)4 2 dxdt < (ff, [(u — kin41 jac? “Xd dr) ae 
Qn41 
2 


ai X{(w—kn 41) 4>0) 40 dr) = 
Qn 
wo 
<i( (ff, ivi [(u — knat)+C]Pde dr) 
2 


x (sup [ [Cu kuin) (@7)Ae) ao 


tn <T<0 


2 
x Jf, oe ae 
g2n 
ola (+ a) Lf ee 


2 
+l Ag kn41, pal meats] - a" — 
aii 
kn41; ial i kn+1)4+>0] jaa dr < 4 dx dt, 


we obtain 
g2n 
i (u — kn41)2dxdr <¥ Gol a =a (1+ a) ff (u—k ‘da dr 
Qn4i1 — 
g2n+1 1— yg +26 
+72 CF Ih (u — kn)2te dr | 


(=> Wes 
ihe (u—k n).de dr) 

Yy, [[,@- bn dvdr = 25 FF (w= bn) ded 
n= wad xv dT 72 U in) da dt 


Since 


Setting 


yields 
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7b" 1\ tris, We" 
Yr41 << ede —- 5)¥n N+2 +4 sa le 
7 (2.3) 
< fee cate (1 a *) ad es pe? pe yit26 | 
(1—o)? 0 k? " 
where 
b _ g2(1+ wee) | d a) (1+26) 
Stipulate to take k so large that 
koa), keve ( 7 o u2 da ar) (2.4) 


—o 
Then, Y, <1 forall n and Y,.*? < Y,2°. With these remarks and stipulations, 
the previous recursive inequalities take the form 
1 


b” 
Yat S gp (1+ g) Ma for all he ee ree 
=¢ 


; (2.5) 


From the fast geometric convergence Lemma 15.1 of Chapter 9, it follows that 
{Y,} — 0 as n > o, provided 


0 
Yo 


_ 1\- 
=a ap uidadr <b GF y-% (1 —o)* (142) = 
k* J JQ5 0) ” 


Therefore, also taking into account (2.4), and choosing 


1 1 
225)? yas 1\4 P 
k = max {aoe a Val 4 s) a5 ( Hf ui.dx ar) \ 
(1-0) 0 Q; (8) 


one derives 


0 
Y= B T: ihe) aeer =0 => 


ess supu4 < k. 


#) Qzp(9) 
If 7. = 0, then (2.3) is already in the form (2.5) with 6 = Wo: Oo 


3 Holder Continuity of Functions in the PDG Classes 


For a function u € PDG(Er, 7, Y«, C2, 6) and (y, s)+Q5,(9) C Er with @ > 0, 


set a 
LL = 


(y,8)+Q5, (9) 


w(2p) = wr — po = 


esssup u, fo =~ essinf§ u, 
(y,8)+Qo, (0) 
(3.1) 
essosc U. 


(¥,8)+Qo, (0) 


These quantities are well defined since u € LP’.(E'r) by the results of Section 2. 


loc 


460 12 PARABOLIC DEGIORGI CLASSES 


Theorem 3.1. Let u € PDG(Er,7, 7, C2,6). There exist constants C > 1 
and a € (0,1) depending only upon the data and independent of u, such that 
for every pair of cylinders (y,s) + Q5 (9) C (y, 8) + QR(9) C Er 


w(p) < Cmax {w(R) (4)" ; aad 2 (3.2) 


The Holder continuity is local to Ey, with Holder exponent a, = min{a;6(N+ 
2)}. An upper bound for the Hélder constant is 


{Holder constant} < C max{2MR~°;7,}, where M = |lul|..cy, 8) +Q5(0)" 


This implies that the local Hélder estimates deteriorate near 0,K7. Indeed, 
fix (a, t), (y,s) € Er and let 
R= min{dist{(x,t);0,Er}; dist{(y, s);0,pEr}}, 


where 


dist{ (a, t); 0, Er} = © —2o| + It — tol?) 


inf ( 
(Xo0,to)€COpEr 


If |x — y| + |t —s|? < R, then (3.2) implies 
ju(x,t) — uly, s)| < Cmax{o(R)R-; 74} (la — yl + [t= sl#) 
If |x — y| +|t—s|? > R, then 
lu(x,t) — u(y, s)| <2MR-% (lx —y| +|t—sl#) 


Corollary 3.1 Let u be a local weak solution of (1.1)-(1.4). Then, for every 
compact subset K C Er, and for every pair (x,t) ,(y,s)€ K 


2MxK 1\ %o 
= < peta eee = — 5/2 
et) — u(y, s)| < Omar | oe ive h (|e vl +t sI4) 


where Mx = esssup, |u| and 


dist{K;0,Er} = inf, (le - ul +lt— si). 


(y.s)€Op Bp 


3.1 On the Proof of Theorem 3.1 


Although the parameter 6 is fixed, in view of its value in (1. 6), which natu- 


rally as from quasi-linear equations, we will assume 6 < wo: The value 


6= WS would occur if € > oo in the integrability requirements (1.3). For ho- 
1 


mogeneous PDG classes where 7, = 0, although immaterial, we take 6 = Waa: 
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In what follows we assume that u € PDG is given and p is such that 
p< Cy ‘Moreover, according to the different conditions we consider in the 
auxiliary results, the cylinders (y,s) + Q3,(9) C Er and (y, s) + Q3)(9) C Er 
are fixed, and w* and w(2p) are defined either as in (3.1), or as 


pt = esssup u, p= essinf u, 
(y,8)+Qt, (8) (ys) +Q3,(8) 
w(2p)=pt—p = essosc uw. 


(y,8)+Q3, (8) 


Some statements are given in (y,s) + Q7 (0), others in (y, s) + Q7 (0), mainly 
for convenience, and also because they will be needed in Section 10. With an 
obvious change of notation, they always hold both in backward and forward 
cylinders. Finally, for simplicity, we denote w(2p) by w. 


4 Estimating the Values of u by the Measure of the Set 
Where wu is Either Near yt or Near pp 


Proposition 4.1 For every a € (0,1), there exists v € (0,1) depending only 
on the data, 0 and a, but independent of w, such that if for some € € (0,1) 


fu > wt — Ew) (y, 8) + QF (8)| < “IQ; (4)| (4.1)4 
then either Ew < y,p\N+?) or 
u<pt—afw ae. in (y,s)+ Qi, (9). (4.2) 
Similarly, if 
fu < po + &w] N (y, 8) + Q5 (9)| < “IQ; (8)| (4.1)_ 
then either Ew < yp\N+?) or 
u>p +agw ae. in (y,s)+ Q1,(9). (4.2)_ 


Proof. We prove only (4.1)_—(4.2)_, the arguments for (4.1),—(4.2), being 
analogous. Without loss of generality, we may assume (y,s) = (0,0); for n = 
0,1,..., set 

Pn = p+ a Br = Bo,: Qn = Bn x (—Op;,; OF (4.1) 
Apply (1.8) over B, and Q, to (u—k,,)_, for the levels 


a 


kn = w+ Enw where &, =ab+ : é. (4.2) 


Qn 
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The cutoff function ¢ is taken of the form ¢(#,t) = ¢1(a)¢2(t), where 


1 in Bn4t 1 gnrl 
C1 = IVC1| =< $= > 

0 in RY-B, Pn — Patt p 

0 for t < —Op? 1 92(n+1) 
C2 = 0 < ¢2, es wr < iy 


2 = 2 
1 for t > —Opr 44 (g2 = Pasi) Op 


With all these stipulations, inequality (1.8) yields 
ess sup I, (w— kp)? foe a _O]|?da dr 
—0p2 <t<0 


crt (ff e-materar+} ff (a iio 


5 
+2145, pf RY 


OF (14 


2 6 
~ p? 3) Ay, Rin ‘pe +7 1As,, ar a Rear ? 


where 
Ag, pp, = (u- kn)- > 0] Qn(9). 
By the embedding of Proposition 1.1 of Chapter 11 


[feb As ‘avar <9 fff ivi _ Qld ar 


x ( ess sup | ele 
—0p2 <t<0/JB, 


N+2 
g2n Ww 2 N 
< a ae (1+ 5) |Aj, | +4 WelAy op. laa = sa] 


p n>sPn 
N+2 
92 Men (ey) 2 l it 7 
S a (1 a 5) Artal ® 
- N+2 
tye Ag ahr = 


Estimate below 


A 


2 
// [(u _ kn) C28 dee dr 2 (Soe) * ve Kn41;Pn41 


A, 
Y, = | hasnt 


lQn| 


and set 


(4.3) 


(4.4) 
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Then, 
yb” 2 1 “We 142 
—a N 
yd" 96 N+2 ye A pr yit25e2 
(1— a) (gu) 
= N+2 Nt (N+2)? 
<__ 7190" (1 4 ;) “fyi? 4 qe 8 pew yt 
— os = aA an 5 NPD ’ 
(1 = a)? @ n (Ew)? N42 
where 


N+2 


ane (4.5) 


6 = max{O® ; 6 
From this, one derives 
¥ 6b” 1 iN 1426 N+2 
Yee SS — oe | ee Yn * 
+18 (a NtF ( + ) 
(N+2 


provided €w > 7° ). Owing to Lemma 15.1 of Chapter 9 these recursive 
inequalities imply that {Y,,} > 0 as n — oo, provided 


[[u < po + wl N QZ (8) 
IQp (8)| mG 
(1—a)t/6 a yr j 
———————— = Vy. 


(7) saa pT O+1 


Y¥o= 


Remark 4.1 Formula (4.6) provides a precise dependence of v on the data, 
8, and a. In particular, v is clearly independent of € and w. 


The proof of (4.2) is almost identical. One starts from the inequalities (1.8) 
written for the truncated functions 


(u — kin) 4 with kin = be — Enw 
for the same choice of €, as in (4.2). By the definition of 4, one estimates 
(u—kn)4 < Ew. 


This validates estimates in all analogous to (4.4) with the same functional de- 
pendence on €w. The same arguments, with the proper changes in the meaning 
of the symbols, lead to (4.6) written for v1, and conclude the proof. Thus, v+ 
depends on the data, 6, and a the same way as v_ does. o 


Remark 4.2 In Proposition 4.1 the statement relative to (4.1)_—(4.2)_ is 
given in terms of — and €w. As a matter of fact, as the proof clearly shows, 
when dealing with the lower truncations (u — k)_ for non-negative functions, 
all the estimates depend only on k > 0, without any further assumption on 
it. 
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5 Reducing the Measure of the Set Where wu is Either 
Near pt or Near ps7 


Proposition 5.1 Assume that 
[u(.2) < ut — ew] N Bp(y)| = a|B,| (5.1)4 


for some a, € € (0,1) and for all t € (s,s + Op7] for some 6 > 0. Then, 
for every v € (0,1) there exists e, € (0,1) that can be determined a priori 
only in terms of the data, 0, €, and a, and independent of w, such that either 
Ey < 49° Nt2) or 


lu > wt — ew] M(H.) + QFO)| < vIQF(). (5.2) 
Similarly, if 
[[u(-,t) > wo + ew] B,(y)| = alB,| (5.1)- 


for some a, € € (0,1) and for all t € (s,s + Op7] for some 0 > 0, then for 
every v € (0,1) there exists e, € (0,1) depending only on the data, 0, €, and 
a, and independent of w, such that either e,w < yp°%+?) or 


[[u <p +e] (y,s) + Q7(9)| < v|Qzt(0)|. (5.2)_ 
Remark 5.1 An analogous statement holds, if we consider cylinders (y, s) + 
Q; (8). 


The set [u < p~ + €,w] in the cylinder (y, s) + Q3(@) can be made arbitrarily 
small, provided €, is chosen accordingly. The main tools of the proof are the 
estimate of the measure of the sets A, +1,,,(t) for all t € (s,s + 6p), and 
the discrete isoperimetric inequality of Proposition 5.2 of Chapter 10. 


5.1 Proof of Proposition 5.1 


Proof. We will establish (5.2)_ starting from (5.1)_. As usual, without loss 
of generality, we may assume (y, s) = (0,0). 
Write down the estimates (1.8) over the cylinder 


Q3,(0) U Q5,(8) = (Bap x (—Op7, 0]) U (Bap x (0, 97]) = Bap x (—Op?, Op7| 
for the truncated functions 


1 
(u—k;)- for the levels kj =p + a) for 7 =0,1,..... (5.1) 


The non-negative, piecewise smooth test function ¢ is chosen so that it van- 
ishes outside Bz, and for t < —6p?, and 


1 
C=1on QF), |Vel<-, and 0<G@< Bp” 


olrR 
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The first term on the left-hand side of (1.8) is discarded since it is non- 
negative, and the second vanishes because of our choice of test function. The 
term involving |V(u — k;)_| is minorized by extending the integration over 
the cylinder QF (4), which is the set where ¢ = 1. These remarks give the 
inequalities 


= IV(u— ky) -[2¢2dz dr 
«if? Le u— hy)? (IVE? +6 + 5p) de dr 


+72 |[(u — kj) > 0] U OF (6) U Q5, (0)|!- wat? (5.2) 
ew\2 7 1 2 eee 
<p" (s) (s+ Fp7) |Baol spy Gh aaa) GN TRON 2) 


<y (S$) (8+ 1)|Bp| + 0 nat pr v2scr+9| 


for a new constant 7 depending only on the data {N,C,,C;}. 
Apply the discrete isoperimetric inequality of Proposition 5.2 of Chapter 10 
with 
— 1 i 1 for 4 
f=kj =p + 5p and k=kjy1. =p oe or 7 =0,1,..., 


and take into account (5.1)_, to obtain 


€W ¥ 
| An .0(t)| < al |Vu(-, Ide, 
Sia ie | J ByN[kjp1<u<kj] 


where Ax,,,,9(t) = [u(-,t) < kj41] M By. Integrate this in dt over (0, 0p”) and 
set 


6p” 
|Ajl = |lu < ki] Qt (A)| -{ |x, o(7)| ar. 


Then, the previous inequality yields 
€W Y 
——|A; <p ff Vulda dr 
20+} | sl 7 QF (@)O[kj41<u<ky] Ve 
y 2 : 3 
<2o( || |V(u— kj)-| ier) |Aj — Ajai? 
e Q? (9) 
A 
1 Ae 2i\* 25 ° 
1 = ee (N+2) 
+5) +p (S) # 


x (|A5| — |Ajaal)? 


a1 w 
sa Pa 


Q? (9) 
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7 \ 2 
g+1 4 Ae 27 p25(N42) 
0 ont-25 Lew 


. 2 
23 : 
tae (=) pan 


x (|Aj| = |Ayal)?, 


1 
2 


le 


where we have used the estimates (5.2), and we have set 


1 O+1 1 


2 
QONF2 


€W : ; Pele me 
Next, divide by or and square both sides to obtain the recursive inequalities 


) 2 
Ayal? < 22 @+(ay| 


7\ 2 
ee 
ei) 1492 (Z) or02)| (145) - Ayer 


for 7 = 0,1.... Stipulate that 


ae: 
93 
42 (=) pr(N+2) < 4 


€W 


where j, is a positive integer to be chosen, and add these inequalities for 7 = 
0,1,...,j—1. Minorize the terms on the left-hand side by their smallest value 
|A;,|? and majorize the right-hand side with the corresponding telescopic 
series. The indicated estimations yield 


(27)? 


a26* 


jul Ay, 


iat 
Se | Ayes? 
j=0 


(25 OD (As ~ Ava) 


From this 


Y_ Qt (6)|. (5.4) 


Thus, having fixed v € (0,1), one can choose j, so large that 


<p +eulNQze 
lu< 7 +e4)N QF 1_<y, and 


2p (9)| alO jn 


The proof of Proposition 5.1 shows that it can be rephrased in this equivalent 
way. 


<v, for | 


= Qe" 
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Proposition 5.2 Assume that 
fu. t) < wt — ew] B,(y)| = a|Bp| (5.4) 4 


for some a, € € (0,1) and for all t € (s,s + Op] for some 0 > 0. Then there 
exists y > 0, depending only on the data, such that for any positive integer jx 


we have either => < ny, p\N+2) or 
lu > ut — S]NQtA)| Qn) 
a ; (6.5). 
Ol GWOT. 
Similarly, if 
|[u(-,t) = wo + ew] B,(y)| > o|B,| (5.4)_ 


for some a, € € (0,1) and for all t € (s,s + 0p] for some 6 > 0, then there 
exists y > 0, depending only on the data, such that for any positive integer jx 
we have either =~ < np°Nt2) or 


[fu <p + FIN QF (4)| 528 
Qe (8)| ~ ay O* js 
Both in (5.5) and in (5.5)_ 0* is the quantity defined above in (5.3). 


(5.5) _ 


Remark 5.2 As in the case of Proposition 5.1, an analogous statement holds, 
if we consider cylinders (y,s) + Q; (4). 


6 Propagating in Time the Measure-Theoretical 
Information 


Proposition 6.1 Assume that 
Ww 
7a ee 
[om vie 4 


for some a € (0,1]. Then, there exist € € (0,1) and 6 € (0,1), which depend 


]Bo)| = S1Bpl. (6.1), 


only on the data, such that either w < 2>,p\%+?) or 

I[uC.#) < wt - ge] NBy(y)| > 1B, (6.2), 
for all t € [s,s + 0p?]. Analogously, if 

[uc.s) >a + 2] 9 Bo] = SIB pI, (6.1)_ 


for some a € (0,1), then there exist € € (0,1) and @ € (0,1), which depend 
only on the data, such that either w < 2yp®+t?) or 


|[uC#) > um + £4] N Bely)| > F1Bpl (6.2)- 


for allt € [s,s + 0p7]. 
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Remark 6.1 An analogous statement holds, if we consider cylinders (y, s) + 


Q;, (9). 


In the context of parabolic equations, these kinds of results are usually proven 
using proper logarithmic estimates (see, for example, DiBenedetto [49], Chap- 
ter 2, Section 3). Unfortunately, in the context of PDG classes, we do not know 
whether such estimates hold or not. Therefore, we give here a different proof, 
which makes no use of any kind of logarithmic functions. 


6.1 Proof of Proposition 6.1 


Proof. We will establish (6.2)_ starting from (6.1)_. As usual, without loss 
of generality, we may assume (y, s) = (0,0). 

For simplicity, we set M = jw. We start from (1.8) written over Q7 (6) 
for (u—k)_ with k = pw” + M, where @ is to be determined, and we discard 
the third term on the left-hand side. Moreover, we consider a non-negative, 
piecewise smooth test function ¢ = ¢(x) such that 

1 
¢=1in By, ¢=0in RY-B,, |Vel<—. 
op 
Hence, we conclude that 


esssup (u — k)? C7 (a, t)dx 
Bp 


0<t<6p? 


< ff wm (0) 


2 


+ ac || (u — k)? da dr +72 |A, ,|' "1" 
OP De (8) 


a 0 
<M? (1-5) |Byl +7 M"1B, 


1— qo +26 sp 2 
qe Nae (12 | M*|B,|. 


If we stipulate taking 


we have 


esssup (u—k)? C7 (x, thd 


0<t<Op? 


6 
<M? (1 = =) +9 + 7! we2t?5! 1B), 


Let €= p~ +€M with € € (0,1) to be chosen. Then, 
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I, 


=P Ce hiss i, (i —B)? (a, Dade 


Bao) pNusé] 
> (1—)?M?|[u(-,t) < gn Bao) 
=(1- €)?M?| Ap (1) p(t)|- 


Pp 


ol 


Moreover, 


|Ag_p(t)| = | Ae (1c) p(t) U (Ae, o(t)\ Ag a—o)p(t))| 
< |Ae,(1—o)p(t)| a |B,\Ba-o)p| 
< |Ae (1—c)p(t)| os No|B,|- 


Therefore, we conclude 
0 
(1-6? M?|Avp(t)| <M?| (1-3) 49-5 


+6! Wat 4 N(1 — oo |Bpl- 


Since we can take € < s without loss of generality, we also have 


if —2 0 : 
|Ag_p(t)| < -—- + on) + 70 ws +26 + No 


|Bpl- 


Taking into account that 0 € (0,1) yields 


1-¢ 6g 
2 
|Agp(t)| < F =eP 8 + No}|B,]. 
Finally, we choose 
a a? 
2, ae 
32N 2- 328y)N?2 
=& 12 
2 4 
< <1l-- = x —a, 
G—e? ~G—-e? - “~ 16 


and conclude s 
|Aep()| < (1- =) [Bol 


for all t € [0,0p?], with @ computed above. 
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Remark 6.2 In Section 6c of the Complements, we present a refined version 
of Proposition 6.1, based on a clever idea originally introduced in Liao [171]. 
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7 Proof of Theorem 3.1 


Without loss of generality, we may assume (y,s) = (0,0). Assume 6 = 1 and 
consider Q7,. By the definitions in (3.1), either 


1 
Ife < wr — 3H] QZ] = 51, | (7.1) 

or 1 
Iu > wo + 34] Qe] 2 F1@rI- (7.2) 


Indeed, if both were false, we would immediately have a contradiction. 
Assume the second is in force; in case (7.1) holds, the argument runs 
exactly in the same way. We can equivalently rewrite (7.2) as 


és tn hia 
We claim that this implies that there exists t, € [—p?, —4”] such that 
2 3 
I[uG, to) < wo + gw] Bol < 7/Bp| 


Indeed, if not, then 


1,2 
—FpP 


1 
lu <p + 4a] Qe] fo Iluls7) < wo + du] Bpldr > 51Q5 


—p? 
We can equivalently conclude that there exists t, € [—p*, $p”] such that 
ae | 1 
|[u(-, to) 2po+ zu nN B,| 2 q|Bel- 
Without loss of generality, we may assume that t, = —p?, so that 
2 Sy. 1 
I[u, Pp") 2 wo + gu] Bp| > 7|Bpl- 

In such a way we have put ourselves in the worst possible situation, where 
the measure theoretical information is furthest away from the origin, about 
which we want to show that the oscillation reduces. 

We can then apply Proposition 6.1 with a = 3, and conclude that either 
< oy, (7.3) 


or 
1 
I[uC.t) 2 wo + we] N Bol 2 31 Bol (7.4) 


for all t € [—p?, —p? + 0p”], with @ € (0,1) as computed in Proposition 6.1. 
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If (7.3) holds true, we have finished. Otherwise, assuming that (7.4) is in 
force, fix v as claimed by Proposition 4.1 in (4.6), for the choices a = s, with 
@ as above, and the corresponding 0. 

We point out that (7.4) is (5.1)_ of Proposition 5.1 with a = ¢ and € =; 


therefore, v being fixed, determine j, and hence e, = > 
Proposition 5.1. 


Then, by Proposition 4.1, either e,w < 7.p° 


by the procedure of 


(N+2) and we have finished, or 


1 2 
u>p + xe ae. in Be x (—p? +0 (5) ,—p’ +09"). 


In particular, 
- 1 , 
u(-,t1) > wo + api! in Be, 


where t; = —p? + 6p7. Hence, 


= 1 _ 1 
fu, t1) 2 wo + sey S4] 9 Bp] 2 [lu ta) 2 wo + aaa] Be 


1 
= |Be|= gn Bol: 


We can now work as before, with a = or e= — , and conclude that there 
exist @ = 0(data, N) and j = j(data, N) such that either 


GEN 7 5(N +2) 
ayaa e! SP ; 


and we have finished, or for tg = —p? + 0p? + 0p? we have 


u(-,t2) > po + éw in Be, 


Qiu t1ti 


which yields that 


I[uC-,t2) 2 wo + Ew] M Bp| = |[u(-,t2) > wo + 


]N Be| 


DQjxnt 1+) Djn tlt 


ill 
= |Be| = gn Bol: 


The previous step can be further repeated with the same constants as before. 
Let n € N be such that 
def a 
tnsi = —p* + Op? + nbp? > 0. 
Such a value of n is precisely determined by the previous steps. We conclude 
that either 


Bey < yy p12), 


Qjxtltnj 
or 
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_ 1 . 
US p Beery in Be x (tn, O]. 


For simplicity, we let 


Qi = Bg x (tn, 0] = Bg x (—6p", 0] 


with @ = 1—6—(n—1)6 and we remark that the latter implies 


: : 1 
—essinf u < — essinf u — Siaazé ess osc u. 
wr Q2, Qo, 
Now, 
ess sup u < ess sup u. 
Qi, Qa, 
Adding these inequalities gives 
< h 1 : E 
€SS OSC U esssupu, where 7 = 1 — ————~€. 
S C a] pu, UI rire 


Win Q3, 


Let Qp C Er be fixed and set py = 4~*R. If we let Q; = B 
the previous remarks imply that 


Pe xX (—6p2,0], 


2 


ess osc U < max{7 ess OSC U ; Cv pre (7.5) 


k Qp-1 


for a proper choice of C that takes into account all the alternatives. By iter- 
ation 


ess osc u < max{7* ess osc u ; Cy, piN +2), 
E F 
Compute 
I 
7 ae k _ (Pk\* Inn 
~=4-* —k=1 (4) —s _ (4) f a3 2) es 
o fe - R 1) R or a Tel 


Remark 7.1 We have given the proof assuming 0 = 1, but a general 6 > 0 
is also possible, without any substantial change in the previous arguments. 


After proving the Harnack inequality below, we will show how such a result 
also implies the local Holder continuity of solutions. Moreover, we will give 
a third proof of the continuity result based on the same set of ideas that are 
used to show the validity of the Harnack inequality. 


8 Boundary Parabolic DeGiorgi Classes: Dirichlet Data 
Let OE be the finite union of portions of (IV — 1)-dimensional surfaces of class 


C', so that the trace of a function u € W!?(E) can be defined on OL, except 
possibly on an (NV — 2)-dimensional subset of OF. 
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Given 


{! € 1°(0,T;W*(E)), (8.1) 


g continuous on Ey with modulus of continuity w,(-), 
we are interested in the boundary behavior of solutions of the Cauchy— 
Dirichlet problem 

uz — div A(z,t,u, Vu) = B(az,t,u, Vu) in Ep, 

it = g(-,t ec. CE (0,7 2 
u(.t)| =94) ae. t€ (0,7, (8.2) 
u(-, 0) _ g(z, 0), 


where A and B satisfy (1.2)—(1.3), and g is as in (8.1). 
A weak sub(super)-solution of the Cauchy—Dirichlet problem (8.2) is a 
measurable function 


u€ C(0,T; L?(E)) NL?(0,T; W"?(£)) 


satisfying 


| up(e.T) de+ ff [— uy: + A(z, t,u, Vu): Vy 
E Er 
— B(a,t,u, Vu)p] dadt < ) | gy(a, 0) da 
B 


for all non-negative test functions y € W2(Er). 

In addition, we take the boundary condition u < g (wu > g) to mean that 
(u — g)+(-,t) € W27(E) ((u— g)_(.,t) € W2?(B)) for ae. t € (0,7). A 
function u, which is both a weak sub-solution and a weak super-solution, is a 
weak solution. 

The formulation can be rephrased in terms of Steklov averages as in the 
previous Chapter, namely 


i. oe [unre + [A(a,7,u, Vuln Ve — [B(a,7, u, Vu)|ng]da < (=)0, (8.3) 


VO0<t<T-handVype W'*(E)NL©(E), y > 0. 
Moreover, the initial datum is taken in the sense of L?(E), ice., 


(un(-,0) — g(-,0))4-) 4 0 in L?(E). 


Since g € C(O,Er), it is natural to ask whether a solution of the Dirichlet 
problem, whenever it exists, is continuous up the boundary 0,)E7. The issue 
can be rephrased by asking what requirements are needed on OF for the 
interior continuity of functions in the PDG classes to extend up to 0pEr. 

For simplicity, we distinguish the behavior at the lateral boundary and at 
t=0. 
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8.1 Lateral Conditions 


Assume that OF satisfies the property of positive geometric density, that is, 
there exist 6 € (0,1) and R > 0 such that for all y € OF, and foralO << p<R 


|Bo(y) N(R — E)| > 6|B,|. (8.4) 


Fix (1o,to) € Sr, and consider the cylinder (x0,to) + Q; where p, 0 > 0 are 
so small that t, — 0p? > 0. 

Consider a piecewise smooth, cutoff function ¢ vanishing on 0B,(x,), and 
such that 0 < ¢ < 1, and let u be a local sub(super)-solution of the Dirichlet 
problem associated with (1.1) for the given g. Local estimates for u near 
(%o,to) similar to (1.8) are obtained by taking, in the weak formulation (8.3), 
the testing functions 


Lr = +(un = bat, 


integrating over [(%0,to) + Q; (@)] and letting h — 0. Such a choice of testing 
functions is admissible if for a.e. t € (to — Op”, tol, 


(u(-,t) — k)2¢7(-,t) € Wo?(Bp(t0) ME). (8.5) 


Since x — ¢(a,t) vanishes on the boundary of B,(x,) and not on the boundary 
of B,(%o) NE, condition (8.5) will be verified if for a.e. t € (t. — Op”, to] 


(u—k)+(-,t) =0 in the sense of the traces on OB,(%)N E. 


In view of Lemma 1.1 of Chapter 11, this can be realized for the function 
(u—k)+ if k is chosen to satisfy 


k> sup g. (8.6) 
[(2o,to)+Qp (@)JNSr 


Analogously, the functions —(u — k)_¢? can be taken as testing functions if 


k< inf g. (8.7) 
[(2o,to)+Qp (@)|NSr 


With these choices of k, we may repeat calculations in all analogous to those of 
Section 1, with the understanding that the various integrals are now extended 
over [(2o, to) +Q5 (0)] A Er. However, since ¢?(u—k)(-,t) € W):?(B,NE) for 
almost every t € (t. — 9p”, to], we may regard them as elements of W}:?(B,) 
by defining them to be zero outside E. Then, the same calculations lead to 
the inequalities (1.8), with the same stipulations that the various functions 
vanish outside Er and the various integrals are extended over the full cylinder 


(Zo, to) + Q5 (9). 
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8.2 Initial Conditions 


Consider a weak solution of (8.2) that takes the initial datum g(-,0) in the 
sense that 


1h 

a u(-,t)dr > g(-,0) in L2.(E) as h-0. (8.8) 
0 

We point out that, as far as the initial condition is concerned, u could also be 

a solution of the Cauchy-Neumann problem we are going to deal with in the 

next Section. In either case the assumption 


g(-,0) is continuous in FE with modulus of continuity, say wo(-), 


in force. 

Fix (0, to) € Er and consider the cylinder (x, to) + Q; (@), where @ and 
p are such that t, — 6p? = 0. Therefore, (25, to) + Q7 (9) lies on the bottom 
of the cylindrical domain Er. Consider a piecewise smooth, cutoff function 
¢ vanishing on 0B,(x,), and such that 0 < ¢ < 1, and in addition ¢ is 
independent of t € (0,t). 

Local estimates similar to (1.8) for u near t = 0 are derived by taking in 
the weak formulation (8.3) testing functions 


pe =+(un — kc’, 


integrating over (0,t), t € (0,¢,), and letting h > 0. The first term in (8.3) 
gives 


1 2 2 1 2 P 
2 osteo ~ Be 0 (a) de ~ 5 asea™ RNR 


If k is chosen so that k > supg,(,,) g(-,0), then in view of (8.7) we have 
| (un — k)3. (x, 0)¢?(x) dz +0 as h>0. 
Bp(xo) 


Analogous considerations hold for (up, — k)? ¢?, provided k < inf g («,) g(-, 0). 
Therefore, summarizing, provided we choose 


k> sup g(-,0) for the function (u—k)+ 
Bp(#o) 


k< ae 969) for the function (u—k)_, 


(8.9) 


and take @ and p such that t, — 0p? = 0, we have 
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to—Op?<t<to 


+ // |V[(u — k)4£¢]|?da dr 
(®o,to)+Qp (9) 
<7 ff (u— A)R|VE)? de dr (8.10) 
(Xo ,to)+Qp (4) 


+ C3 a — k)i.C?da dr 
(to, to )+Qp (0 
- Agel ois, 


ess sup | (u — k)3. (a, t)C? (x) dax 
Bp(xo) 


8.3 Definition of Boundary Parabolic DeGiorgi Classes 


Taking into account Section 8.1 and Section 8.2, given g € C(E), the bound- 
ary parabolic DeGiorgi classes PDGZ = PDG) (Er,7, 7«,C2,6) are the col- 
lection of all 


u€ C(0,T; L7(E)) N L7(0,T;W"?(E)) N L* (Er), 
which satisfy these two conditions: 


e For all (%o,t.) € OpEr and all cylinders (zo, to) + Q; (@) such that to — 
6p > 0 the localized truncations (u — k)4 verify (1.8) for all levels k 
subject to the restrictions (8.6)—(8.7); 

e Forall (a ,t,.) € Er and all cylinders (5, to)+Q, (9) such that t,—0p” = 0 
the localized truncations (u — k)+ satisfy (8.10) for all levels k subject to 
the restrictions (8.9). 


We further define PDG, = PDGF q PDG, and refer to these classes as 
homogeneous if 7. = 0. 


8.4 Continuity up to 0,E7 of Functions in the Boundary PDG 
Classes (Dirichlet Data) 


Theorem 8.1. Let u be a bounded weak solution of the Cauchy—Dirichlet 
problem (8.1)-(8.2). The boundary OE is assumed to satisfy the property of 
positive geometric density (8.4). Then, u € C(Er), and there exists a contin- 
uous, positive, nondecreasing function s > w(s): Ry —> Ry, such that 


an 
ju(ar,t) — (wa, te)| <w (lar — @2l + Iti — tal), 


for every pair of points (x1,t1), (v2,t2) € Er. In particular, if g is Hélder 
continuous in Sr with exponent ag,, and if g is Holder continuous at t = 0 
in E with exponent ao, then u is Hélder continuous in Ep, and there exist 
constants y > 1 and a € (0,1) such that 
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1\ 
ju(xr, ta) ~ w(w2,t2)| < ulloosey (larr — 22] + [ta — tal?) 


for every pair of points (a1, t1), (w2,t2) € Er. The constants y and a depend 
only upon the data. Moreover, the constant a depends also upon the Holder 
exponents ag, and Ao. 


Even though the arguments are fairly similar, nevertheless we will sepa- 
rately discuss the continuity up to the lateral boundary, and the continuity up 
to t = 0. In the following, we will always assume that p is such that p < Cy". 

Let R be the parameter in the condition of positive geometric density (8.4). 
For (2, to) € Sr and for 6 > 0, p € (0, R) such that t, — 40p? > 0, consider 
nested cylinders (Xo, to) + Q; (9) C (Lo, to) + Qo, (8) and set 


ie ess sup ue po = ess inf u, 
[(@oto)+Q3, (O)INEr [(@o,to)+Q2,(0)|N Br 
(8.11) 
w(2p)=pt—p = ess OSC U. 


[(to,to)+Q5, (@)]NEr 


Moreover, let 


@ Qp\= ess sup g, g (2p) = ess inf 
[(@o,to)+Q3, (O)INST [(%o,to)+Q3,(0)|NSr 
Wg (2p) = gt (2p) — g° (2p) = essosc J. 


[(20,to) +Q5,(O)]NST 


As far as the behavior at the lateral boundary is concerned, Theorem 8.1 is a 
straightforward consequence of the following. 


Proposition 8.1 Let OF satisfy the positive geometric density condition 
(8.4), and let g € C(Er). Then, every u € PDG, is continuous up to 
Sr, and there exist constants C > 1 and a € (0,1), depending only on 
the data defining the PDG, classes and the parameter 6 in (8.4), and in- 
dependent of g and u, such that for all (a,to) € Sr and all cylinders 
(Zo, to) + Qo,(9) C (#0, to) + QR(9) with 6 > 0 and p € (0,R) such that 
to — 40p? > 0 


w(p) < Cmax {w(R) (2) ; wo(2)s 7p}. (8.12) 


Notice that the boundedness of wu is already taken into account in the 
definition of PDG, classes. 

As usual, we assume (%o,to) = (0,0). The proof of this proposition is 
almost identical to that of the interior Holder continuity, except for a few 
changes, which we outline next. First, Proposition 4.1 and its proof continue 
to hold, provided the levels €w satisfy (8.6)—(8.7). Next, Proposition 5.1 and 
its proof continue to be in force, provided the levels k; in (5.1) satisfy the 
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restrictions (8.6)—(8.7) for all 7 > 1. Finally, Proposition 6.1 and its proof 
continue to hold, provided the levels ¢ satisfy the restrictions (8.6)—(8.7). 
Now either one of the inequalities 


pr—qw>gt,  pt+qwsg 
must be satisfied. Indeed, if both are violated, that is 


pr —qgw<gt and -p —qw<-g, 


adding these inequalities gives 


w(p) < 2w,(2p) 


and there is nothing to prove. Assuming the second holds, then all levels k, 
as defined in (5.1) for « = 4 satisfy restriction (8.7) and thus are admissible. 
Moreover, (u — k,)_ vanishes outside Er, and therefore 


l[u <u" + Fw] NQz| = BIQz| 


where ( is the parameter in the positive geometric density condition (8.1). 
From this, the procedure of the proof of Theorem 3.1 can be repeated with 
the understanding that (u—k,)— are defined in the full cylinder Q| and are 
zero outside Er. | 


Let us now consider the behavior at t = 0. Fix (xo,0) € E x {0}, and 
p>0so that B,(x,) C E. After a translation, without loss of generality, we 
may assume 2, = 0. 

The proof of the continuity (or of the Hélder continuity) of u up to t = 0 
follows from a simple variant of Theorem 3.1 and Proposition 8.1. Here, we 
briefly sketch how to proceed. Set 


Hs =esssupg(-,0), He =essinfg(-,0), — wo(p) = ess ose g(-,0), 


o Pp p 
ut = esssupu, pe = essinf u, w(p) = pt — pp =essoscu, 
at Qe Qe 


and consider the two inequalities 


ut—gw<pt, po + qw>p. 


If both hold, subtracting from one another, we obtain 


ess osc u < 2 ess osc g(-, 0) 
Qe op 


and there is nothing to prove. Let us assume, without loss of generality, that 
the second one is violated, namely that 
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w+ GW Sy. 


Then, for all 7 > 2, the levels k = wo + a satisfy the second of (8.9). 


Therefore, we may derive estimates for the truncated functions (u—)_ as in 
(8.10) with 6 = 1, which take the form 


esssup [| (u — k)? (x, t)C? (x) da 


0<t<p? 
fhe _C]|?de dr 
<y | a (0 REIVGP ded 


+ C3 I[.e- k)? (dx dr + ¥1Ag 2 ha Wee t26 


They are phrased in terms of cylinders Ors but are obviously equivalent to 
(8.10). 

Since u(-,0) > u~ + 4 in Bp, we can apply Proposition 6.1 and conclude 
that either w < 27,p°("+?), or 


1 
Iu.) > wo + £e]N Bol > FiBpl, — WEE [0, Op], 


for proper € and 6. These two alternatives correspond to (7.3) and (7.4); 
from here on, we proceed as in the proof of Theorem 3.1 with the obvious 
adjustments, which are needed in order to deal with cylinders OF, and we 
conclude. | 


Remark 8.1 The arguments are local in nature and as such they require 
only local assumptions. For example, the positive geometric density condition 
(8.4) could be satisfied on only a portion of OF, open in the relative topology 
of OF, and for any t € (t, — 40p7, to], g(-,t) could be continuous only on that 
portion of OF. Then, the boundary continuity of Theorem 8.1 continues to 
hold only locally, on that portion of S;. Similar considerations hold for the 
continuity at t = 0. 


9 Boundary Parabolic DeGiorgi Classes: Neumann Data 


Assume that QE is of class C1,  € (0,1) so that the outward unit normal, 
which we denote by n, is everywhere defined on OF, and consider the quasi- 
linear Cauchy—-Neumann problem 
— div A(az,t,u, Vu) = B(az,t,u, Vu) in Ep 
A(a,t,u,Vu)-n=w(a,t,u) ae. t€ (0,T] (9.1) 
ul, 0) = Uo 
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where the functions A and B satisfy the structure conditions (1.2), and uo 
is continuous in E with modulus of continuity w,; moreover, we assume that 
wv(-,t, u(-)) admits for a.e. t € (0,7) an extension into EL, which we continue 
to denote by 2(-,¢, u(-)), such that 


|b] < Yolul + v1, 
bul < Yo, (9.2) 
lbe,|< v1 for i=1,2,...,N, 


where w, and 7, are given, non-negative functions satisfying 
Wo, W1 € Ere Ee), (9.3) 


for some € > 0. We are interested in the boundary behavior of solutions of 
this problem. 
Weak solutions can be formulated by a straightforward extension of the 
definition in (9.3) of Chapter 11. However, let us concentrate on local solutions. 
Let K be an arbitrary compact subset of R’. A weak sub(super)-solution 
of (9.1) is a measurable function 


u€ C0,T; (2) n270,T: Wi (£)) 


satisfying for every compact subset K of R%, for every subinterval [t,, t2] C 
(0, 7], and for all non-negative test functions 


ge W'P(0,T; L7(K))N L7(0,T;W,7(K)), 


te ta 
| up| da+ // | [—uy, + A(z, t,u, Vu) Ve 
KNE nh t; JKNE 


te 
—B(a,t,u, Vu)y] dxdt < (>) +f | wy dodt, 
t1 JKNOE 


(9.4) 


where do is the surface measure on OE. 

All terms on the left-hand side are well defined by virtue of the structure 
conditions (1.2), whereas the boundary integral on the right-hand side is well 
defined by virtue of (9.2) 

We point out that ~ vanishes in the sense of traces on OK, and not on the 
boundary of E. 

A function that is both a weak sub-solution and a weak super-solution is 
a weak solution. 

The formulation can be rephrased in terms of Steklov averages, as in the 
previous Section, namely 


; [un.ry t+ [A(a,7,u, Vu)|n- Ve — [B(a,7, u, Vu)|ny] dx 

(KNE)x{t} 

(9.5) 

<(2) [ W(e, 7. wha do 
(KNOB)x{t} 
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for all0 <t<T—h, and for all y € W}?(K) with y > 0. 
Moreover, the initial datum is taken in the sense of L?(E), ie., 


(un(-,t) — Uo)4(-) 30 in L?(B). 


As we did in the previous Section, also in this case it is quite natural to ask 
whether a solution of the Neumann problem, provided it exists, is continuous 
up to the boundary 0,Er. In other terms, what do we need to do, for the 
interior continuity of a function in the PDG classes to be extended up to the 
boundary in the case of the Neumann Problem? 

We concentrate on the behavior at the lateral boundary, since the case of 
the initial datum was dealt with in the previous Section. 


9.1 Lateral Boundary 


Fix (xo,to) € Sr, assume without loss of generality that it coincides with the 
origin; we let Kr denote the N-dimensional cube centered at the origin and 
wedge 2R, i.e., 
Kr= RY: ;| > R}. 
R={reE max, [il > R} 


In the following, mainly for simplicity, we will consider these cubes K pz, instead 
of balls Br. Cylinders QF (@) with the corresponding cubic cross-sections will 
also be used. 

We introduce a local change of coordinates by which OEM Kr for some 
fixed R > 0 coincides with the hyperplane xy = 0, and E lies locally in 
{xn > O}. Setting 


Ky =K,N [tn >0] forall O<p<R 


and 


Q7 (9) = Q, (8) 9 [zn > 0] 
we require that all “concentric” 5-cubes KZ, C Kj} C KR be contained in E. 

Without loss of generality, we can assume that (9.5) is written in such a 
coordinate system. 

Let wu be a local sub(super)-solution of (9.1) in the sense of (9.4), and in 
the latter take the test functions v = +(u;, — k)4¢?, where ¢ is the usual 
cut-off function, integrate over Q; (9), and let h + 0. Moreover, we assume u 
to belong to L~ (Er). 

All the terms are treated as in the proof of (1.8), except for the boundary 
integral. We arrive at 
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ess sup | (u- KE (e, tae [ (u— k)i.¢? (x, —Op”)dx 
Kp 


—6p2<t<0 Ky 
Co inatien: 
+= = [V[(u— k).¢)Paa a 
<4 / . “ig [OU HEINER + a= Bel] der (9.6) 


2 


Tr C3 If (u — ky Cds dtr + %1AE pl’ wyg +26 


0 
4 / ~ b(u— ka? dadt, 


where K, = K,M QE is the (N — 1)-dimensional cube, ice., 


aa iS N=1, “ 
Ky ={@ = (@1,...,¢n-1) € R : alee 


We estimate the boundary integral by transforming it into an interior integral 
as follows. 


i [. w(u — k)aC* dedt 


7 I, I ( ie (h(a, t, u)(u — k) 6”) ay didr 


S71 Ih [Iden |(u —k)a¢° + |y||V[(u - k)+¢]|] dxdt 


+r ff [wltu—Bacl¥cl + WullVu- ks 


(u—k)4¢7] dadr 
Qp (9) 


By virtue of (9.2)—(9.3), we have 


[Lh sites 


Moreover, 


nN 


eC ddr < |lttllsous, io V1X[(u—k)4.>0] Axdr. 
Op (8) 


If [I [IV[(u — kc] + [(u— k)e¢] Vl] dadr 


Co 
<@ [f IV [(u — k).C]|? ddr + ff II2X uh) 4 904 acne 
pe 5 (6) 


ey / (w= WAIVE? ded +7 / CBX iu-ry apo ddr. 
p (9) Qp (A) 


By (9.2) it is apparent that 
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If. LIPX (CuK) 40] adr 
Qp (8) 
J u2X(u—k) 4 >0) dadt i. WiX (u—k) 4 >0] dadt 


<y(data, |ulloo;z7) Ih w' (8? + OP)Xeu-nyy 90 ddr 


+ — 2-425 
<7(data, ||ul|.0;27)||Po + UillvssecggenlAEg? cas 


[fo ltall00— Rela ac? der 


< fh bul {IV [Cu — ka ]l(u— kad + (u— b).¢|Vel} dear 


Co = 2 ede ye Cre ee 
25 i. |V[(u — k)+¢]|° dad tr ff ite (u—k)4¢° dad 


+yf (u-KEIVCP dedr +7 [ (u —k)4.C? dadr, 
Qp (9) Qp (8) 


and 


The lah — k)2.¢? dvdr 


<y(data, |ullier) i CBX aun) 20 dedr 


+26 


[= WHE 


<~+(data, || ull oo: a:)¥sFs cae Op (0)! Ae,p 


Collecting all the terms yields 


ess sup | (u — be, Ade— f (u — k)2.C? (2, —Op”)da 
Kp 


—Op? <t<0 Ky 


. ey [V[(u — k)s¢]|Pdex dr 


<a ff, (le - BEIVCE + (WEI dear 


+ C3 im (u — ky da dr +7, |Ac | wre t26 


where the value of 6 has been given before, and 


22, = 2 + 7(data, |luleo;) Vo + Valeo veco (0): 
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9.2 Definition of Boundary Parabolic DeGiorgi Classes 


Given w as in (9.2)—(9.3), and taking into account that u € L©(Er), the 
boundary parabolic DeGiorgi classes 


PDG, = PDG, (Er, 7; Yorxe 9 Co, ) 
are the collection of all 
u € C(0,T; L?(E)) 0 L?(0,T;W"?(E)) N L*(Er) 


such that for all (25,to) € Sr, all $-cubes K} (xo) C Kf} (ao) for p< R, and 
all cylinders (ao, to) + Q; (0) such that t, — 0p” > 0, the localized truncations 
(u _ k)+ satisfy 


ess sup ) (u — k)2.C? (a, t)de 
Kp (0) 7 


to—Op? <t<to 


aa a tae )ae 


V[(u — k)4¢]|?da dr 
7 ( )4¢] [oda (9.7) 


<7 ff (um RINE + (u- mR 
(orto) +Qp (9) 


+ 7C3 i: (uk dx dr + 2,|Ag | eT 
(Lo,to)+Qp (8) 


Gr | da dt 


E kp 


We further define PDG, = PDG; PDG,, and refer to these classes as 
homogeneous if ys = 0. 


9.3 Continuity up to S7 of Functions in the Boundary PDG 
Classes (Neumann Data) 
Having fixed (ao,t.) € Sr, let 


Kr(to) ={x € RX: ee |x; — ®i,o| < R}, 


assume after a flattening of OF about x, that OF coincides with the hyper- 
plane zy = 0 within the cube K(x.) for some R > 0. For 6 > 0 assume 
that t. — 40p? > 0, consider the “concentric” cylinders (xo, to) + Q5 (0) C 
(Lo, to) + Q3,,(9) C Er and set 


wt = ess sup U, we =  essinf  u, 
(o,to) +Q2,(9) (toto) +Q2,(9) (9.8) 
w(2p)=pt—p = essose wu. 


(o,to)+ Qo, (0) 
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Theorem 9.1. Let OE be of class C', with \ € (0,1). Then, every u € 
PDG, is Holder continuous up to Sp, and there exist constants C > 1 and 
a € (0,1), depending only on the data defining the PDGy classes and the Che 
structure of OE, such that for all (%o,to) € Sr and all “concentric” cylinders 
(Zo, to) + Q5 (9) C (Lo, to) + Q5,(8) C Br 


w(p) < C max {w(R) (4) : avn} ; (9.9) 


The proof of this theorem is almost identical to that of the interior Holder 
continuity, the only difference being that we are working with “concentric” s- 
cubes and corresponding cylinders, instead of full balls and related cylinders. 
Proposition 4.1 and its proof continue to hold. Since (u—k)+¢(-,t) do not van- 
ish on OK he the parabolic embedding deduced from Theorem 2.1 of Chapter 9 
is used, instead of the usual multiplicative embedding. Next, Proposition 5.1 
relies on the discrete isoperimetric inequality of Proposition 5.2 of Chapter 10, 
which holds for convex domains, and thus in particular for 4-cubes. The rest 
of the proof is identical to the indicated change in the use of the embedding 


inequalities. i 


Remark 9.1 The regularity of ~ enters only in the requirements (9.2)—(9.3) 
through the constant Ys. 


Remark 9.2 The arguments are local in nature, and as such they require 
only local assumptions. 


Taking into account Theorem 9.1, we conclude. 


Corollary 9.1 Let OE be of class C!*, with X € (0,1). A bounded, weak 
solution u of the Neumann problem (9.1) for a datum w satisfying (9.2)- 
(9.3), is Hélder continuous in E x (0,T). Analogous local statements are in 
force, if the assumptions on OF and w hold on portions of Sr. 


Remark 9.3 As already remarked above, the continuity of u can be claimed 
up to t = 0, provided that u, in (9.1) is continuous in EF with modulus of 
continuity Wo. 


10 The Harnack Inequality 


We have already seen the Harnack inequality in the context of non-negative 
solutions of the heat equation (Section 13 of Chapter 5). After Pini’s and 
Hadamard’s results, it was shown to hold for non-negative solutions first of 
linear parabolic equations with bounded and measurable coefficients, and then 
of quasi-linear parabolic equations of the type of (1.1). It is quite remarkable 
that it continues to hold for non-negative functions in the PDG classes. 
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Theorem 10.1. [48, 187, 189, 262] Let u > 0 be an element of the parabolic 
DeGiorgi class PDG(Er,7,Y«,;C2,6). There exist positive constants c. and 0, 
that can be quantitatively determined a priori in terms of only the parameters 
N,y and independent of u, yx, and 6 such that for every radius p < Ge 
provided that Bap(to) X (to — 0% (4p)?, to + 0.(4p)”) C Er, either u(xo,to) < 
crt, (N42) op 

CG. U(Le, to) < inf ul-,to + 0.07). (10.1) 

p\®o 

The first proof of Theorem 10.1 that relies only on the structure of the classes 
is in DiBenedetto [48]. This is the proof presented here, in view of its relative 
flexibility, with one fundamental difference: in the spirit of what we did in 
the elliptic context in Chapter 10, we do not rely on the Holder continuity of 
solution. 


10.1 Proof of Theorem 10.1. Preliminaries 


Fix (a o,to) € Er, assume that u(2o,t.) > 0, and construct the cylinders 
(Lo,to) + Qs, C Er. The change of variables 


L— Xo t—to 
a 
p p 
maps these cylinders into Q*, where 
Q* _ Bg x (0, 87], Qu = Bg x (—87, 0]. 


Denoting again by (x,t) the transformed variables, the rescaled function 
1 2 
w(2,t) = ——u(, + pz,to + tp ) 
U(X, to) 


satisfies w(0,0) = 1 and is a bounded, non-negative, element of the PDG 
classes relative to the cylinders Q*, with the same parameters as the original 
PDG classes, except that 7, is now replaced by 


Vx 


In particular, the truncations (w — k)+ satisfy 


ess sup | (w — k)2. C7 (a, Hdax — | (w — k)2.¢? (a, s — Or?)dax 
s—O0r2<t<sJB,(y) B,(y) 


os V[(w — k)4.0]|?dx dr 

HT cone) (wo — Bad 

<4F —k)2|V¢\? w —k)2.|C,-|| da dr 
<9 Ih oon [(w — NAIVE? + (w — AGI] 


+ 9C3 // (w — k)2. dx dr + F2|Az, | weet, 
(y,8)+Qr (8) 
(10.3) 
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for all (y,s) + Q7(@) C Q* and for all k > 0. Analogous estimates hold for 
“forward” cylinders (y,s) + Q7(0) C Q*. By these transformations, proving 
(10.1) reduces to finding positive constant yo, 71, Y2 that can be determined a 
priori only in terms of the parameters of the original PDG classes, such that 
either u(ao, to) < 72% 09% +?) or 


inf w(-, 71) > Yo- (10.4) 
By 


10.2 Proof of Theorem 10.1. Expansion of Positivity 


Let w be a non-negative element of PDG (Q*, 7, 7, C2, 4). 


Proposition 10.1 Assume that for some (y,s) € Q* and some r € (0,Cz") 
[wC, s) = M]N B,(y)| = a|B-(y)| (10.5) 


for some M > 0 and some a € (0,1). Then there exist constants n and 
0 € (0,1) depending only on the data {N,C,,Ci}, and a, such that either 
nM < D7 3(N+2) or 


w>nM ae. in Bo,(y) x (s+ Or? ,st Gr”). (10.6) 


Proof. Without loss of generality, we can assume (y, s) = (0,0). We prove the 
statement in Qt, but it can be easily extended to other frameworks, with 
minor adjustments. Since w is non-negative, we can directly assume that 


~ =infw=0. 
Q3,. 
The assumption (10.5) can then be read as assumption (6.1)_ in Proposi- 
tion 6.1. If we repeat its proof, we can conclude that there exist @ and ¢€ in 
(0, 1), depending only on the data {N, Co, Ci}, and a, and independent of M, 
such that either 
Me rth 


or 
|[w(-,t) > eM] B,| > ZalB,| for all t € (0, Or?]. (10.7) 


The latter conclusion implies that 
|[w(-,t) > eM] M Ba,| > 504~%|Ba,|, for all t € (0, Or). (10.8) 


This represents (5.1) with w~ = 0 and ew substituted by «eM. Apply Propo- 
sition 4.1 over the cylinder By, x (0, @r?] with u_ = 0, w =e«,M, anda = s, 
where €, is the quantity claimed in Proposition 5.1. Choose v from (4.1) and 
observe that the number v is independent of €,M/. It only depends on the 
data {N,C,,Ci} and 6, which itself has been determined and fixed in terms 


of the data {N,C,,C1} and a. Such a vy being fixed a priori only in terms of 
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the data, choose j, € N as in Proposition 5.1. Then, Proposition 4.1 implies 
that 
w(a,t) > te, M a.e. in Bo, X (40r?, or]. 


Thus, the conclusion holds with 7 = dey. | 


Remark 10.1 Proposition 4.1 is a “shrinking” proposition, in that informa- 
tion on a cylinder Q; , yields information on a smaller cylinder Q7_. Propo- 
sition 10.1 is an “expanding” proposition, in the sense that information on a 
ball B,(y) at time s yields information on a larger ball B2,(y) for all times in 
the interval (s + 46r?,s + @r?]. Moreover, a measure-theoretical information 
is converted into a pointwise information. This “expansion of positivity” is at 
the heart of the Harnack inequality (10.1). 


10.3 Proof of Theorem 10.1 


In the light of Theorem 3.1, we may assume that w is continuous. The only 
way we are using this information, is to give unique meaning to pointwise 
values of w. 

For 7 € [0, 1), introduce the family of nested cylinders {Q7 } with the same 
“vertex” at (0,0), and the families of non-negative numbers {M/-,} and {N,}, 
defined by 


Q, = Ka (—r?, 0], M, = supw, Nr =(1-71)*, 
Qr 


where 6 > 1 is to be chosen. The two functions [0,1) 3 7 > M,, N; are 
increasing, and M, = Nz = 1 since w(0,0) = 1. Moreover, N; + oo ast > 1, 
whereas MW, is bounded, since w is locally bounded. Therefore, the equation 
M, = N, has roots and we let 7, denote the largest one. By the continuity of 
w, there exists (y,s) € Q,, such that 


w(y,s) = M,, =N,,=(1—m%) 8 = M. (10.9) 
Moreover, 

= = def 1 

(hao, Oi, 6 Ui, where r = 5(1— 7x). (10.10) 
2 
Therefore, by the definition of M, and N; 
B —p def 
sup w< sup w<2°(1—7,) = M,. 


(y.s)+Qr Qinry 


The parameter 7,, and hence the upper bound M,., is only known qualitatively, 
and £§ has to be chosen. The arguments below have the role of eliminating the 
qualitative knowledge of 7, by a quantitative choice of /. 
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10.3.1 Local Largeness of w Near (y, s) 


The largeness of w at (y, 5s) as expressed by (10.9), propagates to a full space- 
time neighborhood nearby (y,s). To render this quantitative, set 


ao 
€=1- wait a= — ae 
~ aT 
Lemma 10.1 Either I, > 1, or 
Iw > 5M) N [(y, 8) + QF]] > vIQF I, (10.11) 


where 
( l-a ae 1 


~ \y(data) ae 


Proof. Assume that I, < 1. If (10.11) is violated, apply Proposition 4.1 over 
the cylinder 
(wy, 8) + Q, = B,(y) x (s > a » 3] 


in the form (4.1)4—(4.2)4, for the choices w* = w = M, and 6 = 1, to conclude 
that 
w(y,s) < M.(1—a€) = $1-1)-*, 


contradicting (10.9). | 


Remark 10.2 The indicated expressions of €, a, and v imply that v(3) de- 
pends on the data and £, but is independent of 7,. Such a constant will be 
made quantitative whence { is chosen, dependent only on the data. We con- 
tinue to denote by v such a constant, keeping in mind its dependence on 


B. 

Corollary 10.1 Either I. > 1, or there exists a time level 
s—r <s<s 

such that 


|[w(-, 3) > $M] N K,(y)| > v|K;. (10.12) 


10.3.2 Expanding the Positivity of w 


Starting from (10.12) apply the expansion of positivity of Proposition 10.1 

to w with $M and r given by (10.9)—(10.10) and a = v. Then, taking into 

account the expression (10.2) of I, either 

5(N-+2) 
M 


(N+2) 7 


U(Xo, to) < Y« yap" (10.13). 
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or 
w(-,t) > nM in Bo,(y) (10.14),. 


for all ¢ in the range 
B+ 5Onr? <t<5+4+O,7* = 8y. (10.15), 


Remark 10.3 The constants {7,0., 7} in (10.13),—(10.15),. depend on the 
data {N,Co,C1} and 8, through the constant (3) in (10.12). However, they 
are independent of the constant I, in (10.2). These constants are also inde- 
pendent of M and r. The parameter £ is still to be chosen. 


The expansion of positivity implies in particular 


Therefore, the expansion of positivity of Proposition 10.1 can be applied again, 
starting at the time level s,, with M replaced by (7M), p = 2r, and a = 1. 
It gives that either 


Qr)5(N+2) 
ult, te) < 7y4phe2) SI (10.13), 
or 
w(-,t) > n(n.M) in Bar(y) (10.14); 
for all ¢ in the range 
8. + $0(2r)? <t<s.+0(2r)? = 81. (10.15); 


Remark 10.4 The constants {7, 0,7} in (10.13),—(10.15)1 are different from 
the set of constants {7, 0,7} in (10.13),—(10.15).. They depend on the 
data {N,C., C1} but they are no longer dependent on 3. By the expansion of 
positivity of Proposition 10.1 these parameters depend only on {N,C,, Ci}, 
and the measure-theoretical lower bound a. Such a measure-theoretical lower 
bound in the current context is ~w = 1, as provided by (10.16). The parameter 
6 is still to be chosen. 


Starting from (10.14);, the expansion of positivity can now be applied again 
with M replaced by 7(7,.M), and p replaced by 4r, and a = 1 to yield that 
either 

5(N-42) (4r)9N +2) 


CNTs (10.13). 


U(Lo, to) < W«P 


or 
w(-,t) > 7?(mM) in Bg,(y) (10.14). 


for all t in the range 


81 + 30(4r)? <t< 81 +0(4r) = 82 (10.15)2 
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for the same set of parameters {7, 0,7} as in (10.13);—(10.15),. These param- 
eters depend on {N,C,, C1} but they are independent of (. 
The process can be iterated to yield that either 


(apy +2) 
u(Zo,to) < V7. i 10.13)n, 
ee) m1" ().M) ver) 
or 
w(-,t) 2 7" (1M) in Bont, (y) (10.14), 
for all ¢ in the range 
8n—1 + 50(2"r)? <t < Sp_-1 $O(2"1)? = Sp. (10.15), 


10.3.3 Proof of Theorem 10.1 Concluded 


Without loss of generality we may assume that (1—7,.) is a negative, integral 
power of 2. Then, choosing n so that 2”*1r = 2, the ball B2(y) covers the ball 
By, centered at x = 0, and 


w(-,t)>"(~M) in Bi, 


for all ¢ in the interval (10.15),,. For the indicated choice of n, and the values 
of M and r given by (10.9)—(10.10) 


MV Gee 7B 
(2Pn)" EG = (2) Yo, 
where 
Yo = 2 Pn, (8). 


To remove the qualitative knowledge of r, and hence n, choose 6 from 2°n = 1. 
Notice that such a choice is possible, since by Remark 10.4 the parameter 17 is 
independent of 6. This makes y, quantitative. The time level s,, is computed 
from 


n é 
Sn = Ss + Or? > 275, 
j=l 


Therefore, the range of ¢ for which (10.14), holds, can be estimated as 
8x + Z0(2"r)? St < 5, +20(2"r)?. 


From the previous choices one estimates 


0 
Se +91 <t<s,. +471 where a= > 
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By choosing 7, even smaller if necessary, we may ensure that 7, > 1 so that 
5. +71 => 0 and hence 
ye oN (10.17) 


is included in the times for which (10.14), holds. 

From Remark 10.4 it follows that b and 7 do not depend on 7, and hence 
the assumption of possibly taking 7, smaller is justified. 

Finally, from the indicated choices of n and 6 the alternatives (10.13),— 
(10.13), can be rewritten as u(2o, to) < 727«p°%t?) for y2 = a a 


fo) 


10.4 The Mean Value Harnack Inequality 


The Harnack inequality of Theorem 10.1 can be given an equivalent formula- 
tion, which we refer to as the mean value form of the Harnack inequality for 
non-negative functions in PDG classes. 


Corollary 10.2 Let u > 0 be an element of the parabolic DeGiorgi class 
PDG(Er,7,7%«;C2,6). There exist positive constants c, and 0, that can be 
quantitatively determined a priori only in terms of the parameters N,y and 
independent of u, yx, and 6, such that for every radius p < co provided that 
Bap(Xo) X (to — O«(4p)?, to + 94(49)?) C Ep, either u(aro,to) < cp ty.p3 Nt?) 
or 


Ce sup ul-,to — 497) < u(ao,to) <c,' inf u(-,to + 4p"). (10.18) 
Bp(Lo) Bpo(xo) 


Remark 10.5 The terminology is suggested by the mean value property of 
harmonic functions. As shown in Chapter 2, Section 5, the latter implies that 
the value u(x.) at one point x, of a non-negative harmonic function u controls 
its maximum and minimum in a ball centered at xp. 


Proof. Fix (ao, to) € Er, and assume u(“o,t.) > 0. Seek those values of t < to, 
if any, for which 
ti s,¢) = 26, (a5, t,): (10.19) 


If such a t does not exist 
u(@o,t) < 2c, u(ao, to) for all ¢€ (¢, — (4p)",,t,). (10.20) 
We establish by contradiction that this in turn implies 


sup u(-,to — 049") < 2c, ‘u(ao, to). (10.21) 
Bp (0) 


Indeed, if not, by continuity there exists x, € B,(x,) such that 
u(@e, te — O4p") = 2c, \ulzo, to). 


Apply the Harnack inequality in (10.1) with (x.,t.) replaced by (x., to—04p7), 
to get 
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w(Ls,to—Oxp") <c! 


* 


inf u(-,to—0.0°+0.0") =c,' inf u(-,to). (10.22) 


p(@x) B,(x«) 
Now, x» € K,(x,) and therefore, 
2c, tilt, to) = u(re, to — O60") < Cul ay, to). 


The contradiction establishes (10.21). 


10.4.1 There Exists t < t. Satisfying (3.1) 
Let T < t, be the first time for which (10.19) holds. For such a time 
ig —T > 0,9". (10.23) 


Indeed, if such an inequality were violated, applying the Harnack inequality 
in (10.1) with (a, t.) replaced by (%5,7) would give 


2c, \u(xo, to) = u(to,T) < c, u(x, to). 


Set 
8 =ty — Ox". 


From the definitions, the continuity of u and (10.5), we have 
FRB < ty and U(Xo, 8) < 2c, ‘u(xo, to). 
We claim that 
u(y, 8) < 2c,1u(zo,to) for all y € B,(z9). (10.24) 
Proceeding by contradiction, let y € B,(x,) be such that 
u(y, 8) = 2c, ‘u(zo, to). 


Apply the Harnack inequality in (10.1) with (a,,t,) replaced by (y,s) to 
obtain 
u(y, 8) <c," inf u(-,s+6.9"). 
Bo(y) 


Using the definition of s, since y € B,(x.) 


+ int aif-,t6) < cy ule; te). 


2c; 1u Lo,to) = uly, 8) < 
(os to) = ulyss) <e57 inf 


* 


The contradiction implies that (10.24) holds true. Summarizing the results of 
these alternatives, either (10.21) holds or (10.24) is in force. The proof is now 
concluded by using the arbitrariness of p and by properly redefining c,!. 
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In Moser [187] the Harnack inequality is given a third equivalent statement. 
Fix (%0,to) € Er and p > 0 and construct the cylinders 


(20, to) + Q* = Bo(ao) X (tos to + p°| 
(Rests) Q, = B,(£o) Xie pots: 


Assume that p is so small that (%,t.) + Q4, C Er. Fix o € (0,1) and inside 
(Xo, to) + QF construct the two subcylinders 


a = Bop(o) X (to + (op)*, to + p?| 
op = Bop(Xo) X (to — oi (op)’]. 


Assume for simplicity that u is a member of a homogeneous PDG class, and 
also that Cz = 0. Then there exists a constant y(o) depending only on the 
data {N,C,,Ci} and o, and independent of (x,,t.) and p, such that 


supu < y(c) inf u. (10.25) 

Qs; Qt, 
The two cylinders Q;, are separated along the time axis by a distance 2(cp), 
and the constant y(0) + co as 0 > 0. However, 7(c) is stable as o + 1. Other 
than the indicated separation between OF. and Q;,, there is great freedom in 
choosing these cylinders. For example, one could take o = 1, keep Qi, fixed, 
and choose Q;, with its top “vertex” at (xo, to). This would keep it separated 
by a distance (op)? from Qz,. By possibly modifying the form of the constant 
y, this would imply 


u(@o,to) <7 inf ul-,ta +p’), 
p(Lo) 
which is precisely (10.1). Likewise, one could take o ~ 1, keep QZ, fixed, and 
choose Qf, with its bottom “vertex” at (ao,to). This would keep it separated 
by a distance (op)? from Q>,- By possibly modifying the form of the constant 
y, this would imply 


yt sup u(-,t>— p”) < u(Ze,to), 
Bp(Xo) 


which is just the left-hand side of (10.18). Hence, (10.25) implies (10.18), but 
the opposite is also true (see Section 11c in the Complements). 


11 The Harnack Inequality Implies the Holder 
Continuity 


The Holder continuity of a function u in the PDG classes in the form (3.2) 
has been established in Theorem 3.1. However, as we have already shown in 
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the elliptic framework in Chapter 10, in the parabolic context the Harnack 
inequality can also be used to prove the Hélder continuity [187]. 

Let * and w(2p) be defined as in (3.1), with 6 the quantity denoted 
with 0, in Theorem 10.1. Again, for simplicity we assume that (y,s) = (0,0). 
Applying Theorem 10.1 to the two non-negative functions wt = wt — u and 


w =u-— gives either 


esssup wt = pt —essinfu < cy yp° 


Qe @p 


(N+2) 


(11.1) 

ess sup w~ = esssupu— pe < cp ly, p\Nt?) 
Qp Qp 

or 

+ — essinf u) < wt — esssupu 

Qp O- 
cx(esssupu— py) < essinfu— po. 
Qp Qe 


If either one of (11.1) holds, then 


Cx (He 
(11.2) 


w(p) < w(2p) < e,.p?, (11.3) 
Otherwise, both inequalities in (11.2) are in force. Adding them gives 


Cxt(2p) + Cxtu(p) < w(2p) — w(p), 


whence 

— 1c 
lt 
The alternatives (11.3)—(11.4) yield recursive inequalities of the same form as 
(7.5), from which the Hélder continuity follows. 


w(p) <nw(2p), where 7 (11.4) 


12 A Consequence of the Harnack Inequality 


Consider the functions 


kp” wo) — zl? 
Gora | a(t —s) +P? 


pointwise in RN x [t > s]. For vy = N the latter are exact solutions of the heat 
equation and one verifies that for vy > N they are sub-solutions. 

Given the general quasi-linear structure of (1.1)—(1.2), the functions I, are 
not sub-solutions of these equations in any sense. Moreover, no comparison 
principle holds for functions in PDG. Nevertheless, the “fundamental sub- 
solutions” I, drive, in a sense made precise by Proposition 12.1 below, the 
structural behavior of non-negative functions in these homogeneous classes. 

The content of Propositions 12.1 is that these functions are, locally, 
bounded below by one I, for some vy > N, and thus they do not decay 
in space, faster than these “sub-potentials.” 


Ea, 6 y,3) = 
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Proposition 12.1 [187] Let E C R% and E’ C E a convex subdomain, such 
that dist(E’, OE) = d > 0. Let u > 0 be a continuous element of the homo- 
geneous parabolic DeGiorgi class PDG(Er,7,0,0,6). There exists a positive 
constant y > 1, depending only on the data {N,Co,Ci}, such that for all 
ce, yeH,0<@<s<t<T we have 


—yl? t— 
ine) <4 |F wey +1). (12.1) 


Moreover, if E=R™ and0<s<t<T, we have 


u(y, 8) 
u(a,t) 


je=a/ 
t-—s 


In 


t 
<9| +m+i), (12.2) 
5 
Remark 12.1 The continuity of u, although a given fact, is assumed only in 
order to give a unique meaning to the pointwise values of u. 


Proof. First of all, we point out that the proof of Theorem 10.1 shows that, 
once the constant 6, has been determined, there is no need to have further 
room above, and it is enough to assume that t, + 6.07 < T’. Hence, it suffices 
to assume that Ba, x [to — p*, to + 94”) C Er. 

Without loss of generality, we can assume that (y,s) = (0,0) € E’ and 
that u € PDG(E x (—d?,T),7,0,0,6) is positive in E x (—d?,T — d?). The 
Harnack inequality can be rephrased, saying that 


u(x,t) > c,u(0, 0) 


for 
<p. (12.3) 


We take (x,t) € E’ x (0, T — d?) and proceed to estimate u(0,0)/u(z, t) from 
above. 
We connect (0,0) and (#,t) with a straight line and let 


t; = +t, 2; = La, 7 HOy leas 
n 


By the convexity of E’, Vj we have that x; € E’. We have to determine n: we 
choose 4p = d, so that u > 0 in 


t 
|a — 2,| < Ap, —p? <t-t);<— <9" 
nm 
t ; 
ifn > BaF To satisfy (12.3), we need 
2 
2_ | t 2 29s 
|zj+1 — 25| = nb => n2 {a 7} 
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jel? ¢ 
n > max 4 0,—;——> >. 
t ’ 0.p? 


Under these circumstances, we have 


so that 


u(x;, t;) 
u(xj41,tj41) 


IA 


c,! j=0,1,...,n—1. 


* 


Multiplying, we have 


u(0, 0) 268 
u(x,t) — * 
In 0,0) < a 
u(a, t) Cx 
u(0, 0) |a:|? t 
1 < C 
" u(a,t) ~ | t a 04.07 
u(0, 0) lz? ot 
l < —+—>+1 
* u(x,t) — | t d? 7 


for a constant y > 1, which depends only on the data. 

In order to prove (12.2), we still assume y = 0, and we distinguish two 
possibilities, as far as t and s are concerned. 

If s <t < 4s, choosing s = d? we obtain 


u(0, 8) |x|? 
<4 1 
"ule, t) = vl + 


—_ 


and we are done. 

Otherwise, we have t > 4s. In such a case, choose n € N, such that 
+15 <t <2"ts, and let 7 = 2"s. Since 27 <t < 47 andt—7 > s > a 
working as in the first alternative, we obtain 


HO) < ay 2? 2 


——4+1} <8 
u(x,t) — ‘i = |< 1; 


In 


+ 1 (12.4) 


To estimate u(0, s)/u(0,7), we introduce 
t= 2s, uj =u(0,27s), j=0,1,...,n. 
From (12.1) with d? = t;_1 we have In(u;_1/u;) < 2y, so that 


ig =li 2 < 2yn < 2y log, s 
u(0, 7) Un s 


Adding this last inequality to (12.4) yields 


wis) yf lel 


] 
ula, t) ~ t—s 


t 
tog = + 1 


and we are done. | 


498 12 PARABOLIC DEGIORGI CLASSES 


13 A More Straightforward Proof of the Holder 
Continuity 


We conclude the chapter by giving a more streamlined proof of the Holder 
continuity of functions in PDG classes, based on the ideas developed for the 
proof of the Harnack inequality. For simplicity, we deal only with homoge- 
neous classes, but just minor adjustments are needed in order to cover the 
general case. 

Take (2,to) € Er, assume that p < Cy" is such that (29, to) + Qo, C Er, 
and let 


pt = sup u p= inf uy w=p™-p. 


(xo,to)+Q3, (£o0,to)+ Qo, 


Moreover, let v be the quantity in (4.6) with a = $ and 6 = 1. We have two 
alternatives, namely either 


il 
lfu> pt 5019 (0; to) + @Q5| = viQ5\, 


or 


1 
|[u Sh = 5341] a) (Xo, to) + Q5| > ul, |- 


If the first alternative holds, by Proposition 4.1 we have 
a ; _ 
usp ™—=w ae.in (%,to) + Qi 
2 zP 
and also 


essosc u= esssup u-— essinf uw< wo —-=w-—yp 
Loto) +Qz = Loto) +Qy 
( ) Lp (Zoto}+Qy ( ) 1p 


1 
=- essosce U. 
(o,to)+ Qo, 


If the second alternative is satisfied, there exists s € [—p*, —$p”] such that 
4 1 V 
[fu(-s) > wt — Su] M Bla)| > 1B, (no)h 


Indeed, if not, we would have 


\[u > pt — xe tists) FO, = |[u(-,7) > wt — om) N By(o)|dr 


2c Local Boundedness of Functions in the PDG Classes 499 


Since 


1 1 
wr — sw =p + 5u, 


we have 


|[u(-, s) >p + a) n Balts)| > 5|Bol(ao)l- 


If we set w = u— pt, we have (10.5) with M = sw. By a (possibly repeated) 
application of Proposition 10.1, we conclude that there exists a 7 € (0,1), 
which depends only on the data {N,C,, C1}, such that 
u>p +7w ae.in (a0,to) + Qi, 
2 


and also 


essosc u= esssup u-— essinf uw< pr —pb — Tw 
Loto 1 7 orto 1 
(Zo, a Meter (®o, +91, 


=(1-—7) essosc u. 
(£o,to)+ Qa, 


Combining the two alternatives, we conclude that 
1 1 = 
w(5p) < max 4 53 (1 — 77) 7 w(2p) 


and from here on, we conclude as in Section 7. 


Problems and Complements 


2c Local Boundedness of Functions in the PDG Classes 


The results of Theorem 2.1 can be slightly extended and at the same time 
generalized to cover a wider situation. We limit ourselves to a qualitative 
statement, even though it could be phrased in a quantitative fashion, with a 
rather limited extra effort. 

For N > 2 consider the quasi-linear parabolic equation 


uz — div A(z, t,u, Vu) = B(a,t,u,Vu) weakly in Er (2.1c) 


where the functions 
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A(z, t, u(a,t), Vu(x,t)) € RN 
B(a,t, u(x,t), Vu(x,t)) €R 


Er > (at) > { 


are measurable and satisfy the structure conditions 


A(z, t,u, Vu) -Vu > C,|Vul? — fo 
|A(a,t,u, Vu)| < Ci|Vul + fi (2.2c) 
|B(a,t,u, Vu)| < C2|Vul + fo 


for given constants 0 < Cy < C; and C2 > 0, and given non-negative functions 


fi € Live(Er), fo e Ey, (Er) with b> 1, 


loc 

2(N + 2) (2.3c) 
LF (EB ————_. 

fi, fae inet T)s s> N+4 


Theorem 2.1c. Let u be a local, weak solution of (2.1c). Under conditions 
(2.2c)(2.3c) we have 


e If boths > andw> AS, thenu € LX (Er). 


loc 


2 
e If both s = X and p= — then u € Li,.(Er) for all q < +00. 


2 
e If both s < * and p< XS, thenu € Li (Er) for all q < qx with 


N+2 2N+4 
N 


2 = min ¢ ——4 ___;, —__ 4 
; Peg) i=) 
The result was proved in [194] for a larger class of quasi-linear parabolic 
equations. Conditions (2.3c) are rather natural, as the same conditions were 
imposed in Ladyzhenskaya et al. [151], Chapter 3, Sections 8-9, in order to 
have the corresponding properties for the solutions of a large class of linear 
equations. 
The assumption f; € L7,.(Er) may seem out of place, but its purpose is to 
guarantee that the terms of the form A(z, tu, Vu) -Vu are locally integrable. 


3c Holder Continuity of Solutions of Linear Parabolic 
Equations with Bounded and Measurable Coefficients 


As discussed in Section 15 of Chapter 11, the local Hélder continuity of lo- 
cally bounded solutions of linear parabolic equations in divergence form with 
bounded and measurable coefficients was first proved in 1958 by Nash [190]. 

Since his proof relies in a fundamental way on deep estimates of the fun- 
damental solution (again, see Section 15 mentioned above), it has an intrinsic 
linear feature, and it does not seem possible to extend it to the general quasi- 
linear setting considered in this Chapter. 
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6c Propagating in Time the Measure-Theoretical 
Information 


We give a slightly stronger version of Proposition 6.1, where the measure- 


theoretical information is spread not just for a short time, but up to the top 
of the original cylinder. It is taken from Liao [171]. 


Proposition 6.1c Assume that 
W a 
I[uc.s) <u - =] 0 Bp) = SIB pI. (6.1¢) + 


for some a € (0,1]. Then, there exist € € (0,1) and Ce > 1, which depend 


only on the data, such that either w < ye Cep? +2) or 

I[ul-,8) < wt - gw] N By(y)| = 1B (6.2c) + 
for all t € [s,s + p?]. Analogously, if 

l[uC.s) > a +=) 0 B,@)| = SIBp, (6.1¢)- 


for some a € (0, 1], then there exist € € (0,1) and Ce > 1, which depend only 
on the data, such that either w < ee) or 


|[u(-.t) > wo + €w] 2 Bp(y)| > 5 |Bol (6.2c)_ 


for all t € [s,s + p?]. 


Remark 6.1c An analogous statement holds, if we consider cylinders (y, s) + 


Q;, (A). 


6.1c Proof of Proposition 6.1c 


Proof. We will establish (6.2c)_ starting from (6.1c)_. As usual, without loss 
of generality, we may assume (y, s) = (0,0). 

For simplicity, we set M = jw. We start from (1.7) written over Q} (6) 
for (u—k)_, where 6 is to be determined and k = pp~ + M, we discard the 
third term on the left-hand side. 

Moreover, we consider a non-negative, piecewise smooth, test function ¢ = 
¢(a) such that 


1 
C=1 im 2, C=0 im P” —&,, Nie 


Hence, we conclude that 
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esssup / (u — k)?.C? (a, t)dx 
Bp 


0<t<6p? 


a (u — k)* 6" (a, 0)da 


+ ac || (u — k)? dx dr + 92| Aj, |’ 24? 
oP” FS SQ5 (8) 


0 ollu< kN QF) 


a 
<M? (1 7 <) |Bo| +-y— M? |B,| 
Ta |Q7 (8)| , 
1— 45426 ry sean 2 
+ y0'~ NzaF (2S) M*|B,]. 
If we stipulate to take 
9 prin +2) 
—— < l 
Vx M2 < ? 
we have 
ess sup | (u — k)? C7(a, t)dx 
0<t<0p? JB, 


2 


+ 0 N24! | Bo. 


fe 0 Iu <A] NQE(O) 
= [(-§) 33 aa 


Let = p~ +€M with € € (0,1) to be chosen. Then, 


I, 


(u — k)? C7(a, t)da > | (u —k)? (2, thd 


p Bao) Musé 


> (L—6)7M?|[u < NN Ba-s)pl- 


Moreover, 


|Ae,o(t)| = |Ae,a—o)p(t) U (Ae,p(t)\Ae,1—o) p(t) | 
< |Ae(1-0)p(t)| + |Bo\Ba—o)pl 
< |Ag (1c) p(t)| We No|B,|. 


Therefore, we conclude 


(1 - €)?M?|Ap,p(t)| <M? ee ae 


+ 6! wat? 4 N(1 — 6a] |Bp|- 


Since we can take € < s without loss of generality, we also have 


1-2 6 |[u< k]N Qt (8)| 1 pe 425 
|Aco(t)| < hg a ee a Ng 
as (l—¢? " 'o? QF (A) 


|Bpl- 
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Choosing 
al. 
1 (“ < ki] a . 
o = 03 | —____— ] 
|Qp (9)| 
taking into account that 6 € (0,1), and relabelling 27 + N with + yields 


l=s 4 (Ie < AN QOL)? 
\Acp(t)| < ae (Saar) |i 


Finally, we choose 


r= 
yeas 16’ 
_2 _2 3 
2 4 24 = eae 
@=—" “@=——" 8 ei 


and conclude és 
< peepee 
lAno()| < (1- =) [Bol 


for all t € [0,@p7], with @ computed above. We now use this estimate and we 
refine it. 


a M M 
‘ = 1 ae 1 
M=«M, hau + D917 aap + Ditni’ 


where 7; and n; are to be chosen. If we repeat the previous computations 
with the new quantities, we have 


a 6 |lu< m]NQ7)| 
|Ae.o()| $| p> 5 +S 
il (l=2°-™)P “a |Q7 (9)| 
Qi p(N+2) \? 
+ yo wat? (4, | +. No} |Bol. 
M, 


We now rely on Proposition 5.2 and we assume that 


Qi1 p9(N+2) it 
Th SE 
1 iP 


Vx 


since in (5.3) we have 0* = 0 because @ € (0,1), with the same choice for o as 
above, we obtain 


1 
| es f: 1 7 
Ve ee ee eee | 
| t,o I => (1—2-™1)2 + 708 (=r) 


ny ee 
+ yor wea (=) +N 
VII 
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1 
1-2 1 1 3 
<}|—__2_ _ 93 | —— B 
je (. ==) | ols 


where in the last inequality we have also relabeled y as before. We choose 1 
and nj, such that 


As a result e 
Aa.o(O < (1-5 + 05) |B, 


for all t € [s5, 81] = (0, Op]. 


We now proceed by induction. Either at every step m= 1,...,2—1 


Qdm p(N+2) 1 
—— Se 
Mn 5 
Jm 


Yx« 


and in such a case the sequences {M;}, {n;} and {j;} have been chosen, and 
Qos a 
|Ae,_1,(¢)| < (1 _ BY So (i — 165) |Bol Vte [Si—1, Si] 


where M 
= i-1 def _ . 
li=M + oe ~ + Min. 


Otherwise, the process stops and € and C¢ are chosen accordingly. Suppose 
we have reached step 7 — 1. If we now set 


G_y~=he + eMj-1, Siz1 = 81 + 00", QF = Bp x (si, S41], 


using the measure-theoretical information at times s;, we can work exactly as 
above and conclude that 


1—$+(i-1)0¢ a (|[u< kN QF 3 
|Aes_,.o(4)| S : = ayes (Sa |Bp|- 


(1—€)? 


If we assume (i—1)0 < 1, we may choose € and @ as above, and conclude that 


a 
Ae) (1- FZ) Bol VEE [ois sist. 


Now we let 


i = €Mj-1, 1=- + OR? i= + ohm” 
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where j; and n,; are still to be chosen. Using Proposition 5.2 as above and 
stipulating that 

25% p(N +2) 1 
————q— { < 


Ys 


M; ~ ae? 
Ji 
yields 
A 
1-%4+(i-1)0% if 1 \3 
Ae.) < J +908 (pe) |B ¥E si sie 


Finally, we choose 7; and n; such that 


i. 
1 1 3 (ay 
po { = — | 29 
7 (- =) ="5 


1-$+4+(i-1)0¢ a a oa 
—_4_ 4 1 -— + (§-1)0— + =. 
Gita stg tG- ey +e, 
As a result e s 
Ae, p(#)| < (1- $+ 105) |B, 
for all t € [s;, $;41]. The induction finishes when 
Q4i p9(N +2) 1 
either ._— >—+>, or i>. 
Mi jz 


Hence, we have that either 
= a 
|[ul-.t) > wm + 4] 1 Boly)| = S18 


for all t € [s,s + p?], with fw = ae. or 


we nn CepON+2), 

where Ce > 1 takes into account at which step m, if any, the stipulation 
25% p(N+2) 
———— { < 


M ~ 5B 


is violated. | 


Ya 


Remark 6.2c The proof shows that we can take a general 6p” for the height 
of the cylinder, with any @ > 0 and not just 6 = 1. 


7c Proof of Theorem 3.1 


Relying on Proposition 6.1c, the proof of Theorem 3.1 is revised accordingly. 
In particular, it is concluded in one stroke. The first part is as in Section 7. 
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Without loss of generality, we may assume (y, 5) = (0,0). We consider Q7, , 
that is, we take 6 = 1. By the definitions (3.1), either 


1 
Iles we — 3H] QZ] 2 519, | (7-1¢) 


or 
2 ae eee 
I[u > py + 34] Qz] 2 51@>I- (7.2c) 


Assume that the second is in force; if (7.1c) holds, the argument runs exactly 
in the same way. We can equivalently rewrite (7.2c) as 


- Sh oe ia 
I[u< wo + 3H) Qe] < 5IQzl. 


We claim that this implies that there exists t. € [—p?, —$p"| such that 


= 3 
[[u(-sto) < wo + 36] 9 Bol < F/Bol. 


Indeed, if not, then 


—t/? 1 
lu <p + $a] Qz]> fo” lub.) < wo + $a] Bpldr > F1Q5 
—Pp 


We can equivalently conclude that there exists t, € [—p?, $p?] such that 


leu(sto) > wm + du] M Byl > TIBpl 
Without loss of generality, we can assume that t, = —p?, so that 
Ieu(-, 0?) > w+ Bu] Byl > FB pl 
We can then apply Proposition 6.1¢ with a = 4, and conclude that either 


w< Cee (7.3c) 


or 
l[u(-,t) = wo + vw] B,| > 5 |B (7.4c) 


for all t € [—p?, 0]. 

If (7.3c) holds true, we have finished. Otherwise, assuming that (7.4c) is 
in force, fix the number v as the one claimed by Proposition 4.1 in (4.6), for 
the choices a = 4, 6=6=1. 

We point out that (7.4c) is (5.1)_ of Proposition 5.1 with a = 3 and € = €; 


§ 
Dix 


therefore, v being fixed, determine j, and hence e, = 
Proposition 5.1. 


by the procedure of 
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Then, by Proposition 4.1, either e,w < yp°*+?), or (4.2), holds. The 


latter implies 
1 


—essinfu < — ess inf —5e, ess osc u. 
Qi, Qzp Q3, 
Now, 
ess sup u < ess sup u. 
Qi, Qo, 


Adding these inequalities gives 
1 
w($p) < nw(2p), where 7 =1- a 
Let Q; C Er be fixed and set p, = 4~".R. The previous remarks imply that 


w(pn41) < max{nw(pn); Cy pa’*?)} (7.5¢) 


for a proper choice of C that takes into account all the alternatives, and by 
iteration 


w(Pn+1) < max{n”"w(R); Cy, pNt)1, 


Compute 


or a In 
pn =4-"R = -n=n(4)! ‘= n= (=) for ea 
Remark 7.1c We have given the proof assuming 6 = 1, but a general 6 > 0 
is also possible, without any substantial change in the previous arguments. 


11c The Harnack Inequality 


The first to prove a Harnack inequality for linear parabolic equations in diver- 
gence form with bounded and measurable coefficient was Jiirgen Moser [187], 
expanding upon ideas he had previously developed for elliptic equations [186]. 
The proof of Lemma 4 in Moser [187] contained a faulty argument, which was 
later corrected [188]. An easier proof was given later [189]. 

As we have shown in Section 11, the Harnack inequality can be used to 
prove that weak solutions are locally Holder continuous in Ey. Even though 
Moser’s method is quite different from the one we used here in Section 10, 
nevertheless, the linearity assumed in (1.1) is immaterial to the proof, and 
one might then expect, as in the elliptic case, an extension of these results to 
quasi-linear equations of the type 


uz — div A(z, t,u, Vu) = B(a,t,u,Vu) in Ep, 


where the structure conditions are as in (1.2) of Chapter 10, that is, with a 
growth of order p for any p > 1. Surprisingly, however, Moser’s proof could 


508 12 PARABOLIC DEGIORGI CLASSES 


be extended only for the case p = 2, i.e., for equations whose principal part 
has a linear growth with respect to Vu. This appears in the work of Aronson 
and Serrin [12] and Trudinger [262]. 

Also, the approach based on parabolic DeGiorgi classes cannot be sim- 
ply extended, and the problem remained open for quite a number of years, 
until a partial solution was first given in the late 1990s by the first author 
of this monograph. For a very interesting historical perspective, we refer to 
the survey paper by Kassmann [134], whereas the interested reader can look 
at DiBenedetto et al. [55] for a proof of the Harnack inequality for general 
operators with growth of order p > 2. 


11.1. Prove that (10.18) implies (10.25). 


Check for 


1 3 updates | 


PARABOLIC EQUATIONS IN 
NONDIVERGENCE FORM 


1 Introductory Material 


The aim of this chapter is to present some of the known estimates for solutions 
of parabolic PDEs in nondivergence form with only bounded and measurable 
coefficients. 

The time derivative of a function u will be equivalently denoted with wz, 


Ohu, and ou whereas for the space derivatives of u we equivalently write Du, 


1.1 Introduction 


Let E be a bounded open set in RN, N > 1 with smooth boundary OF and 
for 0 < T < o let Ep = E x (0,T]. The following types of equations are 
considered in this chapter. 


1.1.1 Linear Equations 

uz —Lo(u) =0 in Er, Le = Og 2,1) Wee: (1.1) 
where the summation convention is adopted. The basic assumptions on the 
coefficients are: 


The functions (x,t) + ajj(,t), i,7 = 1,...,N are only bounded and 
measurable, defined in Er. 


The matrix (a;;(z,t)) is symmetric and positive definite uniformly in Ey. 
Equivalently, if A(a@,t) < A(a,t) are respectively the minimum and the 
maximum eigenvalues of a;;(x,t) as (x,t) € Er, there exists A, < A, such 
that 


0<A,< A(x, t) < A(a,t) <A, V (a, t) € Er. (1.2) (4) 

In turn, this can be formulated as 
NolEl? < aig (a, tie < Aolél?, VEER. (1.2) (2) 
© Springer Nature Switzerland AG 2023 509 
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We assume that u € C?!(E7) is a solution of (1.1), where the space C?!(E) 
has been defined in Section 1 of Chapter 11. 


Remark 1.1 There is no loss of generality in assuming (a;; (a, t)) symmetric, 
since £, can always be transformed into a new operator £% with symmetric 
coefficients 


al, (2,t) = 5(aij(2,t) + aje(2,t)). 
This follows from the fact that x + u(a,t) € C?(E), and therefore, uz,2, = 
ieee 
Remark 1.2 Condition (1.2) ;;) implies that 
No < aij (a, t) < Ao V(a,t) € Er, i,j =1,...,N. 
The equivalence of (1.2)(;, and (1.2)(;;, can be proved using the following 
result, which we also state here for future reference. 


Lemma 1.1 [f (a;;(z,t)) is a N x N symmetric matrix, then there exists a 
unitary matric X = X(a,t) that diagonalizes (a;;(x,t)), ie., 


Ai(2, t) 0 0... 0) 
0 2 (a, t) 0 a3 0 
X71 (a, t) (diy (a, t))X(a, t) = : —_ ; 
0 0 ... O An(a,t) 
where 1 (x,t), ..., An (x,t) are the eigenvalues of (ai;(x,t)), and 


X"'=X*', (X? being the transpose of X) 


N 
Sak, Va. Se. VS 
van 


For the proof, see Section 1.1.1c in the Complements. 
For future reference, we also note the following. 


Remark 1.3 Let (D?u) = (uz,z;) be the N x N symmetric Hessian matrix 
of the second-order space derivatives of u € C?:'(Er). Let A be the matrix 
(ai;(x,t)). Then, 

0:3 (a, tte, = tr(A- (D?u)). 


Nonhomogeneous variations of (1.1) are 
Ut — 04; (2,t)Ue 2, — O(z,t,u,Du) =0 in Ep, (1.3) 


where Du denotes the gradient of u with respect to the space variables only, 
and b is a given measurable function from Er x R x R into R, which will be 
assumed to satisfy 
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|b(a,t,u, Du)| < pola, t) + yr(a, t)|ul? + yo(a, t)|Dul’. 


Here, (x,t) > yi(a,t), 2 = 0,1,2 are given, non-negative, measurable func- 
tions defined in Ey, and a, @ are given positive numbers. 

The precise regularity of the y; and the order of growth of b with respect 
to u and |Du|, i-e., the numbers o and 0, will be specified later, depending on 
the estimates we will be seeking. 

The operator in (1.3) will be denoted by u;—L(u), where L(u) = Lo(u) + 
b(a,t,u, Du). Thus, £,(u) in (1.1) is the principal part of L(u). 


1.1.2 Quasi-linear Equations 
We consider 
— Q,(u) =0 in Er, Qo = Aaj (Z,t, u, Du)ua,n,;- (1.4) 


Here, Ajj, 1,7 = 1,2,..., N are given measurable functions from Ey x R x RY 
into R. 
As before, we assume that u € C?!(Er) is a solution of (1.4), and with 
an abuse of notation, we denote by (x,t, u, Du) points in Ep x R x RN. 
Moreover, for the N x N matrix (A;;(,t,u, Du)), we assume that it is 
symmetric, positive definite uniformly in Ep x Rx RY and there exist numbers 
0 <A> < A> such that, for some given a € R 


Ao(1 + |Dul*)|€|? < Ais (x,t, u, Du)Ei€; < Ao(1 + |Dul®)|€)?. 


Obviously, £,(u) is a special case of Q,(u). A nonhomogeneous variation of 
(1.4) is 
uz — Ag (2, t, u, Du)usa; — B(z,t,u, Du) = 0. 


We set 
Q(u) = Ai; (z,t, u, Du)ue,2, + B(z,t,u, Du), 


and observe that Q,(u) is the principal part of Q(w). 
No smoothness is assumed on the functions Aj;, i, 7 = 1,2,...,N, and on 
B: Er x Rx RN > R the basic assumption is 


z,t,u,Du)|Nt1 
< 
Caen atu 


for a given constant C. 


1.1.3 Fully Nonlinear Equations 


Let RY*% denote the space of all real, symmetric, N x N matrices. Such a 


; . N(N+1 
space has dimension No 
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Let K be the set Er x Rx RN x RN*% and let F be a real-valued function 
from K into R. Consider the evolution equation 


uz; — F(a,t,u,Du,D?u)=0 in Ep. (1.5) 


We assume that u € C?:'(E7) is a solution of (1.5) in Ey, and with an abuse 
of notation we denote with (z,t,u, Du, D?u) points in K. We also assume 
that D?u > F(a,t,u, Du, Du) is a.e. differentiable in RN*. 

Equation (1.5) is parabolic in K in the sense that the matrix given by 


(F, (x,t, u, Du, D?u)) is non-negative definite in K, ie., VE € RY 


Ueje; 


N(x, t, U, Du, D?u)\€|? < Pico, EE; < Ala, t, U, Du, D?u)l€|? (1.6) 


for measurable functions A, A: K > R satisfying0<A<A<oin Kk. 
If there exist 0 < Ag < A, < oo such that 


0<A. < X(a,t,u, Du, D?u) < A(z,t, u, Du, D2u) < Ag < 00 (1.7) 


uniformly in K, then (1.5) is uniformly parabolic in K. 

The notion of parabolicity or uniform parabolicity is local in K and could 
be formulated in terms of subsets K’ of K. If (1.6) (or (1.7) respectively) 
hold for all points in K’ C K, we say that (1.5) is parabolic (or, uniformly 
parabolic respectively) in K’. 

Given the a.e. differentiability of F in RY*%, equation (1.5) could be 
written in a way that resembles the quasi-linear equations u; — Q(u) = 0, 
except that now the coefficients A;; also depend on D?u. Indeed, 


1 
d 

F(a,t,u, Du, D?u) — F(z,t, u, Du, 0) = / qt t,u, Du, sD?u) ds 
9 ds 


1 
= / Pi ca; (tb ey DUD" 0) as Unix; 
0 bg 


Hence, we have 
uz — F(a, t, u, Du, D?u) 
=u — Ajj(z,t,u, Du, D’u)us,2, — B(x, t,u, Du), 
where ; 
Ai;(z,t,u, Du, D?u) = | ee (x,t, u, Du, sD*u) ds, 
0 
B(a,t,u, Du) = F(a,t,u, Du, 0). 


Next, we discuss in some detail the fully nonlinear notion, by looking at specific 
examples. 
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1.2 The Pucci Equation 


Let a € (0,4) and denote by La the class of all linear elliptic operators of 
the type 


where 


fen <aij(x)&iGj, VEER (1.8) 


tr(ajj(z)) = 1. 
For u € C?:(Er) consider the quantities 


M(u(az,t)) = sup Lu, 
LeELa 


m(u(a, t)) = int Lu, 


and the associated parabolic equations 


These are called extremal operators, and are of the form (1.5) with F' a.e. 
differentiable in A. This will follow from the pointwise representation of M (w) 
and m(u) in terms of the eigenvalues of the Hessian matrix (D?u). In fact, we 
have the following result. 


Lemma 1.2 For any u € C?(Er), we have 
M(u(a,t)) =aAu+ (1— Na)Cyn(u), (1.9) 
m(u(x,t)) =aAu+ (1— Na)Ci(u), (1.10) 
where Ci(u) and Cn(u) are respectively the smallest and the largest eigenval- 
ues of (D?u). 


Proof. We prove (1.9), since the proof for (1.10) is analogous. Let u € C?(E) 
and let X be the unitary NV x N matrix that diagonalizes the symmetric matrix 
(D?u), ie., 


Ci (u) aes 0 
X~1(D?u)X = 0 rise 0 ’ 
0 Cn(u) 


and 


514 13 PARABOLIC EQUATIONS IN NONDIVERGENCE FORM 
Let L € La and let (a;;(x)) be the associated matrix of the coefficients. Then, 


tr[(aj; (x)) . Cae )] = Aij (z)Ue;«; 


sum of the eigenvalues of 


(aij (@)) > (Ue ja;)] 
= sum of the eigenvalues of [X~' - (aj;(x)) - (ux,2,;) * X] 
= tr[X-? - (aij (2)) + (tase) + XI 


Therefore, 
aij(2)Uxi2; = tr{[X~" + (aig(x)) - X] - [X" - (D*u) - XI} 
Ci (uw) 0 
= tt te (aij(x)) - X] 0 0 
0 Cn (w) 


where dj; are the diagonal elements of [X~*-(a;;(a))-X], and have the following 
properties 


Property (a) follows from 
N 
Yo dig = te[X71 - (aig (a) - X] = te (aig (a) = 1. 
i=1 


Property (b) follows from (1.8). Indeed, 
N 
dig = D2 onrnizy > a (>: “) =a, 
Lk=1 k=1 
where we have used that on x7, = 1. Combining these remarks, we have 


(Lu)(a) = (aijteie;)(#) 
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N 
where we have taken into account that S> Ci(u) = tr(D?u) = Au. Since 
i=1 
dj —a>0Vi=1,2,...,N, we have 
N 
(Lu)(a) < aAu + So (dis —a)Cn(u) = aAu+(1—Na)Cy(u). (1.11) 
i=1 


Inequality (1.11) holds for every LZ € La, and therefore, 
M{u(x)] < aAu+(1—Na)Cn(u) Vue C?(E). 
Now we show that the operator on the right-hand side of (1.11) belongs to Ly. 
In order to prove this, we have to find a matrix (4@;;(x)) such that % Gi (vz) =1 
i=1 


for all x € E, and the eigenvalues of (@;;) are larger than a. Let u € C?(E) 
be fixed, construct the matrix 2 > X(x) that diagonalizes (D?w), i-e., 


(D?u) =X 0 me 0 << 
0 Cn(u) 
and let 
Q.. 0 
Oa 
(aij (x)) = X(x) X™*(2) 


Since x + X(x) is unitary, we have 
tr (ai; (x)) =i, and Giz (@) ELE; = al€é|?, VEE RY. 


Therefore, the operator (Lv) (x) = tr[(a;(x))(D?v)] belongs to La, v € C?(E). 
For v = u we have 


M{u(a)] < aAu+ (1 — Na)Cy(u) 


Ob asi 0 
Oe Ci (u) 0 
= 0 0 
0...1-(N-l)a 0 Cx) 
Q.. 0 
i a@ Ci (u) 0 
=a 0 0 
0 Cn(u) 
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Q... 0 


= tr ¢ X(z) - X71! (a)(D?u) 


whence (1.9) follows. Oo 


1.3 The Bellman—Dirichlet Equation 


Let A be an arbitrary set of indices, and consider the family ¥ of linear elliptic 
operators 


L,[u] = ax, 


(Cie, +e te tO, veA, 
where (x,t) — af;(a,t), bY (x,t), c”’(a,t) are real-valued, measurable functions 
defined in EF, i,7 =1,2,...,N,veEA. 

Let u € O?:!(Er) and (2,t) > f’(2,t), v € A be a family of real-valued, 
measurable functions defined in F-7. Consider the quantity 


Flul(x,t) = inf [Ly [ul(a,t) + f" (a, ty], 


inf 
vEA 
and the associated parabolic equation 

up— Flu] =0 in Er. (1.12) 


Equation (1.12) is a parabolic version of the Bellman—Dirichlet equation 
F|u] = 0. 
The assumptions on the matrices (aj;(x,t)) are 


A(z, tH)? < af; (x, A&E; < Ala, t|EP, VEER, (1.13) 


where (z,t) + A(x,t), A(x,t) are given non-negative functions in Ey, such 
that 0 < A(a,t) < A(z, t) for any (x,t) € Er. 

Besides the presence of the lower order terms in the definition of L,[ul, 
vy € A, the difference between the Bellman—Dirichlet equations and the Pucci 
equation is that no uniform lower bound on the eigenvalues of (a7;(z,t)), 
v € A, nor conditions on the trace (see (1.8)) are imposed. 

For each v € A, the function y” : RY*N — R given by 


y” (Du) = Qj Uren; + bfUs, + cut fY 
is affine in RN*,, and therefore, the function G defined by 


2 axe, 3 aU 2 
G(D°u) = inf y"(D°u) 
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is a.e. differentiable in RN*%. 
Let (7) be a N x N, nontrivial, positive semi-definite matrix in RN*%. 
Then, 


G(D?u +) — G(D?u) = inf y’(D?ut+n)— inf, y” (D?u) 
> inf (ay, (x, t)(Uxix; + mj) — af;(x, t)Ueie;) 
> inf, af(0,#)my = inf, tr[(als(2,t)) (n)] 


Suppose now that (7) is of the form (;) = (&£;)e?, where e€ € R%. Then, 
for a.e. (D?u) € RN*N 


G(D?u +) — G(D?u) > |€)? A(z, t), 


and 


Guz,2,(D?u + O(€)e* (Ei€;)) EE; = IE) A(2, t), 


J 


where 6(e) € (0,1) and 6(c) \, 0 as € > O. Letting « — 0 for a.e. (D?u) € 


RY* we have 
Fuze, (,t,u, Du, D?u)éié; > A(z, HE/?, VEER. 
Likewise, 


G(D?u +n) — G(D?u) < sup(a¥, (a, t)e?&€;) < A(z, t)e2|€|?, VE ERY. 
vEA 


Therefore, VE € RN 
Na, t)|€/? < Ete (3, 2,0, Du, D?ud€ié; < A(z, t)|€|?. 


This proves that (1.12) is parabolic. These remarks suggest a way of general- 
izing the concept of ellipticity to nondifferentiable F’. 


1.4 Remarks on the Concept of Ellipticity 
Definition 1.1. We say that Flu] = F(x,t,u,Du,D?u) is increasing in 
RNXN if 
F(., D?u+n) SF), (D?u) € RN*N 
for every nontrivial, positive semi-definite N x N matrix n € RN*% (in par- 


ticular, symmetric). 


We have the following. 


Lemma 1.3 Suppose F[u] = F(2x,t,u, Du, Du) is elliptic in the sense that 
D?u > F(2,t,u, Du, D?u) is a.e. differentiable in RN*N and (1.6) holds. 
Then, D?u > F(-,D?u) is increasing in RN*N, 
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Proof. If (D?u) € R*% is a point where F is differentiable, there exists « > 0 
sufficiently small, such that 


F(.,D?u+m) — F(-,D?u) = Fur,2, (sD? u)nig + o(€) 


for every matrix (7) such that |n| < «. Let (7) be symmetric, positive semi- 
definite and nontrivial in RN*%, and let Y be the unitary matrix that diago- 
nalizes 1, i.e., 


M1 ee. 0 
Y'-(n)-Y=|o. 0 |> m20. 
0... 7N 


If (7) is nontrivial, there exists at least one index 1 < j < N, such that for 
the corresponding eigenvalue 7; > 0. Then, 


F(.,D?u+n) — F(-, Du) = tr {[¥* + (Fuses): ¥1-[¥* (n)- YI} + of6) 


= gm + ofe), 


where gi; are the diagonal elements of [Y° - (Pussae) - Y], and the elements 
F,,,,, are larger than or equal to the smallest eigenvalue of (Fi ). Taking 


Un;2; 
into account that Y is unitary, it easily follows that for « small enough 


F(., D?u+n) — F(D?u) > 0 
for any nontrivial, positive semi-definite (7) € RY *%. | 
If D?u > F(a,t,u, Du, D?u) is not differentiable in RN *, then Definition 1.1 


can be taken as the definition of ellipticity. 


1.5 Equations of Mini-Max Type 


Let A, B be arbitrary set of indices and consider the family F of linear elliptic 
operators 
La,p[u] = sad Cae eee + B&F (x, thus, + Fu, 


where (x,t) > a” (a6), b%° (x,t), c%8 (x,t) are real-valued, measurable 


functions defined in F’r for i, 7 = 1,2,...,N, (a,8)€ Ax B. 
Let u € C?!(Er) and (2,t) > f**(a,t), (a, 8) € Ax B be a family of 
real-valued, bounded functions defined in E-r. Consider the quantity 


Flul(a,t) = as sup [Fa,alul(#, t) +f? (zx, t)] (1.14) 


and the associated evolution equation 


ut — Flu] =0 in Er. (1.15) 
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If we assume that the matrices (a°’"(x,t)) € RN*% and satisfy (1.13) for any 


v 
(a, 6) € Ax B, then (1.14) is elliptic, and (1.15) is parabolic. This can be 
shown as in Section 1.3. 

One of the reasons to consider such mini-max type of equations is that 
nearly all fully nonlinear elliptic and parabolic partial differential equations 
can be written in the form (1.15). We refrain from going any further in detail 
about this topic here. 


2 Maximum Principles 


2.1 Linear Equations 
Consider the linear elliptic operator 
Lt) = dS, tae, Ot, tig, — aoa, tu, 
and the associated linear parabolic equation 
uz —L(u) = f(x,t) in Ep. 


The assumptions on (a;;(z,t)), and a;(z,t),i=0,1,...,N, and f(z,t) are 


H1) The functions (x,t) + a;;(x,t), ai(x,t), ao(z,t), f(x, t) are only bounded 
and measurable in Ep. 
H2) There exist 0 < A. < A, < oo such that 


Nolé|? < aij (az, t)&E; < Al€P? VEER. 


H3) We have 
Ilaijlloo;Br + |IGilloo;zr < A 
for a given constant A. 
For s € (0,T] we let E, = E x (0,8), S; = U OE x {r}, and I; 
TE(0,5] 


S,U (EF x {0}). Clearly, P, is the parabolic boundary of E,. If s € (0,7] is 
fixed, we let 


Ao = ||a5 |loos#.1  @ = max{0;—ao}. (2.1) 


2.1.1 The Dirichlet Problem 


Let (x,t) > h(a,t) € LD®(Sr) and « > u,(a) € L®(£). Consider the 
Cauchy—Dirichlet problem 
u—-L(u)=f in Ep 
u(a,t) =h(a,t) on Sp (D) 
u(#,0)=uo(@) in L. 
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We further assume that h € C(Sr), uo € C(E), and uo(x) = h(a,0) when 
x € OE. We let u € C?!(Er) C(Er) be a classical solution of (D). 
In order to unify the notation, we set 


h(a,t) on Sr, 
Ola,t) = ee in Ex {0}. 


Theorem 2.1. Let u € C?!(Er)N C(Er) be a classical solution of (D) and 
let H1), H2), H3) hold. Then, Vs € (0,T]| 


1 
sup min ¢ 0; miny e—9; min fer(s—4) \ 
gap min {Ory As mn (2.2) 


1 
2 — . A(s—t). A(s—t) | 
< u(x,s) < nf max { 0:max ve ‘A, max fe 


Proof. Let 4 € R be chosen and let (x,t) > u(x,t) be defined by the expo- 
nential shift 
u(x,t) = v(x, te. 
Then, v satisfies 
is — Qij (2b) aces + a;(2, t)vz, + (@o(z, t) + A)uv = fe in Ey, (D’) 


v=wve on Ip. 


If v(a,t) < 0 in FE, or if 0 < maxg, u(x,t) < maxp, v(a,t), then there is 
nothing to prove. : ; 
If 0 < maxg, v(a,t) = v(%o, to) for (to, to) € Es = E x (0, s], then 


taste) 20, Uplate) SO, and — ay (Xe, to) Vase, (Barto) > 0; 


since (—D?u(x.,to)) is a symmetric, positive definite N x N matrix. 
Therefore, from (D’) calculated at (xo, to) 


(do(Xo, to) + A)v(ao, to) < max f(a, te’, 


and V (x,t) € Es 


2.4 A(s—t) 
u(a,t) < Ca 7 max f(s, t)e 


The estimate below is proved analogously. o 


Remark 2.1 To prove the estimate above it could be enough to have a clas- 
sical sub-solution of (D), i-e., 


WE C? (Er) ial C(Er), 
Ut — L(u) <S f in Er, (Dsub) 
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Analogously, to prove the estimate below, it would suffice to have a classical 
super-solution of (D), ie. 


u € C*!(Er)NC(Er), 
Ut — L(u) > f in Er, (Deager) 


Let u € C?1(Er) 1 C(Er) be a classical solution of (D) and Vs € (0,7] set 
My (s) = ||be~4°*l[oo;r,,, Ma(s) = [| fe7 4°" lloose,- 


Consider the functions 


wt (a,t) = M, + Mot u(a,t)e4', (a, t) € Ey. 


By direct computation 


wr — L(wt) = +fe~4e? + Mo + ao(a, t)[My + Mot] = Ajue 424 
= —Aow~, 


and therefore, 


wy — a(x, t)we.,, + ai(z, t)we, + (ao + Ao)w™ >= 0. 


Lita 


Since a, + Ay > 0 (see (2.1)) and since 


wo a= M,(s) + Mo(s)t £ W(a, s)e~4°* > 0, 


s 


from Theorem 2.1 it follows that w* > 0 in Ep and we have the following 
estimate. 


Lemma 2.1 Let u € C?!(Er)NC(Er) be a classical solution of (D) in Er. 
Then, V(a,s) € Ep 

|u(z, 8)| < |lpe*o Joon, + [Fe4°O™ loose: 
As a simple consequence of Theorem 2.1 we have 


Corollary 2.1 Let u € C?!(Er)N C(Er) be a classical solution of (D). 
Then, © <0 on Ip and f <0 in Ep imply u(x,t) < 0 for all (x,t) € Er. 
Analogously, y) > 0 on Ip and f > 0 in Ep imply u(x,t) > 0 for all (x,t) € 
Er. Finally, if f = a. = 0, then 


minw < u(z,t) <maxw. 
nin < u(a,t) < maxy 


All these estimates follow from (2.2); for the last one, first take \ > 0 and 
then let \ tend to zero. 
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2.1.2 The Neumann Problem 
We assume that OE is of class C? and has outer unit normal 
vy = (4 (a),12(@),...,un(@)) along OF. 
Consider the problem 
u,—-L(u)=f in Ep 
u(z,0)=u(%) in EB (N) 
V;,()Uz, (x,t) + b(a, thu = w(a,t) on Sp. 
As before, we assume Uo € C(E),  € C(Sr), and we suppose that u € 
C?1(Br) C!(E x (0,7)) is a classical solution of (N). 
Strictly speaking, (N) is the Cauchy—-Neumann problem only if b(z,t) = 0. 
In order to derive a priori estimates, we first consider the case b > 0, and 


then the case b(x,t) > —b, with b, > 0, to conclude the case of the Cauchy— 
Neumann problem. 


H4) We assume that b(x,t) > b, > 0 for all (x,t) € Sr and for some given 
bo > 0. 


Theorem 2.2. Let u € C?!(Er)N C!(E x (0,T]) be a classical solution of 
(N) and let H1), H2), H3), and H4) hold. Then, V (a,s) € Er 


: er(s—t) ; oa 1 ; , , 
ae min 0; min tae ee & \-A, min for-8 


< u(z, s) 


er(s—t) . 1 Sides 
< Ae max {Os tea ee a = max fe (s-t) 4 


) 


Proof. As before, introduce 
v(z,t) = u(x, the, 


and analyze the location of the maximum and the minimum of v in E'r. The 
previous argument can be repeated here, except when the extremum is on S,. 
In such a case, one uses the data on S,, observing that at a maximum point 
on Ss Uz,4j > 0, and at a minimum point uz, < 0. | 


Now we deal with the general case. 


H5) We assume that b(a,t) > —bo, for all (x,t) € Sp and for some given 
Bs > 0. 


Theorem 2.3. Let u € C?!(Er) C!(E x (0,T]) be a classical solution of 
(N) and let H1), H2), H3), and H5) hold. Then there exist constants C1, C2 
depending only on A, Ao, bo such that 


llWllooser S$ Cre?* max {I|P|looss7 || Uolloose Ilflloowzr} - 
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Proof. Construct a function x > v(x) € C?(E) such that 
i) p(x) > 4 for allze E; 


iii) —92 = —(,,4;) =m > (bo +1) on OE. 


Vv 


Such a function can obviously be constructed if OF is smooth (say, of class 
C?). Consider the auxiliary function 


w(x, t) = u(x, t)p(a). 
By direct calculation we have 


we — L(w) =9(x) [ue — L(u)] + a; (x, thuye, + 2ai; (x, thus, Pr; 
— aij 2, O) Pais U 
=9(x)f (x,t) + B(x, t)we, + Bo(2, thw, 


where 


@; = 2ai; 


Pu; @.-— oa 4 or 4 UiPa; 
’ = —_: 
p p p 


It follows that w satisfies in Ey 

We — Gi (Z,t)We:e, + Ai(z, t)we; + Ao(z,t)w = v(x) f(z, t), 
with 

Aj(a,t) = [a;(a,t) — &;(a, t)], Ao = [ao(x, t) — Bo (a, t)]. 


Moreover, on Sp 


Ow Oy 
at (0-2) w= on Sr. 
Op 


Since b — Dv > 1, the result follows from Theorem 2.1. i 
V 


2.2 Quasi-Linear Equations 
Consider the elliptic operator 
Q(u) = Ai; (z,t, u, Du)uz.«, — B(z,t,u, Du) 
and the associated parabolic equation 
uz — Q(u) = 0 in Er. (2.3) 


The assumptions on Q(u) are 
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Q1) (2,t,z,p) > Aj; (x,t, z,p), B(x,t,z,p) are bounded and measurable in 
ErxRx RY. 

Q2) Aolé|? < Aiz(z, t, 2, P)EiE; < Aolé|?, VE € RY, with 0 < A, < Ay < 00, 
V(a,t,z,p)€ Erp x Rx RY. 

Q3) uB(2,t,u,0) > —B, — Bu? for two given non-negative constants Bo, 
By. 


Remark 2.2 Regarding Q2), in what follows it will be enough to assume 
that the matrix (A;; (x,t, u,0)) is non-negative definite. 


Remark 2.3 Assumption Q3) would be satisfied if we had, for example, 


Q3’) |B(a,t,u, Du)| < Ao + Ailu| + Ag|Du] for given non-negative constants 
Ay, be 


Indeed, in such a case 


1 i 
uB(a,t,u,0) > —Ayu? — Aju > — (43 + 5) eee oe 


2.2.1 The Dirichlet Problem 


Consider the Cauchy—Dirichlet problem 
(D) 


where (z,t) > ¥(a,t) € C(T'r). - 
We assume that (D) has a solution u € C?!(Er) C(Er). The same 
technique of proof of Theorem 2.1 gives the following result. 


Theorem 2.4. Let u € C?!(Er)NC(Er) be a classical solution of (D). Then, 
Vs € (0,T] 


Bo 
sup min< 0; min w(2,T er(e—7), _¢r8 
A>Bi (x, 7)ETs ( ) \— Bo 


B 
< < inf 0: A(s—T), ,AS o : 
<u(x,s) < a max : ae wW(a,T)e 5e€ 1B 


/ B 
oo; < inf ae oop} —_ : 
Il jEr > at {i irs r =} 


We have already remarked that Q3) would be implied by Q3’). Suppose now 
that Q3’) is replaced by 


Q3”) |B(a,t,u, Du)| < A, + Ai|u|!t* + Azg|Du| for some a > 0. 


Moreover, 
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This means that the lower order terms in Q(w) grow faster than linearly with 
respect to u. From Q3”) we find 


a lta 


1 
uB(a,t,u,0) > — (4 a =) |u|? Fu] — 


In general, we may consider lower order terms satisfying 
uB(a,t,u,0) > —&(|ul)|u| — Bo, 

where B, > 0 and s —- &(s) is a nondecreasing, positive function in R+ and 
®(s)<Cs't*, for some a > 0. 


In such a case the method of proof of Theorems 2.1 and 2.4 would not apply, 
since at a positive interior maximum (for example) for e*u(zx,t) we would be 
led to the inequality 

e **(\ — B(u))u < Bo, 


which would not imply an estimate for u. 

On the other hand, it is conceivable that under some integrability condi- 
tions on u, an upper bound could be derived. This will be accomplished by 
the Alexandrov maximum principle. 

Let us now consider the case when B(x,t,u,0) grows less than linearly 
with respect to u, that is, we assume 


uB(x,t,u,0) > —P(lu|)|ul — Bo, (2.4) 


where s — &(s) is nondecreasing in Ry and 


Without loss of generality we may assume 
&(0) > 0. (2.5) 


Let y be a twice differentiable, invertible function in Ry and set u = y(v). 
Writing (2.3) in terms of v, we find 


v; — Ay (a, t,u, Du)ugs, 


"(vu 1 
— Aj;(x,t,u, D Uz, —~ + B(ax,t,u,D = 0. 
ij {By t,t, DU) 0,0, me + B(a,t,u, a 
Next we make an exponential shift 
w= erty, 


and we find that w satisfies 
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thi — Ags (54, ty Dt) Wess, 


— Ai; (x,t, u, Du)e** we, w a +dAw + B(a,t,u, Du) ee 0 
OH tee a ia Ly LG y'(v) plies Meo) y'(v) im 
At an interior maximum point (2,,¢,) for w 
[B(ax,t,u,0) + NEP! (| (5,00) <0. (2.6) 
Assume that 
U(Xo, to) > 0. 
Then, multiplying (2.6) by u(ao,t.) and making use of (2.4) yields 
[-P(u) + Ave"(v)|(a,,4,) U(Go, to) S Bo. (2.7) 
Next we choose y so that sy’(s) = &(p(s)), ie., 
es) 4 
—-dr=l|ns, s>l 
| P(7) (2.8) 
p(1) = 0. 


Remark 2.4 The function s + ¢(s) is increasing and for s € (0,00) the 
range of y is (—o0, 00). 


For the given choice of y, we find from (2.7) 


(A = 1)u ®(u) — < Bo, A> 1, 
Loto 
and since &(0) > 0 
‘or to) S ; 
Morte) 5 OBO) 

Now, 

max w(x, t) < w(%o,to) = pt (u(ao, to))e >” < pot Bo es 

a a a = (\— 1) %(0) 


that is, 


max v(x, t) < max fe (an) } : 


Consequently, arguing also with —u replacing u, we have the following. 


Theorem 2.5. Let u € C?:!(Er) C(Er) be a classical solution of (D) and 
let Q1), Q2), (2.4)-(2.5) hold. Then, 


lull 00.Br < inf p(€), 


where 


gE oT max {13 oo (a5) go (lle) | 


| is the inverse function of s + y(s) with s > 0, defined implicitly by 


and p~ 
(2.8). 
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2.2.2 Variational Boundary Data 


We assume that OE is of class C?, denote by v the outer unit normal to OE, 
and consider the Cauchy-Neumann-type problem 


ut—- Q(u) =0 in Er, (2.9) 
Ayj(%, 1,0, Du)ug, cos(v,a;) + h(a, tu) eee 0, (2.10) 
u(z,0)=u(x), re. (2.11) 


Here we assume that Q1), Q2), Q3’) hold and in addition on the datum 
w(a,t,u) we impose 


w is continuous in Sp x R and (2.12) 
uw(a,t,u) >—Cy—C\u? for (x,t) € Sr , 
for two given constants Cy, C,. Finally, we require 
Uo € C(E). (2.13) 


We have the following. 
Theorem 2.6. Let u € C7 (Er) C!(E x (0,T)) A C(Er) be a classical 
solution of (2.9)-(2.11), and let (2.12)-(2.13) hold. Then, 

lIWllooser S Are** max { Ao + At + Aj; ees, (2.14) 


where A, A, are constants depending only upon Xr», Ao, As, C1. 


Proof. Construct a function « + y(x) € C?(E) and determine a positive 
number A such that 


y(t) >1, Vaek 


2.15 
— Ais (x,t, 0, Du) cosy, 24) es, (2)| , > 2C}, ( ) 
T 
and 
; Paix; Pri Pa; 
min {a + Ajj (x,t, u, Du) — — 2A (atu, Du) 3 | >1. (2.16) 
ue ~ YP 

DueER 


Remark 2.5 Since the matrix (A;;) is positive definite, the vector of j‘” 
N 
component s Aj; cos(v,z;) forms an acute angle with v. 


i=l 
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The construction of such a ¢y is obvious if OE is of class C?. Letting 
w(z,t) = e'y(x)u(z, t), 
we find by direct calculation 
tp = Ay Dt), Dt) these. 


+ {) + Ai; (a, t, u, Du) Cats — 2A;; (a, t, u, Du) See | w (2.17) 
p p . 


+e B(a, t,u, Du) + 2A;;(2, t, u, Du) sak 


We; = 0, 


Pau; 


Ay; (2; 1,1, Du)wy, cos(v,2;) — wAy (2,1, u,Du) cos(V, x;) 

(2.18) 

te yv(ar)v(a,t,u)} =0, 
Sr 
and 
w(x, 0) = u(x) p(x). 

Let (%o,to) € Er be a point where w?(z,t) achieves its maximum. If t, = 0 
estimate (2.14) follows. If t, > 0 and 2, € OE, multiplying (2.18) by w(2o, to) 
and observing that wwr, = $(w”)z,, we have Ajj(w*)2, cos(v,2;) > 0 and 
using (2.15) and (2.12) we find 


2Cw" (xo, to) — Cre" yw? (a9) u? (ao, to) — Coe "ey? (a0) < 0, 


that is, 
|tu(@0,to)| < VColl¢lloo;z, 
and therefore, (2.14) follows with A1 = ||yll.o;n. 
If (xo,to) € Ep, then multiply (2.17) by w(xo,to) and observe that at 
(Zo, to) 


(we =0, WWz, = 5 (wa =0, —WAjj Wax; = 0. 


WW = 


Ntle 


Moreover, using the choice of A in (2.16) 
w* (ao, to) — e-**°y? (ao) [Ao + Ai|u(ao, to)| + Ag|Du(zo,to)|] <0. (2.19) 
At (Xo,to) we have 
0 = Dw(xo, to) = e~*”? [u(xo, to) Dy(to, to) + Y(Lo, to) Du(Xo, to)] , 
and therefore, 
|D 
|Du| (xo, to) < |u| —— 


Consequently, (2.19) implies 
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w*(2o,to) < ane [Any + Arpw + Ag|Dy|w] 


(@o,to)’ 


|w(xo, to)| < 2y/ Ao + At + A} ([l¥lloo + || D¥lloo) ; 


and the theorem follows. | 


that is, 


3 The Aleksandrov Maximum Principle 


The main ideas presented in this section are attributed to Aleksandrov, who 
introduced them in connection with elliptic equations in nondivergence form 
with bounded and measurable coefficients [8]. We give here the parabolic 
version of such ideas, worked out by Krylov [145]. We follow the approach of 
Reye [217] (see also Nazarov and Ural’tzeva [191]). 


3.1 Basic Geometric Notions 
3.1.1 The Upper Contact Set 


Let x > u(a) € C(E). We define the upper contact set of u by 


r+ 4 ty cB: u(z) <uly) +p: (ey), VE E, for some p € R}. 


Let u € C'(E). Then, y € I’* if the tangent hyperplane to the graph of u 
through (y, u(y)) is all above the graph of u. Hence, if y€ + and u € Ct in 
a neighborhood of y, then p = Vu(y). 


3.1.2 The Concave Hull 


We define the concave hull of u to be the smallest concave function on F lying 
above u. We denote such a function by Wy. 
Using Figure 3.1 as a guideline, 


one can see that 
rt={re E: u(x) =¥,(z)}. 


Remark 3.1 If u € C?(E), then (D?u(x)) <0 on It. 
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Vu 


a 


Fig. 3.1 


3.1.3 The Normal Mapping 


In the definition of the upper contact set, we have that y € I? if we can find 
p € R% such that 


u(z) <u(y)+p:(e«-y) Vaek. 


If y g ’*, then we might set the corresponding p(y) to be the empty set. In 
such a way, we have the normal mapping X : E > R™ defined by 
x(y) = {pe R: u(z) < u(y) +p: (x#—y), Ve € E} if ye rt, 
~ (| Oifye rt. 
In other words, X(y) is the set of the “slopes” of the “tangent hyperplanes” 


to the graph of u at the point (y,u(y)). It is apparent that, in general, X is 
not single valued, as indicated by Figure 3.2. 


Y¥1 y2 


Fig. 3.2 


We consider the following specific example. 
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3.1.4 The Normal Mapping of a Cone 


Let E = Br(z) = {xe R®: |x —2| < R}, and let x — u(z) be the function 
whose graph is the cone with base Br(z) and vertex (z,a) for some positive 


a, that is 
la — 2| 
Halli! —*!). 
u(x) =a ( 


If (y, u(y)) is not the vertex (i.e., y # z), we have 


ay-2 


X(y) = Duly) = i, Y Fz. 


At the “vertex,” there are infinitely many Ro hyperplanes,” whose “nor- 
mals” fill a ball of center the origin and radius 4. Therefore, 


3.2 Increasing Concave Hull of u 


Next we consider functions depending upon z and ¢. If (x,t) > u(z,t) € 
C(Er), for each t € (0,7), we may define the upper contact set of x > u(z,t) 
and denote it by I’*(t). Set 


re U rte. 
0<t<T 


If t > u(-,t) € C1(0,T), we define the increasing set of u as 


1 ¢(@,#) © Ep: u(x,t) > 0}, 


and set 
def 


eS Pees. 
If u > 0, to estimate the “largeness” of u in FE’, it will be enough to estimate 
the size of u on F. 

Let u € C?1(Er). The increasing concave hull of u is the smallest function 
in Ey, which is concave with respect to x for all t € (0,7), nondecreasing in 
t, and which lies above u. 

We denote such a function by €,. The function €, has the following prop- 
erties. 


Proposition 3.1 If u€ C?1(Er), then &, € W2:\(Er), that is, 


O7E,, Obu 
iE +I 


OxX;,OX; lessiey, 


a 
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Here, the derivatives are distributional derivatives identified with L™(Er) 
functions. The spaces Wh” (Er) were defined in Section 1 of Chapter 11. 


Proposition 3.2 If u€ C?1(Er), then 


Ok, det(D7E,,) = ra det(D?u) ae. on [u=&)] =F, 


0 otherwise. 


3.2.1 Proof of Proposition 3.1 


Define 


u(x,t) =supu(z,s), Vare E,s € (0,7). 
s<t 


Then, 

Eu(-, €) = Wu.t)s 
where W,. ¢) is the concave hull of v(a,t). Since u € C?!(Ep), v is at least in 
Wi} (Er). Indeed, for any « > 0 and any vector h such that x + h € E, we 
have 


lu(a +h,t) — o(a, t)| + |o(a,t + ©) — v(2, t)| 


< sup ju(x+h,s)—u(x,s)|+ sup |u(z,s +) — u(z,s)| 
s€(0,t) s€(0,t) 


< ||Dulloolh| + llutllove. 


Since Wy.4) = €u(-,#) is concave, it can be looked upon as the pointwise 
infimum of all affine functions f, whose graph lies above the graph of v and 
||Dflloozs < || Dullooss. 

Consequently, Dé,(-,t) exists for a.e. 2 € E and 


| Dgullooer & ||Dulloo;zr- 
In a similar way, we have 
AEulloo;er < |]Orul|oo;er- 


2 


0 
Ox;Ox; ; 
From the previous argument, it follows that for ¢ € [0,7] fixed, for a.e. x € E, 
the graph of €, has a tangent hyperplane 


n(x) = u(%o) + D€u(to) - (&— Zo), (3.1) 


and by the concavity of € we also have 


We now need to obtain the bound on the second-order derivatives 


Eula) <m(a) Vae LE. (3.2) 


Since t € [0,7] is fixed, we drop it from the notation. 
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Suppose now that for a.e. » € E we can find a paraboloid of the form 
O(a, &o) = £u(to) + Dbu(ao) - (v — to) — Clx — aol? (3.3) 
lying all below the graph of €,,, that is, 
Eula) > O(a,u0.) Vae EB. (3.4) 
This will then imply that €,,(-,t) € W?°°(E), where for any p > 1 
W2:?(E) = {v € L?(E): D%v € L*(E) for |a| < 2} 
and the derivatives are meant in the weak sense (see Section 1.1c¢ of the Com- 


plements of Chapter 9). We rely on the following. 


Theorem 3.1. [28] Let P be the class of all polynomials of degree 1. Suppose 
that a function w € L?(E) satisfies 


BEF, lem Peo ar < op! 
for a.e. t and p > 0 such that B,(x.) C E, and for a given constant C > 0. 
Then, w € W?(E) and 


l|Wa.2,; lloos# <C%, 


where y depends only upon the dimension N. 


Let x, be a point in F such that (3.1) and (3.3) both hold. Then, Vx € E 
from (3.2) and (3.4) 


Eu (x) a Pn) < Cla _ Cale 


where P(x) = (2%) + Dfu(Xo)- (v— ao). Integrating over B,(x,) and taking 
the infimum over all P € P the assumptions of the previous theorem are 
satisfied and its conclusion proves Proposition 3.1. Thus, it remains to prove 
that for a.e. z» € E a paraboloid of the form (3.3) can be found. This proof 
requires the following fact. 

Let 2 € E be such that u(r.) 4 €u(ao) (as before, t € [0,7] is as- 
sumed fixed and dropped from the notation). Since €,(-,t) = Wy.) the 
point (%o,u(%o)) in the graph of &, is the linear combination of at most 
N +1 points in the graph of v, that is, there exist 71, 22,...,un41 € F and 
Q1,02,.-.,A@n41 € (0,1) such that 


N+1 
S- a; = 1, (3.5) 
i=1 


N+1 


ia =). oy, (3.6) 
al 
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N+1 


Eu(to) = W(t) = >> av(zi). (3.7) 
i=1 
Moreover, 
v(a;) =Eu(ai), *@=1,2,...,N41. 


Indeed, by definition of concave hull, v(a) < €,(x) for any x € E. If for some 
i we had v(a;) < €.(x;), then 


N+1 N+1 
£u(@o) = > aju(xi) < > Mi€u(zi) < Eu(Zo)- 
i=1 i=1 


Proof of Proposition 8.1 concluded By the regularity of u, for each (a, to) € 
Er, there exists a paraboloid 


64(2, £9, to) = u(o, to) + Du(zo, to) - (a — Zo) — c(Lo, to) |z — Xl”, 
with c < ||D?ul|.o.2,, such that 
u(a,to) > Ou(2@,%o,to.) Va e BE. 


Since the supremum in the definition of v must be attained, it follows that v 
enjoys the same property with Du(x.,t.) replaced by some vector bounded 


by ||Dul|oo;#,- Let us now refer to the N +1 points 2;. If 6; is the paraboloid 
N41 

lying under v(2;,t,) with 6;(2;) = v(a;,t.), it follows that bP a0; (x, v;, to) 
i=1 

is a paraboloid with the same bound on its second-order derivatives, lying 

under W,.4,) and equal to it at 2. This allows us to conclude. i) 


3.2.2 Proof of Proposition 3.2 


We need some introductory tools. 


1 
Lemma 3.1 Each of the following line segments | x;, ——— ) ajx; |} con- 
as 


tains % and &, is affine along them. 


Proof. Let i = 1 and set 


N+1 
7 1 
i ) AjX;. 
1l-a, ood 
J 


9 


Then from (3.6) 
Lo = 0141+ (l— ay). 
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From (3.7) we have 


N+T 


€u(%0) = au€u(a1) + (1-1) 55 


j=2 


1 


l-a, 


a;u(x;). (3.8) 


N41 

Since (1 — a,)7! ~ a; = 1, we have that bo (1 — a1)~tajv(a;) belongs 
j=2 

to the convex hull of the graph of v and by definition of €,, 


Next, by the concavity of €, along the line segment (21,Z) we must have 


Eu( ao) 2 a1€u(£1) oT (1 ~~ a) &u(Z). (3.9) 
Combining (3.8)—(3.9) yields 
Sul 2a) = a1€u(@1) + (1 a a1 )€u(Z). (3.10) 


To prove that €, is affine along the segment (x1, %), we show that V7 € (0,1) 
fu(rary + (1 7)8) = réu(01) + (1 — Tal). 

Since ,, is concave 
u(rai + (1—7)%) = réu(wi) + (1-7 )Eu(Z), (3.11) 


and we must show that equality must occur in (3.11). Suppose that for some 
7 € (0,1) (3.11) holds with strict inequality. Without loss of generality we 
may assume that T > a1, so that 


to = B(7a, +(1—-7)2)+(1-B)z, B= > 20,1), 
Then, by concavity 


£u(Zo) Pa PEu(Tx1 + (1 — T)z) i (1 = B)Eu(Z) 
> BrEu(a1) + BOL — T)Eu(Z) + (1 — B)bul#) 
= ay €u(@1) + (1 — a1) bu(Z) = €u(2o) 
by (3.10). The contradiction proves the lemma. | 


Corollary 3.1 Suppose that there are at least three distinct points x; for 
which (3.5)-(3.7) hold. Then, &, is affine in a neighborhood of Xo. 


Proof. Indeed, the graph of €, must contain in the neighborhood of x,, two 
distinct line segments intersecting at (%o,€u(Xo)). | 
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Lemma 3.2 At a.e. % € E such that €u(%o) # v(@o), det(D7é,(x,)) = 0. 


Proof. If for x» € E, €u(@o) #4 v(ao), there exist 21,...,@ny41 € E, 
a1,-..,@n41 € (0,1) such that (3.5)-(3.7) hold. Then, by Lemma 3.1, &, 


is affine along the segment (#1,% = (1 —a4)7! Hes a,;x,;) containing x. 
After a rotation and a translation, we may assume that x2, = 0, and that 
Oe, 


(a1,Z) is a portion of the x-axis, so that (0) = 0, since €, is affine on 


Ox? 
such a portion. Moreover, by the concavity of the matrix 


0 aby a7 Eu 
are Ox10%2 °°" Ox10nN 
Oey ee 

OxnO@r, 5: = “** OrnOrn 


is negative semi-definite. Let X be a N x N unitary matrix that diagonalizes 
(D7é,,(0)), that is, such that 


Aji. (0) 
X'- (D*E.)(0)-X=] qo |, 
0... An 
where \;, 7 = 1,...,N are the real eigenvalues of the symmetric matrix 


(D7€,,)(0). By direct calculation, setting ef = (10... 0), we have 


0 = e}(D*Eu)(O)er 


= ef XX'(D7E,,)(0)XX*e1 

Ay... O (3.12) 
= (X*e,)' 0 Pee 0 (X‘e,). 

0... AN 


Therefore, denoting with (7;) the entries of the vector (X‘e1), we have from 
(3.12) 


N 
0= x dn? 
j=1 


Since at least for some index i we have 7? 4 0, we must have \; = 0 for some 
index i, since \; < 0 (the matrix (D?€,,)(0) is negative semi-definite). 
We conclude that the largest eigenvalue of (D?€,,)(0) is zero; hence, 


det(D?&,)(0) = A1- Ags An = 0. 
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Lemma 3.3 If f € W)(E), then |Df| =0 ae. on the set {f =O}. 


Proof. First divide f into its positive and negative parts, to reduce the lemma 
to the case f > 0. Then the proof follows by a standard approximation process, 
and the definition of a weak derivative. Oo 


Proof of Proposition 8.2 concluded If for some (a,t) € Er, &u(a,t) 4 v(a,t), 
then by Lemma 3.2 we have that det(D?£,,)(x,t) = 0. 
Let (x,t) € Er be such that €,,(%,t) = v(a,t) # u(a#,t). Then for some 
s<t 
u(x, s) = v(x, s) = v(a,t). 


Hence, since t + €,,(-,¢) is nondecreasing, &,(7, 5) = u(x,t), and ee (2,4) = 
0. Finally, consider those points (x,t) € Ey where 


&y(a,t) = v(a,t) = u(a,t). 


On such a set (€,— u) = 0, se = 0, and Dz,(€. — u) = 0. Moreover, 
since D(é, — u) € W32°(Er), we have Dz,Dz,(€4 — u) = 0 on [& = uj, and 
the proposition follows. Oo 


3.3 Auxiliary Lemmas 


Lemma 3.4 Let w € C3(E). Then, 


N 
0 0 : . 


Proof. Fix 7 = 1 and for notational simplicity, set wz,2,; = wij. Then, (D?w) = 
(w,;), and if Aj; is the algebraic complement of w,; 


N 
det(D*w) = So(-D wy det(A1;), 


j=l 


4 N 
a det(D?w ) = So(-1 as Fe eau): 


> [5 


j=l 
For j = 1,...,N fixed, we have 
9 N 
Ox; det( (Aq;) = S- Si 1)i+s+(h wings ii Wih;> 
hEH l=2 iAl 


where H is the set of all permutations (h2,h3,...,hn), ho #h3 #--- Ahn Fx 
j and (h) is the index of the permutation h. Then, 
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Y 2 a — det(D?w ay ) Be IHI+M up, [[vnn.- hi 
+ Oy wi; J ‘ 
j=1 hEH 1=2 iAl 


Since w € C?(E), win,j = Wijh,, and rearranging the sums, the lemma follows. 
a 


Let E be convex and bounded, and consider the cylindrical domain Q = 
EX (ti, ta), O<t, < to. 


Lemma 3.5 Let w € C™(Q) be such that w =0 on OE x (ti, ta]. Then, 


te 1 
O;w det(D?w) dadt =——— | w det(D?w) dx 
[ [ ‘ ( ) N+ 1 Ex {t2} 


— i w det(D?w) ts : 
Ex{ti} 


Proof. Integrating the left-hand side of (3.13) with respect to t, we get 


(3.13) 


/ O,w det (D?w) deat = [ w det(D?w) dx 
Q Ex{t2} 


= w det(D?w) dr 

[matey ia 
= > [fe 2 ——— det(D?w) ) dxdt. 

pet aT OWn.n, in; 


Using Lemma 3.4, the last term can be integrated twice by parts in 7;, 7;, to 


give 
= 2 
— 3 Po Wei det(D*w) } dxdt 
4 j= i. Wr; v5 
=-—N if Ow det (D?w) dxdt. 
Q 
Putting this in (3.14) proves the lemma. | 


In Lemma 3.5 consider the following special situation. Let t; = 0, tg = 1, and 
w(a,t) = tu (zx) a (1 — t)we(x), te (0,1), 
where a + w;(a) i = 1, 2 are two concave functions in EL, such that 


w;=0 on OE, i=1,2, 
wi(a) <wo(@) Vae EB. 


Since the convex combination of concave functions is concave, if w, and we 
are smooth, we have 
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det(D?w) <0, Ow =w,—w <0, 
and 
Opw det(D?w) = 0. 

Putting this in (3.13) yields 

| we det(D? we) dx < i w} det(D?w) dx. (3.15) 

E E 

We have therefore shown the following result. 


Lemma 3.6 Let E be conver with smooth boundary OE. Let wi, w2 € C?(E) 
be concave, satisfying wy = we = 0 on OE and w(x) < we(a) Va € E. Then, 
(3.15) holds. 


3.4 Embedding by Normal Mapping 


Let E be a bounded, convex domain in RN with a smooth boundary and let 
w € C?(E) be concave, such that w = 0 on OE. 

Let X, : E — R% be the normal mapping relative to w. If w € C?(E), 
then X is single valued, but need not be one-to-one. For y € E' we have 


Xw(y) = Dw(y). 


The approximations X,.(y) = Xw(y) — ey, ie., 


Xe(y) = Duly) — ey, 
are one-to-one. 


Indeed, if X.(£) is the image of E under X,, the determinant of the Jaco- 
bian of the inverse mapping is given by 


det J(X7+) = det (D?w(y) — €), (3.16) 


and since w is concave, the eigenvalues of (D?w(y)) are nonpositive for any 
y € E and hence, the right-hand side of (3.16) is not zero Vy € E. Since E is 
convex, this implies that X, is one-to-one. 

Since w € C?(E), both X, and Xz! are continuous, so that X.(E) is open 
in RY. 

Consider the integral Fi w(€) dé, where w() = w(X(y)) = w(y). 


Xe(E) 
Changing variables, and writing it as an integral over EF we have 


| awe)ag = [ w(y) det(—D?w + el) dy. (3.17) 
X(E) EB 


Letting « — 0, the right-hand side tends to | w(y) det(—D?w) dy. As for 


B 
the left-hand side, let € € X(E), where X,,(E) denotes the interior (possibly 
empty) of X»(£). Then, for € small enough, 
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Xe(y) = Dw(y) — ey = Xw(y) — ey = € — ey, (€ = Xwly)) 


belongs to a neighborhood of € in X,,(E). Therefore, if Is; denotes the char- 
acteristic function of ’, ie., 


r10= {5 aes 


0 € otherwise 


we see that 
lim inf Dy (72) (€) 2 Ly, iy (8): 


Next, observe that for every net {e’}, there exists a subnet {e’’} such that 
xz1(€) > y € Xz) (€). Indeed, since {X>1(€)} is compact, there is a subnet 
{e'} such that X5/(€) > n € E. Since Xe is continuous 


e!/ 
Xen(Xar(E))=E => Xw(n) =E ie. ne xz*(€). 
Since w is continuous, we must have 


lim inf w(X71(€)) > inf w(y) =: w(y). 
ad {yeE: Xw(y)=§} 


Indeed, if lim inf w(X<"(E)) < w/(€), there must be a net {e’} such that 


w(X7'(€)) < w(€) — o for some o € (0,1), and then for a subnet {e”} we 
would have Xz (€) > y € X,1(€) and w(Xz51(€)) > WE) = WE), which is a 
contradiction. 

Using these facts we pass to the limit on the left-hand side of (3.17), using 


Fatou’s Lemma to obtain 


timipt f  wae > | lim inf w(Xe*(€))Ly (az (6) dé 


«0 RN «0 


> [MOK cm Ode= fi. MO 


Combining this and (3.17), we have 


i w(e) ag < f w(y) det(-D>w(y)) dy (3.18) 
Xw(E) 


E 


To proceed, let C;, : E — R be the function whose graph is the cone of base 
E and vertex at (a, w(#.)), so that 


max C,,,(x) = Cz, (@o) = w(Xo). 


Lemma 3.7 
Xc,, (F) C Xw(F). 
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Proof. Since Xc,, (x) C Xe,, (to) Va © E, it will be enough to show that for 
every p € Xc,, (#0) there exists y € E such that Dw(y) = p = Xuw(y). Let 


n(x) = w(to) + P(x — Xo) 
be the hyperplane through (x, w(a.)) and “slope” p. Since p € Xc,, 
n(x) > Cy, (x) Vae LE. (3.19) 


The set Y = {x € E: w(x) > (x)} is closed and convex, and by virtue of 
(3.19) w(x) — 2(x) = 0 on OS’. By Rolle’s Theorem there exists y € &’ such 
that Dw(y) — Dr(x) = 0, i.e., Dw(y) = p. Oo 


Set 
R=k diam(£), k>1, 


and consider the function D,,, defined on Br(#.), whose graph is the circular 
cone of base Br(x_) and vertex (%o, w(%)) (see Figure 3.3). 


(@o,w(xo)) 


Lemma 3.8 
XDeo (Br(ao)) Cc XC, (EF). 


Proof. This is obvious, once we observe that D,,(@) > Cy,(x) Va © E, 


Dz,(®o) = Cx, (%o) = w(%o). Therefore, every “tangent” hyperplane to the 


graph of D,, through (xo, w(x~)) is also a “tangent” hyperplane to the graph 
of C,,, through (xo, w(Xo)). Oo 


Combining the two lemmas in (3.18) we have 


I w(6)dg < | w(y) det(—D2w(y)) dy. 


XDeo (Br(2o)) E 


From the calculation of the normal mapping of a cone (see Section 3.1.4) we 
finally find 


| w(6)dg < f w(y) det(-Dw(y)) dy, (3.20) 
B_w(o) (9) 


E 


k diam(B) 
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where 


= inf w(y). (3.21) 
{ye E: Xw(y)=€} 


Inequality (3.20) and the definition (3.21) will be the basis of the following 
embedding theorem. 


Theorem 3.2. Let E be convex with a smooth boundary OE, and let w € 
C?(E) be concave and such that w =0 on OE. Then, 


1 


sup w(2) < Qwy®F (diam(E)) ¥ { iy. w(y) det(—D?w(y)) ay "  (3.22) 


where wy is the volume of the unit ball in RY. 


Proof. From (3.21) it follows that @(0) = w(x). We write 


w(€) = w(0) + w(g) — w(0) 


0) + emer yag Oe) — Wall (3.23) 
> w(Zo) — sup |w(y) — w(xo)|. 


{yEE: Xw(y)=E} 


In estimating the last term on the right-most side of (3.23), we first observe 
that since {y € EF: Xu(y) = €} is closed, the supremum is achieved at some 
gy such that Xw(%) = Dw(g) = €. 
Along the line segment ty + (1 — t)ao, t € (0,1), the function t > w(ty + 
(1 — t)x) is concave, and therefore, |w;| achieves its maximum at t = 1. 
Therefore, 


|w(y) — w(xo)| < [welt = 1)| = |Dw(y)||¥ — vo] = |€| diam(£). 


Consequently, VE € Bw.) (0) 


k diam(b) 


w(£o) 


w(€) > w(xo) — ediam(E) 


diam(E) > (1 — i) W(Zo). (3.24) 
Take k = 2. Then from (3.20) and (3.24) 


W\Xo Nw 2 
5 (to) gyre < i w(y) det(—D?a(y)) dy, 


which is (3.22). Oo 


By approximation, we also have the following. 


Corollary 3.2 The conclusion of Theorem 3.2 holds if w € W2N*1(B). 
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Now let (x,t) + w(z,t) belong to C?!(Er) and such that 


x — w(z,t) is concave Yt € [0,7], 
w(z,t)=0 «xe 0E,Vte (0,7), 


H 
w(z,0)=0 Varek#, ie 
wr(a,t)>0 (a,t) € Er. 

Theorem 3.2 and Lemma 3.5 give 
Theorem 3.3. Let w € C?:!(Er) satisfy (H). Then, 
N WHI 

supw < Cy (diam(E)) 7 tee w; det (—D?w) acar} ; (3.25) 

Er Er 
where : 

N+1\"# 
Cw =2( = ) (3.26) 
WN 


In particular, Cy is independent of T. 


Corollary 3.3 By approximation, Theorem 3.3 remains valid for functions 
w satisfying 


we WEN (0,7; LNB) OLN (0, 7; WON (EB), 
and the conditions in (H) are meant in a weak sense. 


Finally, we wish to find an embedding theorem of the type of Theorem 3.3 for 
functions that are not necessarily concave in the space variables. Namely, we 


assume 
Wwe C? (Er), 


u(z,t) =0 Va € OF and Vte (0,7), 
u(z,0) =0 Vae £, 
and recall that we have denoted with €, the increasing concave hull of wu. 


By virtue of Propositions 3.1 and 3.2, and Corollary 3.3, estimate (3.25) 
is valid for €,,. Upon observing that 


sup u = sup éu, 
Er Er 


we have the following. 


Theorem 3.4. Let u € C1(Er), such that u vanishes on the parabolic 
boundary of Er, i.e., 0Er\{t =T}. Then, 
1 


N+1 
sup u < Cy(diam(£)) WT if uz det(—D?u) int} , (3.27) 
[u=EvJNEr 


Er 


where Cy is given by (3.26). 
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Corollary 3.4 By approximation, Theorem 3.4 remains valid for functions 


we WN (0,7; LYE) OLN 0,7; WoNN(E)), 


u(z,0)=0 = (in the sense of traces) , 


provided that the domain of integration in (3.27) is replaced by Er. 


3.5 Estimates of the Supremum of a Function 
It is straightforward to see that 


Wri (Er) = WEN (0,7; LN41(B)) 9 LN 41(0,T; W?2841(E)); 


7 


we let 


Wri (Er) = {u € Wyiy (Er): u(t) =0 on OE Vt € (0, TI}, 
Woy 41(Er) = {ue Way, (Er): u=0 on Dp = OEr\{t = TH}. 


oO, 


In this section, we give estimates of the supremum of a function u € 
Wri (Er) in terms of a parabolic operator applied to it. 
For A, > 0 we denote with 


A(Aj) all the positive definite, N x N symmetric matrices with 
measurable entries (a;;(a,t)), (v,t) € Er, i,j =1,2,...,N, (3.28) 


whose eigenvalues are larger than, or equal to Xo. 
For u € C?1(E7r), let 


Lag = ta Oleg: (3.29) 
LS Gil 8,1 aes + Oya t te, + Clr, t ue. (3.30) 


Throughout this section, (x,t) > u(a,t) is a given function satisfying 


ueC (Er), ul_ <0, (3.31) 
Ir 
where we recall that Mp is the parabolic boundary of Er. 

Denote with €* the smallest, non-negative function in Ey, concave in x 
for all t € [0,7], nondecreasing in t, and which lies above u. This definition is 
analogous to that of the increasing concave hull of u (see Section 3.2), except 
that now we allow u to be negative on I’r, and force the increasing concave 
hull to vanish on the parabolic boundary of Er. 

It is apparent that all the results of the previous sections apply to the 
present situation upon observing that 


sup u4, =supéy. 
Er Er 
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Lemma 3.9 Let wu satisfy (3.31) and let E be convex. Then, for every matrix 
(aij) € A(Ao) 


N+1 


/ i —Lo(u))X4 deat}, 
[u= ét nee 


; 2 (N+1\"F 
r = — : 
where Yn Wal oe 


oon la 
supu < Yn 
Er 


Proof. Since (—_D?u) is symmetric, there exists a unitary matrix X that diag- 
onalizes it, that is, 


X-(—D?u) -X* = : Se, : 
0 see —Cn(u) 
where C;(u), i = 1,...,N are the eigenvalues of (D?u). At points (a,t) of 
concavity [u = étu], Ci(u) < 0 fori =1,...,N and u > 0. 
If (aij (a, t)) = A € A(AQ), we have 
Ut — AjjUe,e, = Ue t+ tr A(—D?u) 
—-C; (uw) a 0 
=uz+tr¢ XAX! 


N 
= Ut — »; NC; (u) 
i=l 


where A; are the diagonal elements of XAX‘. We also have (see Section 1.2) 
Mr, t=1,...,N. 


Therefore, since the geometric mean of (N + 1) non-negative numbers is less 
than their arithmetic mean, we have 


N+1 
[(ur—Lo(u))+(z, tT! = 


N 
Ut — > NC; (u) 
i=l 


ut + Ao(—Ci(u)) + +++ + Ao(—Cw(u)) 
= N+1 
> [Ad ulCi(u) +++ Cn(u)|] (N + 1)%t? 
= \N(N +:1)*%*1u, det(—_D?u). 


N+1 
| (N+ 1)%44 


From Theorem 3.4 and (3.26) we find 
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i E Saad N+1 
ee (=) iff fon cata) ara 
Er o [u=ét JN Er 
(3.32) 
and yw = as (S84). ' 


Next, we derive an estimate like (3.32) with £,(u) replaced by the full operator 
L£(u) in (3.30). 
We assume that the origin 0 € E and consider the ball Br(0) of radius 


R=k(diam(£)), k2>1, 


and the cylinder 
QF = By diam(E) (0) x (0, 7), 


First, we extend u with a € C?1(Q%) nonpositive outside Ey, and then we 
work with w defined in the whole as and wu < 0 on the parabolic boundary of 
QR: 

If £7 is the nondecreasing, non-negative concave hull of %, the contact set 
[i = €7] occurs within Ey. Therefore, for (ao, to) € [a = €7] 


p u(Xo; to) u(Zo, to) 
|= |< KK —_. : 
ltic.] = Ite. S Get, OBa) = (b= 1) diam(B) Pe) 
Now consider the function 
u(x,t) = a(x, the“, (x,t) € QE, 
where C is a positive constant to be chosen. 
From Lemma 3.9 we have that for every matrix (a;;(x,t)) € Ay, 
(2 diam(E) we 
sup v < yw (| ———— 
Qh Xo 
1 (3.34) 
N+1 oa 
x // [e [ur — Lo(u) — Cul, ] dadt 
[v=ET]INQR 
Next, write 


eu, — Lo(u) — Cu), = e C8 (us, — L(u) + dius, — (2, t)u — Cu), (3.35) 
and observe that for (x,t) € [v = &*] by (3.33) we have 


e*(up—Lo(u))4 < e~ “(uz — L(u)) 4 


B = —Ct 
+ = l)damny (a,t) -—C u(a, tye ; 


(3.36) 
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where with B, we have denoted an upper bound for b; and c7(a,t) = 
max{0, —c(z, t)}. 

We deduce that if the negative part of c(x,t) is bounded by a constant 


By, then we can select C' so that the term in brackets on the right-hand side 
of (3.36) is nonpositive. Taking / = 2 we conclude 


Lemma 3.10 Let ue€ C?(Er), u|_ <0, and E convex. Assume 


oe 
N 
» ||: |oo:Bp < Bo, |c7 |loo: Bp < By 
i=l 
for two given constants B, and B,. Then, 


B R\*3A 
spose) (8) 


7 (ff, tw = £(u))2"*"dedt) WHI 


for every R > diam(£), where 7n = ANT YN. 


(3.37) 


Remark 3.2 If c(z,t) > 0 and 


“ 1 
x Il: l| 0; Br < gelz,t), (x, t) € Er, 


t=1 


then in (3.36) we might take C = 0 and conclude that (3.37) holds without 
the exponential term. In particular, the coefficient of the integral does not 
depend on T. 


Assume now that b(a,t) = (b1(a,t),...,bn(a,t)) is not bounded, but 


N WHI 
> // |oi|V + dade < B, 
j=l’ 7 Er 


for a given constant B. Then an estimate similar to (3.37) can be obtained 
relying on the freedom given by the parameter k > 1 in (3.35)-(3.36). 

Indeed, in (3.35), taking C' = ||c7 ||.o,2, and using this in (3.34), by (3.33) 
we obtain for all R > diam(£) 


a 


k Nest N+1 
sup vu <7n ( ) { // (uz — c(uyavae} 
Er Xo Er 


N 


= kR\ NF al B 
vin (SS) (in 2 
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Therefore, if k is so large that 


_ (kR\™ 1 ee! 
- (kR 7 ae! 
iw () (—R = 2 


we obtain the following. 


Lemma 3.11 Let u€ C?(Er), u 


<0, assume that E is convex, and 
oe 


N a 
Ile“ looser < Bi, (>. // leg)? ini) <8, 
j=1 7 7 Er 


for two given constants By and B. 
Then there exists a constant y = y(\N, B, R, Xo) such that 


1 


N+1 
supu < ye?" (// (uz — Lo axa) . 
Er 


Er 


We generalize these results to the case when u is not required to be non- 


T 
positive, F is not required to be convex, and wu is only in Wri1(Er). 
In a precise way we have the following. 


Theorem 3.5. Let E be a bounded, open set in RN with boundary OE of class 


C? and let u € Wyiii(Er). For any matrix (a;;(z,t)) € A(Ao), any vector 
b(z,t) and scalar c(x,t) such that 


I| bl 0; 27 < Bo, IIc“ loo ;Br < Bi, 
for two given constants B,, B,, consider the operator 
L(u) = aij (x, t)ttz se, + bi (x, t)Us,; _ c(x, tu. 


Then, for every R > diam(E), V (%o, to) € Er 


Bi(t R\ ti 
ult to) < eM Pugloin, +v (Fe) 
(a) 


N+1 Natt 
{I [e'Pr marl, — £(u))] | tat) | 
Er.Neét, 


where 


(3.38) 


an 


Ex, =E*x (0, to), It, = OE; \{t = tot, 
Ef = (Gat) © iy, 2 ule,t) > le aloe) 


- ie, i (Mery 
aN = ANF : 
WN 


and 
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Proof. First, we observe that wu is not required to be the solution of a par- 
tial differential equation, and therefore, (a;;(7,t)) € A(A.), b(a,t), c(z,t) € 
L°(Er) being given, and u € Wri1(Er) being fixed, the quantity (uz — 
L£(u))+ can be approximated a.e. by similar quantities, where 
ag (zt), bla,t), cet) e CPR"), 47 = lac, 
reo ), 


Let t. € (0, T] be fixed, and let & > 0 be a constant to be determined. Consider 
the function 


v(a,t) =e ula, t) — Fe“ Fu, Noor, (3.39) 
where 
|e Pts ler = sup en (gys). 
yEOE; 0<s<to 
yEEx{o} 


By direct calculation 
vu, — £L(v) =e **(u, — L(u)) — ku 
+ [-Bi — e(a, tee“ Fay lloosrs, 
By our choice of the constant By, 
v, —L£(v) <e7™ (up — L(u)) — kv in E;,, (3.40) 
v <0. (3.41) 


Lt, 
Since v € C°(RN+!), we may extend v in Q5%,, R > diam(£) in such a way 
that 
<0 
an Qe 
where OpQoe = OORNt = t,} is the parabolic boundary of OP: 
By Lemma 3.9 with Er replaced by Coe 


U 


3 


a 
N+1 


N 
2R\ NF 
supv < yn (=) II (vz — Loy dxdt , (3.42) 
Qe ° [v=EF]NQSR 


R 


N+1 WN 
The set [v = &] occurs within E;, and on such a set v > 0. Moreover, 
V(a,t) € [v = €1], arguing as in the proof of Lemma 3.10, 


(ve — Lo(v))+ < (ve — L(u))4 + (dive, — e(x, t)v)+ 


< (ve — L(v))4 + |B 7 ima . 


= 
with yy = <2 (24) Nae 
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Therefore, choosing k = By + from (3.40) we find 


Tee 
(vz — Lo(v))4+X poet] = eu, — L(u))+Xpo>o]: 


We replace this last estimate in (3.42) and use the definition (3.39) of uv to 
deduce 


ewe (ule, to) — leu looir, ) 
N+1 


and this obviously implies (3.38). | 


The theorem can be generalized in a straightforward way to include the case 
when b; € LY (Ey), ¢=1,...,N. 

First we work with the cylinder Oe, n > 2, and v extended to be nonpos- 
itive outside E;,. Then we write (3.42) with 2R replaced by nF and estimate 
on [v = 7] 

(vz — Lo(v))+ <(ve — L(v))4 + dive, — cv 


oe lil 


<e“™ (uz — L(u))4 + ndiam(E) 


+ [-k — c(a, tv. 


Choosing k > ||c7 ||o0;n7 we find 


N 
NaI 
sup v <n (=) // eu, — L(u)) itt int} 
Et, ) [v= T1nQ*en 


wo vN 
R\ Bet ON oil v4: 
Per pe ar Will wsiyzr ang 
ce nR Et, 


1 
N-+1 


oO 


Now choose n so large that 


= 1 
Fe l[billw+izer S 5, 


to conclude. 


Theorem 3.6. Let E be a bounded, open set in RN with C? boundary OE and 
letu€ Wrii(Er). Let (ai;(x,t)) € A(A.), and b(z,t) and c(x,t) a vector 
field and a scalar satisfying 


b € IN“ (Ep), i= 1,...,N, lc |loosp, < Bi, Bi given. 
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Then for every operator L(-) of the type 
LU) = Og tines + Ofte, — cu, 


for every (%o,to) € Er and every R > diam(E) there exists a constant y = 
7(N, diam(F), ||b;||v41;27,B1) such that 


U(Xo, to) < lente ll ecare. 


R\ "Ht N41 N#T (3.43) 
py) = // [eRe (a - £(u))4| dxdt ; 
Xo Er,néy, 


where Et = {(a,t) € Ey, : u(a,t) > [eB [loot | 


3.6 Maximum Principle for Nonlinear Operators 
Following the discussion about nonlinear equations of Section 1, let 
Flu] = F(z,t,u, Du, D*u), 


where F : EpxRxR% xR” — R is measurable in (x, t) for each (u, Du, D2u), 
and a.e. differentiable in u, uz;, Ue;2;- Let 


(ais) -_ (Prsssoy)s bi = Fu,,» c= —Ffy,,. 


a 


Set 
aij [u] = dag (B, t, U, Du, D?u), 


and define analogously b;[u] and c[ul]. 


Theorem 3.7 (Comparison Principle). Let u, v € Wri (Er) satisfy 


u<v_ on 0,Ep =Tr = OE7\{t=T}, (3.44) 
up— Flu] <u.— Flv] in Er. (3.45) 


Moreover, assume that 


(Rep) = ( i "mpeed aa as) € A(As), (3.46) 


1 
C(x, t) -| clsu+(1—s)v]ds_ satisfies ||C ||. < Bi, (3.48) 
0 


where Bo and By are given non-negative constants. Then, u(x,t) < v(x, t) for 
any (x,t) € Er. 
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Requirements (3.46)—(3.48) are formulated in terms of u and v given. If, in 
particular, they hold true for all u, v € Writ (Er), then we have the following 
uniqueness result. 


Corollary 3.5 Suppose (3.46)-(3.48) in Theorem 3.7 hold uniformly in u, v € 
Wri1(Er). Then, the Cauchy—Dirichlet problem 


up = Flu) in Ex, 
UW =wecC(Ir), 
Ivy 


has at most one solution in Wri1(Er). 


Proof of Theorem 3.7. Setting w = u—v, we have w a < Oand w,—L(w) < 0 
in Ey, where ‘ 


L(w) = a; (2, t)wej2; + bi(x, t)we, — E(x, t)w. 


Therefore, the theorem follows from (3.38). | 


Since b; depends upon ws = su+ (1—)v, it is desirable to allow b; not to be 
bounded. However, since u, v € Wri (Er), a reasonable requirement is 


6 <€ LNt'(Er), i=1,...,N. (3.49) 


Using (3.43) and Theorem 3.5, we have that Theorem 3.7 remains true, if 
(3.47) is replaced by (3.49). 


4 Local Estimates and the Harnack Inequality 


In this section we deal with quasi-linear equations 


u:—Qlu] =0, in Ep CRN*, 
Q|u] = Ai; (a, t, u, Du)ug.«, + B(z,t,u, Du). 


The structure conditions are specified in accordance with the various results. 
We derive two basic estimates. The first one is a local estimate of a sub- 
solution only in terms of its integral average over a portion of Ey and is the 
object of Section 4.1. 
The second one, which is more involved, is the object of the remaining 
sections. In an attempt to gain in clarity, we prove first the Harnack inequality 
for linear equations, and then we generalize it to quasi-linear equations. 
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4.1 A Local Maximum Principle 
Take R > 0; we denote with Qpr the cylinder 

Qr = Br(0) x (0, R’). 


If (to,to) € E x (0,T — R?), then (xo,to) + Qe C Er denotes the cylinder 
Balsa) * Uo, tot BR). 
We assume that u € C?!(Er) satisfies 


te — Ag(z;t,u, Dujige, —B(a,t,u,Du) <0 in Ep, (4.1) 


i.e., it is a sub-solution. On the matrix (A;,;) and the scalar term B we impose 
the following structure conditions: 
e IfA=A(z,t,u, Du) is the largest eigenvalue of A;,;(x,t,u, Du), then 


1 


A(a,t,u, Du) < yo(a, t)[det( Aj; (x,t, u, Du))| =, (4.2) 


where (,t) + y,(a,t) is a given non-negative function satisfying 
Yo € LY(Er) (4.3) 


for some q > N +1. 
e As for B, 


1 


|B(a,t,u, Du)| < [%o|Du] + dilul + Ye] [det(Ai; (a, t, u, Du))| 7, (4.4) 


where (a, t) > u;(x,t), i = 0, 1, 2, are given non-negative functions satis- 
fying (4.3). 
e Moreover, 


1 


[det (Aj; (x,t, u, Du))|J- 7 € LUBE), g>NH+1. (4.5) 


e Finally, as usual, 


(A;;(x,t,u, Du)) is assumed positive semi-definite and symmetric. 
(4.6) 


Remark 4.1 Condition (4.5) is obviously satisfied if (Aj;(z,t,u,Du)) = 
(ai;(x,t)) € A(Ao), Ao > 0, where A(A,) is defined in (3.28). In such a case, 
the operator in (4.1) is uniformly parabolic. 


Theorem 4.1. Let (4.1)-(4.6) hold. Then for every (%o,to) +Qr C Er, for 
every o € (0,1), for every p> 0 


ZL 
sup ut <O1 ae ul dadt 
Bor(Xo)X(tot+(1—c) R?,to+ R?) (xo,to)+Qr 


+ CoRNH, 
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where C, Cz are two constants depending upon p, 0, N, and the quantities 


ap |pol? dadt, Ht |\ab;|4 drdt, i = 0, 1, 2. 
(o,to)+Qr (fo,to)+Qr 


Here, we have denoted with Hf |f| dxdt the integral average of f € 
(to,to)+Qr 
I*((xo, to) + Qr) over (Xo, to) + Qr. 


Remark 4.2 Since the theorem is local in nature, conditions (4.1)—(4.6) do 
not have to hold throughout Ey. The theorem remains valid in a subdomain 
Q of Er if (4.1)-(4.6) hold true in Q. 


Let q* be defined by 
ee 
q @ N+1' 
and let p € (0,1) be fixed. Then, Cy depends on the data as follows. 
First, set 


d, = {vo +o +01 + [det(A;; (x,t, u, Du))|" Nt \ 


ae) 
C1 = ¥(N,p, 4,0) tf |B,|¢ dxdt 
(o,to)+QrR 


where y(N,p,q,o) is a constant independent of yo, w;, u. 
The dependence of C2 on the data is 


then 


1 


_ a4 W+i 
C2 = 7(N,2,49,0) |wo| dadt ) 
Er 


for a constant y independent of wu. 


Proof of Theorem 4.1. After a suitable translation, we may assume that 
(%o,to) = (0,0). In Qp consider the cutoff function 


n(a,t) = (Eee (4.7) 


where (6 > 0 has to be chosen, and set 
v= nu. 
If €, is the increasing concave hull of v (see Section 3.2), on the upper contact 


set [v = & ], v > 0 and |Dv| = |DE,| < v/(R— |a|). Therefore, from 7Du = 
Dv — uDn, we have 
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1 D 
|Du| <u ( + Pi) 
R-|z| 9 


R+lel_, .9(R2— [el?)P-! R 
< ——_—- + 28—___—__ } < 2(1 ———_u. 
su(pe eet rae ee) 20+ eee 


Therefore, on [v = €,] 


|Du| < 2(1 + B)t?n Fu. (4.8) 
Moreover, on [v = &,], using (4.1) we have 
vu, — Aij(a,t,u, Du)vs«, =nlur — Aij(z,t, u, Du)uz,z,| 
— 2AijUe, Ne; + ulm — Aizne:Ne,| 
<nB(«,t,u, Du) + 2A(az,t, u, Du)|Dul|Dn| 


B R?- aie ‘3 


-—1 
+ U a + 2B Aj; Oi; ( 7 Re 


R? — |z|? ae LiL; 8 
ARE = 1) (=) Ai; Re! t 


The following estimates are obvious 


R? = |a:|? f=2 LjiL5 B 
—4B( 8 = 1) (=) Ai; Ri t? <0 


2BAijdiy ( 


R2 — |al?\?"1 t2 ‘ 
R2 


Moreover, using (4.8) 


2A|Du||Dn| < 4A(1 + B)t? 78 Bt? Nn! Bu < Cg An! Bu. 
Combining these estimates, we find 


v1, — Ai(a,t,u, Du)dz,2, <9 B(a,t,u, Du) (4.9) 
+ya(1 + A(zx,t,u, Du))n'F u, 


where yg is a constant depending only upon £. 
Next, we use the structure conditions (4.2) and (4.4) to obtain 


1 


n|B(a, t, u, Du)|[det( Aj; (a, t, u, Du)| 9A 
< n[2Wo(1 + Bn Ft2u + Vu +t Ye] < don Fo + m2, 


where > = 2W.(1+ 6) +1 € L4(Er), and 
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1 


ye + Ala, t, u, Du))[det(Ai; (2, t, u, Du))| 7 


1 


<7 (eo(a, ) + [det(Aj; (2, t,u, Du))|7 7 


~2 = 
\n PV = Pol] 


where Go = ¥a(¥o(2, t) + [det( Ai; (z, t, u, Du))|-™*) € LY(Er). 
Combining these in (4.9), we find on [v = ,| 


1 


[det (Ai; (x, t, u, Du))|~ Nt (vt _ Ai; (2, t,u, Du)vz;2; jy 
< Bo(2,t)y Fv +2, 


where ©,(z,t) = Wo + Go € L4(Er). 
Now we apply Lemma 3.1c of the Complements, to find 


a 


i (4.10) 


N+1/,—-2, \N+41 aie 
f&.*(n Fv) dxdt 
Qr 
R ao 
ny RYH ( | aye aa) : 
R 


We estimate the first integral on the right-hand side of (4.10) as follows. By 
the previous definition of q*, we have 


‘li 
N+1 REL 2 
(ff are (rte) deat) <Ieallaonlh 
R 


Nt 
<yn RN tf [det(Ai;)]~* (ve = Ai tewsly dxdt 
[v=Ev]NQR 


+ 


~II 


g3Qr 
and 
In Fells on = || qo vt (+49) dard 
Qr 
= // no nf ut O- 9 yor" dxdt 
R 
- II (qu)? O-% ye" drdt, 
R 
if we choose 8 so that 1 — 7 =a, ie., 


2 
b=-, Va e (0,1). 
a 


With this choice 
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l-a 
_2 
In" F llevan < (sup vs) dese. 
QR 


The second integral on the right-hand side of (4.10) is easily estimated by 


recalling the definition of 7 in (4.7). We have 


Wy 


RYE N+1,,N+1 w" < apwats 
N " ws” dxdt <yRNaTT, 
R 


~2II 


where 
7 = wllvallw+i;er- 
Substituting these estimates in (4.10) 
N a N 
sup v4 < wR*F||ollacnlls ps0, (suv v4) +4R¥Rt, (4,11) 
Qr Qr 


By Young’s inequality 


i l-a 
aw R¥F | GolladnllusllSps06 sup] 
R 


N 1452, N0 


A sup yO) Te ee eer (4.12) 
Qr 


NlR 


eae 1 


(ff bl" deat = (ff jus [or axa) ae 
R Qr 


By the definition of g*, we have 


N_ 1 N+2 N+2 N_ 1 N+2/(1 li 
Reet a ar a peas’ = ate) 


ate) (ff bal" dat) ies 


we obtain from (4.11) and (4.12) 


Setting 


pls 
supv, < 20,R® (ff |e. [*F azat) 42 RNAt 
Qr R 


For (x,t) € Q% = Bor x ((1— 0) R?, R?) 


sup vy > n(x,t)uy(x,t) > (1-0)? Ruy (2, t), 


Qr 


and this implies the theorem for the choice aq* = p. a 
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4.2 A Covering Lemma 


In this section we will be working with cubes in RN+!. For x = (21,...,2N) 
let ||z|| =. max |a;|, and consider the unit cube K, = {x € RY : ||z|| < 1}. 
aL 


Denote with Q; the cylinder Q; = Kx (0,1), and within Q, consider cylinders 
of the type (%o, to) +Qr = {||v@ — Lol] < R} x (to, to + R?), i-e., we will assume 
that (2,t.) € Qi and that R is so small that (r,,t.) + Qr C Qi. 
If (ao, to) = (0,0), we write (0,0) + Qr = Qr and we obviously have 
[ested —F Qri = |Qrl- 


We are given 


(a) a measurable set € C Qi, 
(b) numbers 6, 7 € (0,1), 


and consider the collection B(d) of those subcubes (a, to.) +Qr of Q1 satisfying 
|((o, to) + Qk) NE| = 4|Qal. 
For each (ao,to) + Qr € B(d), we construct two boxes as follows 
QM = {||z — 2ol| < 3R} x (tp — 3R?, to + 4B?) NQu, 


4 
Q?) = {||z — zol| < 3R} x (« + R? ts + (1 + -) re) 
1 
as depicted in Figure 4.4. 


The construction of Q) is self explanatory. The box Q() lies on top of 
(vo, to) + Qr and has length ae 


By definition, Q“ is all contained in Q;, but Q®@) might extend beyond 
the ceiling of Q1. 


Remark 4.3 The length of Q@) in the t-direction is fia The length of 
QM UQ®) in the t-direction is 
4 4 
4R? + —R? = (14+ )—R’, 
1) 1) 


ie., length(Q™ U Q@)) < (1+ 7) length(Q®). 
Using Q™ and Q@) as building blocks, define two open sets 
D® = U Q®, i=1,2. 
(o,to)+QrEB(d) 


The main object of this section is to prove the following facts. 


Lemma 4.1 (Krylov and Safonov [147]) 
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(xo;to+ (1+4) R?) 


Q(?) 
(wo ,to+4R?) 
A I 
(@o,to+R?) 
' 
4 p2 
(v0;to)+Qr at 
Geil 
Qn) 
y t 
TR? (x0,to—-3R?) 
Fig. 4.4 


(i) |E\D™ | = 0; 
(ii) If |E| < 6|Qi|, then |E| < 6|D™|; 
(iti) |DY| < (1+n)|D®]. 


Corollary 4.1 Let E be a measurable subset of Qi, and let 6, € (0,1) be 
given. Then, 
(I) either DY =Qy, 


€ 
(II) or |D@| > EL. 


Proof of Lemma 4.1. We first consider (i). Let X(€) be the characteristic 
function of €. Since € is measurable, X(€) is integrable, and by the Lebesgue 
theorem ; 
lim —— | X(E) dadt = 1 
R40 |Qrl JJ (2,,t0)+Qr 


for a.e. (Xo, to) € E. Hence, except at most for a set of measure zero, we have 


tm [(eorto) + Qn) NE _ 


1, 
R0 |Qr| 


and for R small enough |((Zo, to.) + Qr)N E| > d|Qri. It follows that almost 
every point of € belongs to some (2, to) + Qr € B(6). 


Let us now deal with (ii). We represent the open set D“), up to a set of 
measure zero, as the union of binary boxes of the form (ao, to.) +Qpr as follows. 
Partition Q, with hyperplanes 
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1 1 3 1 


We obtain in this way 2?“+? boxes each congruent to 
1 1, 
(t,t): 0<t<7,0<a<5,1=1...,N F 


and Q, can be represented, up to a set of measure zero, as the union of such 
boxes. 
We call the collection of such boxes by C; and define 


= { Collection of the binary boxes in C; that are all contained in po} : 


If no boxes in C, are all contained in D“), we set 
x =. 


Consider next all those boxes in C, that are not in », and partition each of 
them into 22+? boxes, each congruent to 


1 1 
(est); 0<t< Bp 0< 2; < 59 Sie 
Let us call C2 such a collection, and define 


d= { Collection of the binary boxes in C2 that are all contained in po} : 


If no boxes in C2 are all contained in D“), we set X) to be the empty set. 
Proceeding in this fashion, if C, and »’, have been defined, we partition 
the boxes in C,, into 27+? boxes, each congruent to 


1 1 

(z,t): 0<t<—,0<aj<—,i=1,...,N>, 
4n Qn 

and define C,,,1 as the collection of such boxes. Set 


dn+1 


= { Collection of the binary boxes in C,,4; that are all contained in po ; 


and if no boxes in C,,41 are all contained in D™), we set X41 = 0. 
We can immediately see that distinct boxes of 7, are disjoint, and that 
elements of X’,, are disjoint from elements of »’,, if m #n. Moreover, 


ID U U a=o 


n>1QEZn 
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D%™=>> O |e 


n=1 QED, 


Elen p |= S> >. leno: (4.13) 


n=1QEXn 
To prove (ii) let us start by considering 4}. If there exists a box in 41, say 
Q, such that 7 - 7 
IENQ| > d|Q|, Le, Q € B(S), 
then the corresponding cube Q@), constructed as we did before with QM), 
would cover all Q;, and hence, 


DY =Q,. 
We conclude that for all cubes Q € 1; 
IENQ| < dQ]. 


Next, consider 7,41, n > 1. Suppose that there exists a box Q* in X41 such 
that 
IENQ"| = 4|Q"|. (4.14) 

The box Q* results from a partition of a cube in C,,, which is not all contained 
in D®). Let us call Q° such a cube. 

By (4.14), Q* € B(6) and the corresponding Q*“) constructed starting 
from Q* as before, belongs to D) and covers Q° (by construction). Hence, 
Q° Cc D®), which is a contradiction. We conclude that 


IENQ| < 4|QI, VYQe Lh, Vn EN. 
From (4.13) now it follows that 
IEL<6 > SOQ) =4|/D™ 
n=1QE2, 
and (ii) of the lemma follows. 


We conclude with the proof of (iii). For this, we need a preliminary fact. 


Lemma 4.2 Let A be the set of all subintervals of (—oo, +00), B C A and 
letg: AA be a set-valued function satisfying 


lo D|<Q+n)l|, > 0, 


for all I € A, where |g(I)| and |I| denote the one-dimensional Lebesgue mea- 
sure of g(I) and I. Assume that 


g() C gU2), whenever Ty C Ih. 


IU 9Di<s atm U Z. 


IEB IEB 


Then, 
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Proof. The set UJ{I : I € B} is open and it can be represented as the union 
of non-intersecting intervals J,,. Therefore, 


LU ais IU U 9 


IEB nm ICIn 


sIUat Falls DU +m) ltal = (1+)| LJ Zl. 


IEB 
a 


Proof of (iii). If X(D™ U D®)) is the characteristic function of D™) U D®), 
by Fubini’s Theorem 


[DM UD®| = Tha x(DY UD) dxdt 


=i. ([- x(D® U D®)(2,t) it) a 


Let B(«) with ||2|| < 1 be the set of one-dimensional intervals defined by 
{t: (62) €Q®, Qe BE)} 


and define for J € B(a) the function g(Z) as the result of expanding I of a 
factor (1+ 7) by keeping the right-hand point fixed. Then, obviously, 


JDM ud®| =i / x (pu D®) (2, t) «) dx 
RN Urex(a) g(1) 
< Fa | U oMlax 


IE B(x) 
<f a+ml U tae 
RN 
IE B(a) 
= (1+7)|D |. 
Consequently, 
JD™| < (1+n)|D| 
and the lemma is proved. i) 


4.3 Two Technical Lemmas 


To simplify the presentation, we restrict ourselves to linear operators and 


prove two lemmas for non-negative super-solutions of 
uz — L(u) = in & 
+—L(u) > f T (4.15) 
L(u) = ai;(a, tac; — 6;(x,t)uz; + c(x, t)u. 


We assume u € CO”)! (Ey) and 
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(aij(x,t)) is positive definite V (x,t) € Er and if An(az,t) > An-1(z,t) > 
+++ > Xi (x,t) are the ordered eigenvalues, there exists A, > 0 such that 


Vi(x,t) > Ao V (a,t) € Er, Vea Ihesay Ns (4.16) 


There exist constants B,, By, such that 
N 
YS Gllcae = Bet lela < Bu. (4.17) 
i=1 


fe L"'(E,). (4.18) 


Remark 4.4 Because of the local nature of our estimates, assumptions 
(4.16)-(4.18) need not be true in the whole Er. If they are satisfied over 
compact subsets K C Er, then our estimates will be valid within K. 


The case of quasi-linear operators Q[u] (see the beginning of the Section) will 
be treated later. 

If (a, to) € Er, we will be working with the box (x,,t.) + Q,, where, for 
p>d 


= 2) _ N. : 2 
W=K,x Op )SizeR™ : max |ai| <p} x (0,0), (4.19) 


and will assume p to be so small that (xo,t.) + Qp C Er. 


Lemma 4.3 Let k > 0 be fixed. For every o € (0,1), there exist 6 € (0,1) and 
a constant y depending only upon N, Bo, Bi, ||f\lw+i,27 and independent of 
k, such that if 


[[u > k] 9 ((xo, to) + Qp)| = [{(2, #) € (Lo, to) + Qp : u(x,t) > k}| 
> d|Qpl 


then W (x,t) € ((€o, to + (1— o)p”) + Qap 


(4.20) 


N 


u(x,t) > Ok —ypNat 


a. 


1 
where 0 = so and (see Figure 4.5) 


(to, to + (1 — )p") + Qop = {Ile — toll < op} x (to + (1-2) p”, to + p”). 


Proof. Without loss of generality, we may assume (2, to) = (0,0). Since u > 
0, the function ¢ = ue?" satisfies 


Ue= Qij (z, t)O2,2,; + b; (a, t)Ox,; 2 fe (c = 0), 


and v = k — 0 satisfies 
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(to ,to+(1—2)p?) 


p (xo,to) 


Fig. 4.5 


Oe — tig (EL )Unes +O %, De; S =fe™. 


By Theorem 4.1 with p = 1 


supv, <C} 1) U4 dxdt + Cop™#t, 
Qep p 


where C, C2 are two constants depending upon N, 0, Bo, Bi, || f||Nai:e,- 
Now the set [vy > 0]NQ, coincides with {(2,t) € Qp : ePitu(a,t) < k}, which 
is included in the set {(a, t) € Q,: u(x,t) < k}. Therefore, for all (x,t) € Qep, 
using the assumption (4.20) 


N 


k — ePitu(a,t) < Cyk(1— 6) + Cop, 


that is, 
N 
u(x,t) > k[1—Cy(1— 6) e7! — Cop®* | fll v412,- 


Choosing (1 — 6) = rare 0= te), y = CQ|| flv 41,27, the lemma follows. ll 


In the next lemma we assume that (4.15)-(4.19) continue to hold and in 
addition 


O0< Xo < Ai(a,t) < +++ < An(a,t) < B, V(az,) © Bry (4.21) 


for a given constant B. Here, as in (4.16), A;(a,t) are the eigenvalues of 
(aij (, t)). 
Lemma 4.4 (Krylov and Safonov [147]) Assume u > 0 and that 


u(z,to) >k, Va € Bep(to) 
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for k > 0 fixed and some « € (0,1). Then for every o € (0,1) there exist 
constants € € (0,1), m >> 1 depending only upon 5, Bo, Bi, B, N, o, and 
independent of k and e, such that 


u(x,t) > k€e™ —Cp¥7||f|lvsinr, V(2x,t) € Q,(0), 
where 
One) = Ba aal@e) * Go + op’ teto ‘p’). 


Remark 4.5 Lemma 4.4 can be seen as a statement about the expansion of 
positivity. Therefore, in the framework of parabolic equations in nondivergence 
form, it is analogous to Proposition 10.1 of Chapter 12 given for parabolic 
DeGiorgi classes. 


Proof. Without loss of generality, we may assume that (2,,t.) = (0,0), p = 1, 
andk=1. 


u(w,t)>ge" 


Qp(c) 


set dececk totop 


(xo,to) 
_—— a ee 
u(x,to)>1, e€Bep(xo) 


2p 


Fig. 4.6 


1 
Also, without loss of generality, we may assume ¢? = ~o?. 
We first prove the lemma for points (x*,t*) € Qi(c) satisfying 
J“*|<(l-o), =o! (p=). 


Let such a point be fixed and consider the two sets 


1 
D= {te :0<t<o}, ||z—ota*||? < soitseth, 
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(e* ,")=(2",07) sl 


Q1(o) 


h 


(0,0) © | 


eto g 


Fig. 4.7 


Obviously, we have D C CC Q (see Figure 4.7). 
The parabolic boundary of D consists of two parts 
= -1 «2 1 3 2 
O.D = 4 (a,t):0<t<o™," |lu—ota*||" = mu t+e 
02D = {(a,t): t =0, |x|] < e}. 


Consider the following functions 


x + ota* 


\/ go3t + &? 


p(a,t) = (1- lea), / (Gore?) 


z(a,t) = 2: R413 RY, 


where n is a positive constant to be chosen. Notice that by definition of 0, D 
we have ||z(x,t)|| = 1 on 0,D and 


(@) ¥(z,t)>0, (x,t) €D, 
(ii) o(z,t)=0, (2,t)E HD, (4.22) 
(iii) O< (2,0) <6", (a,t) € OD. 


We choose the constant 7 so that 
wv, —L(p) <0 in D. 


By direct computation we have 
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1 n+1 
(Sot+e) ecw) 
2\2|(1 3 2 a 
= (1— |lz\I’) gore e(x,t) — - 


(a; — otz?) (2; — ota") 
($0%t + €?) 
=) (lz? = 1) { aij6%) + 2b; (x; _ ota; ) 


= 8ai; 


o? 
+ (2; — ote) a3 + SIlz\!"}. 
Set 
1 
Ay = (1-|J2|?)’ | (So% +2) e(x,t) — = 


(a; — ota*) (a; — otx*) 
Ag = —8a;;(x,t) + 
Se) —— a areal) 
3 
A3 = —2((lz||? — 1) {sbi + 26; (a; — ota}) + (x; — otaxz) oF + Tar} : 
We show that we can select n large enough so that 


A, + Ag + A3 <0. 
We estimate the A,’s by using (4.15)—(4.19) and (4.21). We have 


Az < —8Ao||2||”, 
1 a ‘l 2 3 
A3 <2(1—|l2||?) |B+2B, (<+ 50) +(1-¢) (2450) +> 
<7(1-|lz|7), 
3 
Ay < (1=[2IP)’ | Bio? . oa 
Therefore, 


no? 
Ay + Ay + Ag = — (Bo +9) llzll2-+-7-+ (1 ll2l2)? (7- = 


where ¥ is a constant depending only upon the data and independent of e. 
Consider the following two cases. 


Case 1. 1 > |[z||? > y/ (8A. +7). 
In such a case the sum of the first two terms is nonpositive and 


3 
Ay + Aa + Ae $ (1 el?) (4-2). 
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Therefore, selecting n > 27/0? we have 
A, + Ag+ Az <0. 
Case 2. ||z||? < y/ (8A, + 7). Then, 


3 
y no 

A A As < 1 — ——— —_ — 

y+ Ag+ 1<1+( —) (. -) 


3 
cy ( a ) <0 


2 BA. +7 
; Ay (8A. +7 
for the ch > ’ 
or e€ Choice 71 a ( BA, ) 


Remark 4.6 The value of n depends upon o and it deteriorates as the mod- 
ulus of ellipticity A. tends to zero. 
The function ~ is in C?(D) and it can be extended in a C?! fashion with a 


function w defined in all Q; and such that # < 0 in Q;\D. 
Setting 


w(a,t) = 2" ah(a, t) — u(x,t) € CO?" (Qi) 


and recalling (4.22)-(iii), we have that w < 0 on the parabolic boundary of Q1. 
Moreover, if &* is the positive increasing concave hull of w (see Section 3.5), 
the contact set [€* = w] occurs within D, so that 


w,—L(w) < —f in D. 
By Theorem 3.5 with p = 1, (o, to) = (a*,0~*) 


saN, 
Ww (ae o*) < yo pe aa Ilfllw4tse1; 


Le., 
U (a, a) 2 yp (ar, a') er _ C\lfllysisa.- 
From the definition of w it follows that 


Ww (2*,o~*) Sa (1 - I|z (x*,071)|") > a 274/9(/2 — 1), 
since o € (0,1), |x*| < (1—o), and <? < go”. 


Finally, to prove the lemma for all points in Q:(c), let (2*,t*) € Qi(o), 
and consider the comparison function 


D(a, t) = (1- lz), / Gar + ar 


t 1 it 
Z2(¢;t) = («+ <a) / as +e, 


Considerations in all analogous to those above, since t* € (o, a) yield the 
lemma for all (2*,t*) € Qi(c). a 
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4.4 The Harnack Inequality for Linear Equations 
We will be dealing with linear operators 
L(u) = aij(a,t)uz,0; — 6;(a, tug, + e(z,t)u, 
where u € CO?! (Er) and 
(z,t) > ay(a,t) EL (Er), i,j =1,...,N, (4.23) 


and if Ay(a,t) < Ag(w,t) < --- < An(az,t) are the ordered eigenvalues of 
(ai; (x, t)), there exist 0 < A, < A < oo such that 


0<A< A1 (2, t) < A2(a, t) Sees An (a, t) <A for ae. (a, t) € Ep. 


There exist positive constants B,, By, such that 


N 
Ye bullocuoe S Bos llelloosee S Br. (4.24) 
i=1 


We are also given a function f satisfying 
fe INV (Ep). (4.25) 
We will prove a weak Harnack inequality for non-negative super-solutions of 
v%,—L(v) =f, veC*" (Ep), (4.26) 


and a strong Harnack inequality for non-negative solutions of (4.26). 
Let (ao,to) € Er and consider the following boxes 
Qr = {||@ — xol| < R} x (to — R?, to + R?) 
R = {\lz — voll < R} x (to — is) 
Qh(c) = {|lz — xl] < oR} x (to + (1 — 0) R?, to + R?) 
Qp(e) = {|l@ — ol] < oR} x (to. — (1—o)R?, to) , 


(4.27) 


with o € (0,1) (see Figure 4.8). 

We assume R so small that Qar C Ey. Assume also that u is a super- 
solution (or a solution) of (4.26) in a neighborhood of Qp, say for definiteness 
Qar (by a super-solution, we mean wu that satisfies u,—L(u) > f). 


Theorem 4.2 (The Weak Harnack Inequality). Let u € COC?! (Qur) 
satisfy 
u=0 im Qar; 


u,—L(u)> f, ae. in Qar, 
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tot R? 
oR? QR(o) 
td edie tail to+(l—o) R? 
(zo,to) 
QR?) 
bee ed | to—(l—o) R? 
oR 5 
to—R? 
Fig. 4.8 


and let (4.23)-(4.25) hold. Fix o € (0,1) and construct the bores Qp(a) as in 
(4.27). There exist positive constants p € (0,1), Yo € (0,1), y1 >> 1, depending 
upon N, B;, i= 0,1, Ao, A, o, and independent of (xo,to), R, u, f such that 


inf ut MRSA Sliver >to (Ff wade 
Qh(c) QR 


By combining Theorem 4.2 and Theorem 4.1 we have 


a 
P 


Theorem 4.3 (The Strong Harnack Inequality). Let u € COC? (Qur) 
satisfy 

u= 0 im Qar; 

u—L(u) =f, ae. in Qar, 


and let (4.23)-(4.25) hold. Fix o € (0,1) and construct the bores Qp(a) as in 
(4.27). 

There exist positive constants yo € (0,1), v1 >> 1 depending upon N, B;, 
i=0,1, A., A, o, and independent of (%o,to.), R, u, f, such that 


inf u+llfllyyie7R*7 > yo sup u (4.28) 
QR) QR) 


Remark 4.7 Inequality (4.28) could be formulated in a slightly more general 
geometrical setting. In particular, Qi (c) and Q,(a) could be replaced by 


Qh (01, 61) = {lv — tol] < o1R} x (to + (1— 01) R?, to + R?), 
QR (22, 02) = {|| — rol] < o2R} x (fs -—(1- 02) R?, to) , 
ai, 05 € (0, 1), = 1,2, 

provided the constants yo, 71 are suitably modified. 


Remark 4.8 If f = 0, we obtain the classical version of the Harnack inequal- 
ity. 
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Proof of Theorem 4.2 Without loss of generality we may assume (%o,to) = 
(0,0) and define accordingly the boxes Qr, Qh, QR(¢). 


Case i): Let k > 0 be fixed and consider the set 


Eo = {(a,t) € QR: ula,t) > k}. 


Let 6 € (0,1) be the number claimed by Lemma 4.3 for the choice ¢ = 4, and 
define 


B(65) the collection of sub-cubes of Q% of the form (Z,t) + Q, C Qh, 
(@, 2) € QR and Qp = {|x| < p} x (0,7), 


such that 
IE. ((Z, 4) + Qp)| = 5 |Qpl- 


The number 6 being fixed, motivated by Corollary 4.1 (II), we fix 7 so that 
(1+7)6 = V6 = 6. (4.29) 


By Lemma 4.3 (with o = $), if (Z,t) + Q, € B(6), then 


u(a,t) > 0k — yp || fl, 


V (a, t) € (@,t*)+Q1,, where t* = t+4p? and || f|| = || fll v1.27; in particular, 
setting u(a,t) = u(x,t) + ypN || fl], we have 


1 
u(a,t°) >0k, in |lj~—Zl| < 5P: 


The function v satisfies a.e. in Qar 


vg — L(v) > f +e(a,t) yp" |[fI)- 


a 


3, 7 = (7 fixed in 


Therefore, applying Lemma 4.4 with p replaced 6p, ¢ = 
(4.29)), we obtain 


(4.30) 


u(a,t) > 0€12-™k — yp¥T|] f + c(x, t)yp™= ||f|| 


in the box F 
Q = {Ihe —al] < 3p} x (7+ 0,84 Sp?) 


where €, m are the constants claimed by Lemma 4.4 for the indicated choice 
of o. 
Without loss of generality, we may assume that R is so small that 


1 
N+1 


yRNS / | cN+1(2,t)dedt) <I, 
(Z,0)+Q3p 
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so that from (4.30) it follows that 


N 


u(x,t) > Ak—Aq||f|R™F in Q?, 


where \ = 0€127-™. 
Let 


R= { (2,2) EQr: u(x,t) > AK— aR | f\} 


and 


&= { (2,2) € Q%: u(z,t) > Ak — 2yRVF si. 


For each box (#, £) + Q, € B(6) we construct Q™ and Q®) as in Section 4.2, 
and define accordingly the sets D™, D@). 
The previous arguments show that E; C D®), and by Corollary 4.1 (see 
(4.29)) 
\Ex| > |Eo| /So- (4.31) 


w=1-Vb, b= Vbo, 


and consider the two sets €; and F\\€,. Then, in view of (4.31), we must 
have either 


Now let 


1 


—a 1 
|E1] 2 —— léol = + léol » (4.32) 


or 


EA\Eil > = lol (4.33) 


Case ii): The case when (4.33) occurs. 


In such a case there must be a box Q®) Cc D®) whose intersection with 
t> #(\Eo| /|Br|)R?, is not empty. 

By construction, Q() is originated by a box (Z,f) + Q, € B(d) and the 
corresponding Q‘) is defined by 


a 4 
{||x — Z| < 3p} x (F+ 0%,t0+ =/?) ; 


when —R? < t, < 0. Therefore, 


Eo 
el a1) Ife ) 
P= \¥1)50 194 


It follows that at the level t = 0, there exists a ball B,(Z) of radius 
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al 


= |Eo| se = an) ° 
o=0 (in) " 8= (qn) 


all contained in Br, such that 


N 
u(e,0) > Ak = 2y|/f|REE. 
Setting u(x,t) = u(a,t) + 2yRNA || fl), we have 
vue —-L(v) > f+ 2e(x, t)yR*F || f|| in Qar, 


and 
v(z,0) > Ak in {|v —2|| < p} C Br. 


By Lemma 4.4 applied to v, with p replaced by 3R and 


=3(qoe ay we 
3\(44+1)bolQRl/ 3° 


v(w,t) > &e™Ak — CR¥F|| f|| 
for all (x,t) € QR(0), ie., 


we obtain 


west) > Cok (EE) ” — cues) 
Ql 
= an 2 
= ae A, Cr =(27+C). 
(in) . Bee 
In particular, 
inf u> Ca ( a) — CO, R™*|| f Il. (4.34) 
Qk(o) Ql 


Case iii): The iteration process. 
We now repeat the process by starting with the set €; previously defined. 
Proceeding as before, we find that either 


inf u>C ok (et) = 1 4) ORY Il fl 
QR(o) QR 


for the same constants C,, C; as in (4.34), or 


\E2| = | { (x,t) E Q% : u(z,t) > 2k —27(1+A)R 


1— il 
> lal = Fel. 


rf} | 


Vv 
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Proceeding in this fashion we define sets 


E,= { (2,2) E Q%: u(x,t) > Ak = 2y(L+ A+++) RMT FI 


and have the alternative of either 


A - 
inf u>C,r3*k ( | Zl ) — Cy (1+ C,+C? +-+-+C8) RT| fl], (4.35) 
Qk(o) |Qh| 


or 


bees | —(s+1) |Eo| 
—— > 6, : 4.36 
Ql Ql ee 


Choose s* from the equation 


gc) |Eo| 


IQe| 
Without loss of generality, we may assume that s* is an integer. Then, 
. eye log, e4 
8 =c(; ) , eae (4.37) 
|Q%| Ind 


for a constant C' independent of k, u, R. 
Therefore, if for some s = 1,2,...,8*, (4.35) holds, since |E€,| > |E,|, we 
have 


q = 
mater ( id ) _ERYS| fl, 
Qh(e) Ql 


where 
= = m = i 
C=O0C, q=ét>, C=C (soc), 


Suppose now that (4.35) is not verified for any s = 1,2,...,s*. Then, (4.36) 
must hold for all s = 1,2,...,s* and hence, 


le =| {(@8) € Qe: ulz,t) > 7k FRF AI FI} ] > 61QA, 


where ¥ = 27 (772, A’). 
Then, by Lemma 4.3 (with o = 4) 


u(a,t) > OA" k — 24(1 + RX f|| 


in the box {||x|| < 4} x (—4R?,0). In particular, for ||z|| < 4, 


u(x,0) > O\* k—29(1 + 0)R¥F|| fl). 


Define v(a,t) = u(a,t) + 27(1+0)R NaH || f||, which satisfies 
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ve —L(v) > f + 24ec(a,t)(1 + O)R**||f| 


a.e. in Q4r, and 
* R 
v(a@,0) >0A*° k, in ||| < = 


By Lemma 4.4 we deduce that 


u(x,t) > K.\* k — K,R™*||f|| (4.38) 


for all (a,t) € Q2(0), for two constants K,, Ky, depending only upon the 
data. 
From (4.38) and (4.37) it follows that 


inf u>K (et) k—KiR¥| fl, K = KC. 
QzR(c) |Q%| 


Case iv): Proof of Theorem 4.2 concluded. 
The previous arguments show that in either case there exist constants 


A, =min{K,C}, A,= max {C; Ki}, q>1, 


all depending upon the data and independent of u, R, f, such that 


les \* N 
inf u> Aok — A, RYT fl. 


Qh(o) lQh| 
N 
“i ; 


Then, recalling that €, = [u > k] N Q%, we have 


D=A,'| inf u+ AiR 
Qi) 


fu > All 
lQk| 


ih 


<k-7Di, Vk>O0. (4.39) 


We multiply both sides by k?7~! and integrate with respect to k over RT to 
ply y g 


get 
i k 
oI ut deat = [ pee Al 
Qk o: 0 Qk 


D co 
= fe EH ag fe A 
0 Qe D IQR 


a oy aceee ee eae 8 
<2gD%#+D2 | kt dk =qD™, 
D 


where we have used (4.39). 
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If + =p € (0,1) we have 


2q 
(ff uP ini) 
Qk 


SIF 


<q@%A5![ inf u+ A, R¥A||f\| }. 
QzR(e) 


4.5 The Harnack Inequality for Quasi-Linear Equations 


In this section we adapt and modify the arguments of Section 4.4 to obtain 
the weak Harnack inequality for C?:! (Ey) non-negative super-solutions of 


uzp—-QlulJ >O in & 
«— Q[u] = T (4.40) 
Q|u] = Ai; (a, t, u, Du)ug.«, + B(z,t,u, Du). 
The structural assumptions on Aj; : R?4+? — RY*% and B: R?N+? > R are 
more restrictive than the ones in Section 4.1. Namely, we assume the following. 


The matrix (Aj;(z,t,u,Du)) is positive definite in Ep x RN*+? and if 
Ai(a,t,u, Du) < ro(a,t,u, Du) < +--+ < An (x,t, u, Du) are the (ordered) 
eigenvalues, there exist numbers 0 < Ag < Ao < 00, such that 


0<A. < Ai(z,t,u,Du)<A,, ti=1,...,N. (4.41) 


B(a,t,u, Du) > —7|Du| — y.u— f(2,t), (4.42) 
where 7. is a non-negative given constant and f € LN*t! (Ep). 


For notational simplicity we set 


fo = If ll si;e7- 


With this notation, the weak Harnack inequality is stated exactly as in Theo- 
rem 4.2. By combining Theorem 4.2 and Theorem 4.1, valid for sub-solutions 
of quasi-linear equations, we obtain the strong Harnack inequality stated ex- 
actly as in Theorem 4.3. 

We have seen in the previous sections that Theorem 4.2 (the weak Harnack 
inequality) is derived only by making use of the measure-theoretical lemma of 
Krylov-Safonov (see Section 4.2) and the two technical lemmas of Section 4.3. 

Therefore, to extend Theorem 4.2 to super-solutions of quasi-linear equa- 
tions, it will be enough to prove results analogous to Lemmas 4.3 and 4.4. 

As before, we will be working with boxes (x,,t.) +Q, C Er, congruent to 


Qp = B, x (0, p*) ={|2|< phx (0, p*) : 
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Lemma 4.5 Let k > 0 be fired. For every o € (0,1) there exist 6 € (0,1) and 
4 >1 depending only upon N, yx, Ao, Ao, and independent of k, fo, p, such 
that if 
| {(z,t) € (to, to) + Qp) : u(x,t) + fo > KE] > F1Qpl, 
then 
u(a,t) > Sk APF fo, Vat) € Qop (torte), 


where Qep (Yo, to) = (Gate +(1- o)p*) + Qap- 


Proof. Setting 


v=k- (w+ foe"), 


we have : 
v, — Aig (2, t, u, Du) vee, < Biv] in Er, 


where, by (4.42) 


Biv] =-—B (x,t, + fop Nt _ v,—Dv) 


<%|Do| + yu +k + fop N+ +f. 


By Theorem 4.1 applied with p = 1, if o € (0,1) 


sup v4 <C) // v+(a,t) dadt 
Qep(Xo;ta) (%o0,to)+Qp (4.43) 


_N_ 
+ ypNF ||f + fot kilysize - 


From Remark 4.2, in view of the hypotheses (4.41)—(4.42), it follows that 
Cy =C\(N). 

Now the set [v > 0] ((Xo, to) + Qp) coincides with the set [u+ fo > k]N 
((%o, to) + Q,p). Therefore, using the assumptions of the lemma in (4.43) we 
find 


sup v4 < 76 ¢ = fop™** ) +2 fop™ Ft + ykp™H, 
Qeplitasta) 


Le., 
N 


u(x,t) >k (1 lh) rt) — fo(l + 27) p¥#. 


We assume p to be so small that pNn < 1—0 and then choose (1 — 4) so 
small that 


x 1 
1— (1 — 6) —yp"+t > 1—-2y(1—- 8) = 5. 


Setting 
y=14+2y7 


the lemma follows. a 
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Lemma 4.6 Let u > 0 be a smooth, non-negative super-solution of (4.40) in 
Er. Let (%o,to) +Qp C Er and assume that at the level t = to 


u(x,to) > k, in ||z — Xol| < ep 


fork > 0 fixed, € € (0,1) given. 
Then for every a € (0,1), there exist constants € € (0,1), m>1,7>0 
depending only upon N, Xo, Ao, Yx, and independent of f, p, k, u, such that 


u(a,t) > k&e™ — pT fo,  V (a, t) € Qp(o), 


where Qp(o) = {||z — xol| < (1—o)p} x (to + op, to +07‘ p*), provided 


pNet <yte™, (4.44) 


Remark 4.9 By following step by step the proof in Section 4.4, it is easily 
seen that the requirement (4.44) does not affect the argument, except for 
minor changes. 


Proof of Lemma 4.6 As before, we may prove the lemma for (a,,t.) = (0,0) 
and momentarily make a change of variable, so that p = 1. 

We refer to Figure 4.6 introduced in the proof of Lemma 4.4, construct 
the same domains C’, D, and consider the same comparison function 


b(a,t) = (1- le(2, 919), / (Go%r+e?) 


1 n 
with z(#,t) = (a — ctx") / (50° + | , and n to be chosen. 
As before, the choice of such a w is made to prove the lemma at the point 
(o,f) = (a*,o-*), with |a*| < 1—o-. 
Define 7 
(a, t) = 6" ky (a, t) 


and observe that 
w~w>0 in D, 


w(a,t)=0 (a,t)€ aD, (4.45) 
W(a,t)<k (x,t) € 02D. 
We choose the constant n so that 
te —Lolh) <0 in D, (4.46) 
where 
Low) = Ai; (x, t, U, Du) Vain; rR 


Since £,(-) is linear and (A;;(x,t,u, Du)) satisfies (4.41), by repeating the 
calculations of Section 4.3 we see that there exists n = n(N,o,A 9, Ao) such 
that (4.46) holds in D. 
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Set 
w=w-u, 


and observe that by (4.45) w < 0 on 0,D and 02D. We consider w extended 
in Qs in a C?! fashion, so that w < 0 outside D. 
By calculation and (4.46) 


WWE = Lo(w) = [ue — Ajj (x, t,u, Dit) ize, 
< B(x,t,u, Du) < y(u+|Dul) + 


on the set Ea = w4], u<ywy and |Du| < 7, ie., 
|Du| <o+|Dy}. 
Therefore, on a = wy | 


we — Lo(w) < y(H + |Dy|) + IfI- 


By the maximum principle, Theorem 3.5 


1 


N+1 
w(a*,t*) <yfot+ (/ |p + Dyp|NT? deat) 
D 
Estimating the last integral we have 
(1 — |lzII?) ny, (t= Mell?) 
|Dy| < ek — a < (e"k) aR 
where F 
g(t) = (50% +E ) 
Moreover, 
n, (t= lel?) 
gil? 
Therefore, 


— “lh (a + |Dy|)X*1 dadt 


N+1 
(1- z 
(ek) ar 4 a I"). dxdr. 
D(r) (rT) 


Notice that g'/?(r) is the radius of the ball D(r) so that 


-1 


Tein 7 [g(r)) 2-72 dr 
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=4 
n ° 1 n 
=> (e me f Gotten = 7(a)(e er. 
2 


Therefore, the last integral in the estimate of w (a*,t*) is bounded by yf, + 
ye"k. Scaling back to the cube of dimension p, we find 


E N N 


2n 
u(a*,t") > (=) k= yp ek = pre fo. 
oO 


The lemma follows if p is so small to satisfy (4.44), for the point (a*,t*). 
For the remaining points in Q,(o) the argument of Lemma 4.4 applies to 
the present situation. | 


4.6 Local Holder Continuity of Solutions 


We let u € Wree (Er) (see Section 3.5 for the definition of such a space) be 
a solution of 
Us — 04; (2, thuse, + di(a, tue, = f, (4.47) 


where (a;;(x,t)) and b(z,t) satisfy (4.23)-(4.24). 

We show that the Harnack inequality proved in the previous sections im- 
plies an a priori estimate of the Holder modulus of continuity of u over com- 
pact subsets of Ey, depending only upon A,, A, Bo, N. The proof we provide 
closely resembles the one given in Section 11 of Chapter 12. We repeat it here 
to keep the two chapters self-contained. 

We will treat later the case when the operator in (4.47) contains the term 
c(a,t)u and when wu solves a quasi-linear equation. 

Let (%o,to) € Er and R, so small that 


Qr, = Br(xo) x (to — R3, to) 
is all contained in Fr. Set 


Wo = ess osc u = esssup u — ess inf u 
QR. QR QRo 


Wy, = eS8S OSC U 
QRo/2 


Lemma 4.7 There exist constants 0 € (0,1) and y > 1 depending only upon 
No, A, Bo, N and independent of Ro, u, f such that 


_N_ 
wi <Owot+VfoRo™, fo = ||fllw4t;er- 


Proof. Together with Qpr, consider the cylinders 


7 5 
Qr = QR, /2: Qu = Bug (Xo) x (« _ goto _ Re) 
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(xo,to) 
Qt 
mer to— 3? 
ae to BR? 
Q- 
a to GR? 
Ro 
Fig. 4.9 


(see Figure 4.9). Define the functions 


U =esssupu—u; V =u-—essinfu. 
QRo QRo 


Then, obviously, U > 0, V > 0 and they both satisfy (4.40) (with f replaced 
by —f for the V). By the Harnack inequality (see Remark 4.7) 


_N_ 
ess sup u — esssupU >Y¥o | esssupu — essinf u | — 7fole*! 
QR QRo/2 Ro Qr 


_N_ 
ess inf u — essinf u >. | esssup u — essinf u | — 7foRo*" 
QR, /2 QrRo Q- QrRo 


where y, € (0,1) and ¥ depend only upon the data. 
By addition 
WHT 


Wo — W1 > YoWo — 27 fo O , 


and the lemma follows with 06 = 1— yo, y = 27. | 
Next consider the sequence of radii 


R 


Rn = Ze) = 0/12... (4.48) 


and set 
Wn = eSS OSC U. 
Rn 


aN. 
N-+1 


Iteration of Lemma 4.7 yields wn41 < Own +yfoRn* and 
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n N 
Wn < wd” +7fo > ORM. (4.49) 
i=0 


From (4.48) by taking logarithms in the basis 4 


ea 
n= Inyje ( <2 . 


Rn 
and 
gi 7 R; Lyle 2 7 R; n 
A Re a Ba 
71 = |Iné|/In2. 
It follows from (4.49) that 
Rn Wi ud R; n N 
Wn < Wo (=) + od, (=) Rx* i (4.50) 
If we let 
a =min{n; N/N + 1}, (4.51) 
n R; n = n = aoe o 
— 
< (=) Ry i — < 2 2 Re 
i=0 i=0 


S y(a)j2-"* RS = ya)Ry, 
so that (4.50) implies 


un A(#) , n=0,1,2,..., (4.52) 


where a > 0 is defined by (4.51) and 
A= (wot VlfllwsierRs) - 
Now if 0 < p < Ro, there exists n € N such that Rp+1 < p< Ry. Since 
Ry =2Rn41 < 2p 


and 


ess osc u < ess oscu < Wn, 
Pp Rn 


it follows from (4.52) 


p a 
<27A(£) | vyo<p<R,. 4.53 
ce pee < (4 ) p (4.53) 


Pp oO 


Let K be a compact subset of Ey and set 
d=min {1; dist (K,0,Er)}, 


where 0, Er is the parabolic boundary of Ep. 
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Lemma 4.8 For every pair of points (x,t), (y,T) EK 
ju(a,t) — u(y,7) < C {Ia — yl® + |t— r//?} 


where 
C=¥ {llulloosar + VIfllwsierd"} a, (4.54) 
where y depends only upon N, a. 


Proof. Suppose (2, t), (y,7) € K are such that 
lr—yl<d, |t-—t|<d?. (4.55) 
Then by (4.53) 


|u(x, t) — uly, 7)| Slu@, t) — uly, é)] + u(y, t) — uy, 7)| 
<2etad-* (ar — yl* + | - 71%?) 


<2° (2]lull oxen + Yl fllavtserd™) (la — yl® + lt 71°?) 
<C {le —y|*+|t- ra/} 
If either one of (4.55) is violated, then obviously 


jz — yl + ae 


juiest) — uy] < Blaser (A 


and the lemma follows. | 


4.7 Holder Continuity of Solutions of Quasi-Linear Equations 
We assume here that u € Wr aus (Er) is a local solution of 
uz — Q[u] =0 in Er, (4.56) 


where 
Q(u] = A(z, t, u, Du)uz2; — Bz, t, u, Du), 


the matrix (A;,;(x,t,u, Du)) satisfies (4.41), and B satisfies 
|B(z, t, u, Du)| < y%(lul +|Dul) + |f(a,t)|, with fe LNt! (Ep). 
If (to, to) € Er and 
Qr, = Br, (0) X (to — R3,to) C Er, 


we let 


u* = esssupu, po = essinf wu. 


QRo Ro 


584 13 PARABOLIC EQUATIONS IN NONDIVERGENCE FORM 


The functions 
U(a, t) = pt —u(z,t), V =u(z,t) -—p 


are non-negative and satisfy an equation such as (4.56). To be specific, U 
satisfies 
U; — Aij(2,t, u, Du)Uz,2, = B(a, t,u, Du) 


and 
|B(a, t, u, Du)| < ye (JU| + |DU]) + yeu + [fl 


Therefore, the Harnack inequality for U and V holds with f, = ||f\lw+i.a7 
replaced by 
lf ll w4a;27 + apt | Er]. 


Consequently, the proof of the Holder continuity of solutions, given in Lem- 
ma 4.8, also remains unchanged, except for substituting C in (4.54) with 


Cl = 7" llulloosx (1+ 7 (flava + 1) d*) do“. 


Problems and Complements 


1c Introductory Material 


1.1c Introduction 
1.1.1c¢ Linear Equations 


We show how Lemma 1.1 implies that (1.2)(;, and (1.2) ;;) are equivalent. 
Indeed, employing the row by column product of matrices, we have 
& 
aij (@, C/E; = (Er,--- Ew) (Gaz (@,t)) |: 
En 
= EXX7!(a;; (zx, t))XX7*€". 


Since X-! = X°, setting 7 = (m,...,nw) = (&1,.--,€n)X, we have X~'é* = 
n', and hence, 


N 
aaj (a, thd) = 0 4 n = >> lz, tn? 
: . i=1 
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N 
Now, 7; = a €j; x4; and 
j=l 


N N N N 
In? = Dom = Dd) Skim = D7 GED) maja. 
i=1 


i,j l=1 jl=1 i=1 


N 
However, ‘2S rj; Xi is the (j,1)’” element of the row by row product of X- X. 
i=1 
Since X~! = Xt, this is the same as the (I, 7)” element of the row by column 
product X- X = Iy; therefore, 


N 
In? = D> S565 = |€)?, 


j=l 


and it follows that (1.2)(;) and (1.2)(;;) are equivalent. 


1.3c The Bellman—Dirichlet Equation 


The parabolic Bellman—Dirichlet equation naturally arises when finding the 
minimal cost in a stochastic control problem (or equivalently, finding the op- 
timal strategy). 

Let t > X; = {Xi(t), Xo(t),..., Xn (t)} € R% be a random process subject 
to the dynamics 


t t 
X =x+ / Was %.)ds+ f a(as, Xs) dW, (1.1c) 
0 0 


where 


e X is the initial value of the process taken, for example, in an open set 
ECR’; 

W, is a N-dimensional Wiener process (N € N); 

t > a; is a control parameter; 

(a, y) > b(a, y) is a given measurable function with values in RY; 

(a, y) > o(a,y) isa N x N matrix (0;;(a,y)). 


Let A be the set of all admissible controls. Choosing appropriately a € A, 
we can determine or “pilot” the evolution of the process X;. The choice of a, 
must depend on the value of the process up to time sg, ie., 


Aas = as(Xjo,5]); Xo, 5] = {(t, Xz) : 0 < t < sh. 


Suppose that for the optimal choice of the control to yield a desired X; there 
is a cost functional 
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= [rx 


for each individual trajectory X; starting at X. The cost p® is itself a random 
variable depending on the initial value X of the random trajectory X;. The 
“average” cost of the selected and fixed strategy a, € A is given by the 
expectation of p%, i.e 


v*(X)=E if f(a : 


We seek to minimize the average cost, i.e., we seek to find 


acA 


v(x) = inf v(x) = inf, E if fU(X% iat 


The Bellman—Dirichlet principle states that 


v(a) = ant | [po fo (X 2) d5-+ 0%) 


acA 


If « > u(x) € C?(E) by Ito’s formula, the stochastic differential du(X;) is 
given by 


N 
du(X1) = $0 ue, (Xe) dXe + 5 > Unga; (Xe) dXidXd 


w=1 2 A 


= JY et) + J) (4). 


(1.2c) 


By using (1.1c) 
N 


JM (t) = Uy, b; dt + > Ux, Tij dw}. 


ij=l 


Moreover, by using the standard rules of stochastic differentiation, i.e., 
dWidW? =0 if ij; (dW)? = dt; dWidt =0; (dt)? = 
we find from (1.1¢)-(1.2c) 
J) = (in (at, X)ojn (at, Xt) dt = o(az, Xz) - o* (at, Xt)dt. 
Carrying this in (1.2c) we find 
du(X,) = | L2Ceeie) Blane) (K,) dt + tx, (Xz)oi; (ax, X:)dWi, —(1.3c) 
where 


L7(o Xe) blo Ky (X4) = ag; (Ct, Xe)Ueze, (Xe) + dilate, Xe)ue,(Xt), — (1-4e) 
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and 


N 
aij (At, Xe) = = Dun at, Xt) + oj (At, Xt) = (oo")i;- 
We integrate (1.3c) over (0,¢) and take the expectation to obtain 
=E uct) - [oe u(,) | ; (1.5¢) 


where we have used the fact (see Krylov [146], pages 293-297) that 


E if te Ma) oj (sXe) | = 0. 


0 


We now combine (1.5c) and the definition of « — v(a) given before, to obtain 


i int {| f° (i) ds + v(%)| - o(a)} 
= inf E if F(6.) ds f° LP u() ds] ; 


Next, we divide by t and let t + 0 to have 


inf [L“v +f =0, where L® = £7(%7),0(o,2), 
ae 


Let (G,#) be a measure space and {F;,t > 0} an increasing family of o- 
algebras (i.e., a flow of o-algebras satisfying F, C F for any t > 0). 

Now suppose we start controlling the process X; given by (1.1c) only after 
the time t. Then the cost function is 


pe = | f° (K.) ds 


and the “average” cost is the conditional expectation of the random variable 
w — p(w) given Fy, ie., 


2(£,X;) = elf foe 0%.) d5| Fel. 


We seek to minimize the average cost, i.e., we seek to find 


v(a,t) = inf v (a, t) = inf E ff f “(%,) ds| F| ; 


:S (1.6c) 


By the Bellman—Dirichlet principle 


n= tf f0*(X.) ds + u(r, Xr) 


588 13 PARABOLIC EQUATIONS IN NONDIVERGENCE FORM 


Take now (x,t) > u(a,t) € C?1(Er). Then for all the random processes 
(t, X;) that remain in Fr for any T almost surely, by Ito’s formula 


N 
u(t, Xt) = ue, (t, Xe)dX} + u(t, Xdt + = > Una, (t, Xz)dXidXG. 


2A 


Proceeding as before, we have 


Ot 
+ Ux; (i Xi) oi (a4, X,)dW}, 


u(t, %) = | Zu(t,%) + Poem) ale) - 


where L®? is defined as in (1.4c), now with 


Gig = Gij(t, Xz), bi = diate, Xz, t). 
co 
If c, = c(t, X;) is a progressively measurable process, such that i cy dt < 00, 
: 0 
setting y; = | cs ds, we have 
0 


dle~ ?‘u(t, Xz)] =u(t, X,)de~?* + e~ ¥' du(t, Xz) + (de~ **)(du(t, Xz)) 
=e Pus, (t, Xi)oij (ae, X,)dW; 


+ e ¥t (5 + Pi = c) u(t, X;)dt. 


We integrate over (t,7), V7 > t and take the conditional expectation given F; 


to find 
A} 


e *ru(r, X,) =e Ptu(t, Xz) 
+# {| es (+ ey cs) u(s, X,)ds 
F Os 
This formula holds for all u € C?:!(Er) for all the random processes (t, X;) € 
Ey almost surely. Also, 


u(t, X¢) =e7 J & uy (7, X,) 


T s 1.7c 
-2{ f e Fe en an (FE —c,) u(s,%,)ds| Fit ( ) 
t Os 


Next, in (1.6c), redefine the minimum v(x, t) by setting Vr > t 
v(7,X,) = e7 Se u(r, X,). (1.8c) 


Suppose that the processes involved are so smooth that u € C?:!(Er). Then, 
writing (1.6c) with the change of variable (1.8c), and using (1.7c), we find 
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rh ec 


= int 2{ | f™ (X5)ds 
ae 
Ou 


inf E {{ f%(Xe)ds + e7 Je & u(r, X,) — ult, X) 
Qe t 
+f et en & 4+ £7 — ¢, ) u(s,K.)da 
P Os s ’ s 
Divide by (7 — t) and let 7 \, ¢ to obtain 
Or + inf, [((L° —ca + f*)u] =0 in Ep. (1.9c) 


Final value problems associated with (1.9c) give rise to the parabolic equation 
(1.12). 


3c The Aleksandrov Maximum Principle 


3.5c Estimates of the Supremum of a Function 


The result of Section 3.5 generalize to the case when the matrix (a,;;) is mildly 
degenerate. Rather than dwelling on the best possible cases, we limit ourselves 
to the following situation 


u€C* (Er), (3.1c) 
(x,t) > [det(a;; (2, t))|"+ € L(Er), (3.2c) 
uz — Lo(u) = uz — aij (2,1) Us;2;- (3.3c) 


We state and prove here a version of Lemma 3.9, since all the other results 
follow from it in a rather simple fashion. 


Lemma 3.1c Let (a;;(z,t)) be a positive semi-definite, N x N symmetric 
matrix satisfying (3.2c), and let E be convex. 


Then, for every u € C?\(Er) such that u|_ <0, we have 


ia 


1 


| (4 — Luv 
ee yf aie Seong init} | 


sup u+4 < yn (diam(E 


where yn = 3 (2 


N+1 
N+1 WN ) ‘ 


For the proof of Lemma 3.1c, we need the following facts. 


Lemma 3.2c Let dé N and let C be adxd positive semi-definite, symmetric 


matriz. Then, 
d 
det(C) < (2) 
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Proof. If {A;}4_, are the eigenvalues of C, we have A; > 0,i=1,...,d and 


d mt” fer(Cy\4 
seo) =T]x < (5) ={ 5 ) ; 


Corollary 3.1c Let A and B be two positive semi-definite, symmetric matri- 
ces. Then, 
tr(AB) \“ 
det(AB) < (=) 


Proof. Consider the matrix A2 Az; it is obviously symmetric, and it is 
1 1 

also positive semidefinite. Indeed, for any x € R? we have (A?BA?2,2x) = 

(BA?x,A?2x) > 0. The result follows from Lemma 3.2c. 


1 
+1 


Proof of Lemma 8.1c. We start from Theorem 3.4 with cy = 2 je - and 


estimate the integrand in (3.19) by making use of Corollary 3.1c as follows. 


uz det(—D?u) = [det(a;; (a, t))|~* [det(a;; (a, t))|uz det(—D?u) 
= [det(a,; (a, t))|-} det iC 7 i) det € - 5) 


salon (ee t( Bea) (baatan) 


- ETH Met(as(e. 9)" —Lo(u) N41. 


We leave as an exercise the task of stating the facts analogous to the ones in 
Theorems 3.5 and 3.6. 


Check for 


14 updates 
NAVIER-STOKES EQUATIONS 


1 Navier-Stokes Equations in Dimensionless Form 


Let E be a physical open set in R® filled with a fluid of dynamic viscosity 
and constant density p, whose infinitesimal ideal particles at « € FE at time t 
move with velocity v = (v1, v2, v3) function of (x,t), and are acted upon by 
the pressure (a,t) + p(a,t), and by possible external force densities f. (a, t), 
per unit volume. Enforcing the local, pointwise conservation of momentum 
along each of the ideal Lagrangian paths t — x(t), yields the Navier-Stokes 
system as in (7.1)—(7.2) of the Preliminaries, 


plve + (v-V)v] —pAcv + Vp = fe 


in E 4 
div, v <0 in E x (0,00) (1.1) 


Here, A,, V and div, denote the corresponding differential operation with 
respect to the physical space variables x. If f. is conservative, such as for 
example gravity, then f. = VF for some given potential F’. In such a case 
(1.1) can be written in homogeneous form by redefining p as (p— F). 

The various terms in (1.1) are written in terms of pre-chosen physical unit 
length [L] and time [T] and corresponding unit velocity [V] = [L][T]~+, unit 
pressure [P] = p[V]?, unit force density [F] = p[V][T]~! and unit dynamic 
viscosity [u] = p[V][L]. They can be written in dimensionless form by intro- 
ducing dimensionless space variables y = x[L|~' and time tT = ¢[T]~' and 
corresponding dimensionless velocities, pressures, and force densities 


es oe = _ fe(yld],rIZ)) 
V(y,7) = [V] ? PUY; )= [P] ) f [F] : 


Denote by E the rescaled physical domain E expressed in terms of dimension- 
less coordinates. Then, dividing (1.1) by p and formally by [V][T]~+, yields 
1 2 
V7 — ——AyvV v-Vy)V+tVyp= - 
aa Ts hee ed a a (1.2) 
divy v = 0 
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where Re is the Reynolds number! of the system corresponding to the units 
[LZ] and [T] and defined by 


2 def AVL] 
oo 


Although Re is dimensionless, its numerical value depends on the choice of 
[L] and [T]. Indeed, the dynamic viscosity pz for a fluid of density p, is experi- 
mentally determined in terms of some given units, say, for example, cm’sec™!. 
Expressing them in terms of new units [LZ] and [T] changes the numerical value 
of Re. The coefficient of A, in (1.2) is the dimensionless kinematic viscosity 
vy of the rescaled fluid. 

This rescaling procedure is at the basis of predicting experimentally non- 
accessible fluid flows in large-scale domains, such as air past an airfoil or water 
past a vessel. The physical domains are rescaled to experimentally accessible 
dimensions, such as laboratory water channels or wind tunnels, with a properly 
redefined Reynolds number. Information provided by the dimensionless system 
(1.2) is then rescaled back to the physical domain. 

To simplify the symbolism we continue to denote by az, t, v, p, and f the 
rescaled, dimensionless quantities and rewrite the Navier-Stokes system (1.1) 
in the dimensionless domain EF, for dimensionless times t > 0 in the form 


R 


v, —vAv+(v-V)v+Vp=f 


E ie 
Tee 9 EXO) (1.3) 


with v = Re‘. Typically, one prescribes the velocity field v, = v(-,0) at 
time t = 0 and v(.,t) = g(-,t) on OF for t > 0 and seeks to solve (1.3) subject 
to these data. 

If E is a rigid container at rest with respect to an inertial system, then 
OE acts as a rigid wall and g = 0, by viscosity. This is the so-called no-slip 
condition. The case g 4 0 may occur when QF is itself in motion with respect 
to an inertial system. In the applications, other types of boundary conditions 
have been considered. We talk of a kinematic condition, when the normal 
component of the velocity vanishes at the boundary, that is, the velocity v is 
tangent to the boundary: 


v(-,t)-n=0 on OE 


for t > 0, where n is the outward unit normal to the boundary OF. In 1823 
Navier proposed a more general condition, namely the so-called Navier bound- 
ary condition, which, roughly speaking, states that the tangential component 
of the velocity is proportional to the tangential stress at the boundary. We do 
not consider these different boundary conditions in the following. 

The system (1.3) is formal since, even by prescribing smooth initial and 
boundary data v, and g and the forcing term f, one cannot a priori guarantee 
that v and p are so regular as to give pointwise meaning to its various terms. 


‘Osborne Reynolds, 1842-1912, Irish-born physicist, made important contribu- 
tions to the understanding of fluid dynamics. 
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2 Steady-State Flow with Homogeneous Boundary Data 


Let E be a bounded domain in R® with boundary OE, and consider, formally, 
the steady-state flow in FE, 


—vAv+(v:-V)v+Vp=f, 
div v = 0, in EL. (2.1) 
V Jon =0 
Introduce the space of functions 
V = {p € CS°(E;R®) such that dive =0 in E}; 
H = {closure of V in the norm of L?(E;R*)}; (2.2) 
V = {closure of V in the norm of W,?(E;R*)}. 


Formally inner-multiply the first of (2.1) by ~ € V and integrate by parts in 
FE. Since v and @ are both divergence-free, obtain formally 


[ byvive-v- Ww Ve elde=0, (2.3) 


where 


Vv: Vp = a1 V4 VYj- 


Here, we have used the relation 
[© Viear =— | 9-(¢-V war 
E E 


valid for any triple of solenoidal vectors y, p,¢ € W!?(E;R%) such that at 
least one of them is in V. As a consequence, 


[2 6- Dede =o. 
E 


These calculus operations are repeatedly used without specific mention. 
By the embedding Theorem 2.1 of Chapter 9 there exists a constant 7 
independent of & and v, such that 


IIv\le < y|/Vv]fo for all v € V. (2.4) 
Therefore, for all such v 
lIvl2<7IBIF[|Vvll2 and |lvila < 7B [|Vvllo. (2.5) 


As a consequence, 


1 


a 2.6 
y|B|3 +1 6) 


Yollvilv < [|Vvll2 < llvilv, where Yo = 


594 14 NAVIER-STOKES EQUATIONS 


for all v € V, where the rigorous definition of norm in V is given in (3.1). 
By these inequalities, all terms in (2.3) are well defined for all y € V and 
f € L3(E;R?). Thus, having prescribed one such f, we define a weak solution 
of (2.1) as a function v € V satisfying (2.3) for all py € V. The homogeneous 
boundary data on OF are taken in the sense of the membership v € V. The 
same membership guarantees that div v = 0 in the weak form 


| v-Vydx = 0 for all p € C™°(E). 
B 


By this definition of solution, the choice y = v is admissible in (2.3) yielding 
the basic energy estimate 


y|Vvll2 <rlflle, (2.7) 
to be satisfied by any weak solution to (2.1), where 7 is the constant of the 


embedding of V into L°(E;R°). Thus, if f = 0, then v = 0 is the only weak 
solution of (2.1). 


2.1 Uniqueness of Solutions to (2.1) 


Let vi and v2 be weak solutions to (2.1) corresponding to the choice of f € 
L5(E;R?). Write (2.3) for v, and v2, subtract the expression thus obtained 


and in the resulting integral identity choose y = w ect (v1 — V2), to obtain 
v||Vwl||3 = Ff [vi -(w- V)w+w:- (v2: V)w]da 
B 
< ([Ivilla + Ilvella) [willl Vwlo- 
Since v,; are solutions, combining (2.5) and (2.7) gives 
4 Oe tai 
Iwas Zl Vw, and |lvjlla < EI IIE lls. 


Therefore, 
aern 
Vwle < 27(2) 1BI4 


Iflle|IVwllo. 


If the coefficient on the right-hand side is less than 1, then w = 0 and the 
solution is unique. Such a coefficient depends on the absolute constant y of the 
embedding V c L°(E;R3), on the size of E, the viscosity v, and the nature of 
the forcing term f. Given EF and f uniqueness holds if the Reynolds number 
of the system is sufficiently small or equivalently if the fluid is sufficiently 
viscous. 

It should be noted that the definition of a weak solution does not depend 
on the pressure p, which itself is an unknown to be found from (2.1). 
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3 Existence of Solutions to (2.1) 


The spaces H and V introduced in (2.2) are separable Hilbert spaces by the 
inner products 


H > (u,v) > (u,v) Bt fw vate 
(3.1) 


V > (u,v) > (u,v), a (u, Vv) 7 +f Vu: Vvdz. 
E 


By (2.6) the inner product (-,-)y is equivalent to 
V 3 (u,v) > (u,v)v -| Vu: Vvdi = Ya (Vuj, Voy) 
B 


which from now on we adopt. Having fixed f € L3(E;R°) and v € V, return 
to (2.3) and consider the two linear maps 


vae or | t-pde 


vaea i / v-(v- V)pdz. 
EB 
By Hélder’s inequality and the embedding V c L°(E;R?) 


| f £-sedz| < ail IVelle 
E 


Therefore, the first is a bounded linear functional on V. By the Riesz repre- 
sentation theorem, there exists a unique F € V such that? 


Vee | £- de = (Fy)v. 
Likewise, by the same embedding and (2.5) 
| [vo Dede] < PEI IVVIB Velo. 
Therefore, also the second map, for every fixed v € V, is a bounded linear 


functional in V. By the Riesz representation theorem, there exists a unique 
B(v) € V such that 


veer |v. (v-V)pdx = (B(v), p)v- 


With these identifications, the weak formulation (2.3) can be recast in the 
form 


?Dunford and Schwartz [62], Chap. IV, § 4 
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Vee 7, 9)v = (B(v) +F, 9)v. 


Equivalently, in functional form 
1 
v=B(v) in V* where B(v) = — (Bly) +F), (3.2) 


and V* denotes the dual of V identified with V itself up to an isometric 
isomorphism. Thus, existence of a weak solution to (2.1) in the sense of (2.3) 
is equivalent to finding a fixed point of the map V 3 v > B(v) € V*. 


Lemma 3.1 The map B(-): V > V* is compact. 


Proof. Since V and V* are separable metric spaces, compactness is equivalent 
to sequential compactness. Let K be a bounded subset of V, i.e., there exists a 
constant C such that ||v||y < C for all v € K. The image B(/) is pre-compact 
in V* if for every sequence {v,,} C K there exists a subsequence {vn} C {vn} 
such that {B(v,,)} is a Cauchy sequence in the operator topology of V*. 
By the Rellich-Kondrachov compact embedding theorem (Theorem 2.2 of 
Chapter 9), the embedding V > K << L?(E;R?) is compact for all 1 < p < 6. 
Therefore, having fixed 1 < p < 6, from every sequence {v,} C K one can 
extract a subsequence {v,} C {v,}, which is Cauchy in the topology of 
L”(E;1R3). Hence, to show that B(K) is pre-compact in V* it suffices to show 
that for every sequence {v,} C K, Cauchy in L*(E£;R?) the corresponding 
sequence {5(v,,)} is Cauchy in the operator topology of V*. Having fixed one 
such sequence {v,} C K, the action of v[B(v,,) — B(vm)] on elements y € V, 
is computed from 


(v[B(vn) — B(vm)],¢)v = [bv ‘(Vn -V)—Vn-+ (vm: V) pdx 
= | (Vai _ Vm) . (Vn . V)pdx 
E 


+f Vm (Wn — Vm): Vi gdx 
E 
< ([l¥nlla + [l¥mll4) [vn — vnllallellv 
bile 
< 7E|® (Ilvallv + [lvmllv) Il¥n — venllallelly- 


Hence, 


|B(vn) — B(vm)|lve = sup ([B(vn) — Bvm)], 9) v 
IPllv=1 


1 
< 2C9|E|™ ||vn — Vmlla- = 


Consider next the family of variants of (3.2) 


v= Biv) inV for AE (0,1). (3.3) 
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If vy is a solution of (3.3), it is also a solution of (2.3) with v replaced by v/X. 
As such, the a priori estimates (2.6) and (2.7) remain in force with v replaced 
by v) and v replaced by v//A, i-e., 


1 vA 
IIvallv < —Vvalle < ——llflls- 
Yo V Yo : 


Therefore, all possible solutions of (3.3) are uniformly bounded in . Existence 
of solutions of (3.2), and hence of (2.1), now follows from the Schauder—Leray 
Fixed Point Theorem. 


Theorem 3.1 (Schauder—Leray [169]). Let T be a continuous, compact 
mapping from a Banach space {X;||-||x} into itself, such that all possible 
solutions of x = AT (a) are equi-bounded uniformly in \ € (0,1). Then, T has 
a fixed point. 


4 Nonhomogeneous Boundary Data 


Let E be a simply connected, bounded domain in R? with boundary OE of 
class C! and satisfying the segment property? and consider, formally, the 
steady-state flow in E, 


—vAv+(v:-V)v+Vp=f, 
divv = 0, in E, (4.1) 


Vlog =a 


where a is a vector-valued function defined on OF, whose regularity will be 
specified as we proceed. If v is a solution of (4.1), then, formally, by Green’s 


theorem, 
0 =| div vdx =| a-ndo, (4.2) 
E dE 


where n is the outward unit normal to OE. This is then a necessary condition 
to be imposed on a for the solvability of (4.1). The solvability of (4.1) hinges 
on extending a with a divergence-free vector-valued function b defined in E. 
The smoothness of b and the meaning of b = a on OF will be made precise 
as we proceed. Assuming that such an extension can be found, seek a solution 
to (4.1) in the form v = b + u, where formally 


—vAu+(u-V)u+(b-V)u+(u- V)b+Vp=g, 
divu=0, in BE, (43) 
ula, =O 
and 


3Section 8.1 of Chapter 9. 
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g=f+vAb-—(b-V)b. (4.4) 


Solutions of (4.3) are sought in V with the equation being interpreted in its 
weak form 


vf Vu: Vedx 
= (4.5) 
=| {[u-(u-V)+u-(b-V)+b-(u-V)|p+g-p}dz 
E 
for all g € V. Taking y = u gives the a priori estimate 
(»— ser IblA) Iu < | f ewe, (4.6) 
E 


where ¥ is the constant of the embedding of V into L°(E; R®). The right-hand 
is finite if f € L5(E;R*) and b € W!(E; R3), since by the Sobolev-Nikolskii 
embedding theorem * this implies b € L°(E;IR?). Indeed, 


[evade 
E 


where again ¥ is the constant of the embedding of V into L°(E;R°). 

If the domain FE has boundary OE of class C! and satisfies in addition 
the segment property, functions b € W1?(E;R*%) have traces on OF in the 
fractional Sobolev space? 


Ss [vilflle +y||Vbll2 + [[b[]Z) [Vull2, (4.7) 


b | p= a€ W2?(9E;R’). (4.8) 
Henceforth, given a boundary datum a € W2 (OE; R3), we assume that it can 
be extended into a solenoidal vector field b € W1?(E;R3). A compatibility 
condition for such an extension to exist is that a has zero flux across OF as 
indicated by (4.2). We also assume that such an extension can be constructed 
to satisfy 

7|E|? [bla < dv. (4.9) 


The actual construction of an extension b satisfying (4.8) is carried out in Sec- 
tion 4.2c of the Complements. Moreover, we assume that (4.9) can be derived 
from (4.7c). Accepting it for the moment, this last requirement combined with 
(4.6)—(4.7) yields the a priori estimate 


27 
|[Vull2 < = [itll + v||Vbll2 + ||bIlz (4.10) 
to be satisfied by any weak solution to (4.1). 


“Theorem 2.1 of Chapter 9. 
°Theorem 8.1 of Chapter 9. 
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4.1 Uniqueness of Solutions to (4.1) 


If u, and upg in V solve (4.1) write their weak formulations (4.5), subtract 
them out and in the integral identity thus obtained take the testing function 


yp = (uy — up) a w, and make use of the embedding (2.5) and the upper 
bound (4.10) to be satisfied by all weak solutions to (4.1), to obtain 


|Vwl|3 = ah [ui -(w-V)w+w: (uo: V)wt+b-(w- V)wide 


Vv 


i 
< > (|fualla + |lualla + [Tb lla) [Iwllal Vl 


2 
Yot{,7 ak 
< Up (4B 1* [itl + bl + [IF] + Mla) IVI 


If the coefficient of ||Vw||3 on the right-hand side does not exceed 1 then 
w = 0 and the problem admits at most one solution. The uniqueness condition 
hinges on several factors including |E| and the size of the extension b through 
the norms ||Vb||2 and ||b||4. The key condition, however, is expressed by the 
smallness of the Reynolds number Re = v~!. Thus, uniqueness holds if the 
Reynolds number is sufficiently small or equivalently if the fluid is sufficiently 
viscous. 


4.2 Existence of Solutions to (4.1) 


Consider the linear maps 


vaeoe | spas 
E 
vaeat f [u-(u-V) +u-(b-V) +b: (u- V)]yde. 
E 
Estimate 


| [ e-ede| <7 [litle +vVbl2 + [bl] Vel 


Therefore, the first is a bounded linear functional in V. By the Riesz repre- 
sentation theorem there exists a unique G € V such that 


Vaes | e-edr= (Gov. 
E 
Likewise, estimate 
| [fa (a-¥) +u-(b-V) +b: (w- V)] pace] 
E 


pale pale 
<E|* (y|£177|Vull2 + 2[[blla) || Vallall Vella, 
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where ¥ is the constant of the embedding L*(E;R°) C V. Therefore, the sec- 
ond map is also a bounded linear functional in V. By the Riesz representation 
theorem® there exists B(u) € V, such that 


| [ju-(u-V)+u-(b-V)+b-(u- V)|gdz = (Blu), y)v. 
E 
With these identifications the weak form (4.5) reads 


Vee viu,¢)v = (Blu) + G,¢)v. 


Equivalently, in functional form 
_ - 1,= 
u=B(u) in V*, where B(u) = —(B(u)+G), (4.11) 
V 


where, as before, V* denotes the dual of V identified with V itself up to an 
isometric isomorphism. Thus, the existence of a weak solution to (4.1) in the 
sense of (4.5) is equivalent to finding a fixed point of the map V 3 u-> B(u) € 
V*. 


Lemma 4.1 The map B(-) : V — V* is compact. 


The proof is analogous to that of Lemma 3.1 with minor changes. Consider 
next the family of variants of (4.11) 


u=AB(u) in V for A€ (0,1). (4.12) 


If uy is a solution of (4.12), it is also a solution of (4.5) with v replaced by 
v/X. As such, the a priori estimate (4.10) remains in force with u replaced by 
uy and v replaced by v/A, i-e., 


1 r 
mally < —lIVualle < 257 [fll + vlVbll2 + DIL . 


Therefore, all possible solutions of (4.12) are uniformly bounded in \. The 
existence of the solutions of (4.11), and hence of (4.1), now follows from the 
Schauder—Leray Fixed Point Theorem 3.1. 


5 Recovering the Pressure 


Return to the steady-state Navier-Stokes system (2.1) in its weak form (2.3). 
The existence of solutions to such a system has been established in Section 3 
irrespective of the pressure p appearing in the formal pointwise form (2.1). 
Assume momentarily that 


v ¢ W??(E; 3) and f € L?(E;R*). (5.1) 


°Dunford and Schwartz [62], Chap. IV, § 4 
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Then, (2.3) by back-integration by parts yields 
| (NS): ydx=0, where (NS)=-vAv+(v-V)v-f 
E 


for all y € V. Since (NS) € L?(E;R%) this continues to hold for all y € H. 
Therefore, (NS) € H+. Introduce the space of functions 


Ge collection of ~ € L?(E;R3) of the form 
7 y = Vp for some p € W!:2(E) 


Proposition 5.1 (Helmholtz—Weyl Decomposition [274]) Let E c R? 
be open, bounded, and convex. Then, G = H+ or equivalently 


L?(B;R®) = HOG. 


Indeed, Proposition 5.1 is a special case of the Helmholtz—Wey] decomposition; 
its proof will be given in Section 5c of the Complements. 

The system (2.1), as such, does not provide sufficient information to de- 
termine the pressure p. However, its weak formulation (2.3) permits one to 
assert that the principal part (NS) of the Navier-Stokes system has, at least 
under the regularity assumptions (5.1) on v and f, and locally in E, the 
form of a gradient of some pressure p € Wi? (E). This follows by applying 
Proposition 5.1 to open, convex subsets of FE. 


6 Steady-State Flows in Unbounded Domains 


Let E be an unbounded, open set in R? filled with a fluid of dynamic viscosity 
pt. The problem is particularly interesting from the physical point of view if 
F is an exterior domain, that is, the complement of a bounded set; such a 
situation can then be used to model the motion of a rigid body through a 
viscous fluid, or the flow past an obstacle (see also Galdi [91], Chapter 1, § 2 
for more details). 

The domain FE will be assumed to be open and simply connected, with 
boundary OF of class C', and satisfying the segment property. The fluid 
velocity v is assumed to take the value a on OL, for a vector field a whose 
regularity will be specified as we proceed, and to approach a constant vector 
Axo as |x| — oo. The fluid is stirred in its interior by a forcing term f whose 
properties are to be defined. Consider formally the steady-state flow in E, 


—vAv+(v:-V)v+ Vp=f, 


divv = 0, 
in E 6.1 
v los =a (6.1) 
lim v(x) = ay. 
|z|—-00 


Notice that, in general, (4.2) is no longer a necessary condition on a for the 
solvability of (6.1), even if a, = 0. 
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6.1 Assumptions on a and f 


It is assumed that the boundary datum a € W22(0E; R°) can be extended 
into a solenoidal b € W,7?(E; R?), satisfying 


b=a_ on OE as traces of functions in W'?(E;R?®), 
b—a. € L?(E;R°), 

M, M. 
————.,,_ and |[Vb|/ << 1 in E, 
J 1+ la? 1+ |a| 
for two given constants M, and M,. For exterior domains and smooth a with 


zero flux on OF, such an extension can always be realized. Indeed, we have 
the following. 


(6.2) 
|b(x) — aso| < 


Proposition 6.1 Let EF be an exterior domain, complement of a bounded, 
simply connected domain E° = R°\E. Then, any a € C?(0E;R°) satisfying 
(4.2) admits a solenoidal extension b € C?(R°;R°) satisfying (6.2). 


Proof. For 6 > 0, consider the set Es = [dist(-,0E) < 6] and construct the 
vector field a, € C3(R%; R*) corresponding to a, compactly supported in Es, 
such that the solenoidal extension bg of a is realized by ba = curlw. Such a 
construction is guaranteed by Proposition 4.3c of the Complements. 

Let R > 1 be sufficiently large, such that Br_1 D> E°, and set 


b’ = curl [(13400,2, L1A90,3, L2Ac0,1)C], (6.3) 


where 
1 outside a ball of radius R, 


¢ = <0 inside a ball of radius R-—1, 
smooth, 0<¢ <1 otherwise. 


Finally, let b(a#) = ba(#) + b’(x). One verifies that such a b is solenoidal, and 
satisfies the requirements (6.2). | 


For general vector fields with the regularity assumed in (6.2), again one 
relies on Proposition 4.3c of the Complements for the construction of ba, 
whereas b’ is built as in (6.3). 

By the previous construction, it is also apparent that supp Vb is a compact 
set in R°. 

The forcing term f is taken in L 
as |x| — oo, in the sense 


2 
loc 


(E; R?) and decreasing sufficiently fast 


|| f € L?(E;R?). (6.4) 
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6.2 Toward a Notion of a Solution to (6.1) 


Proceeding as in the case of bounded domains, solutions are sought of the 
form v = b+u, for some u € V, where formally u satisfies (4.3)—(4.5), the 
latter holding for all y € V. The membership u € V provides weak forms of 
the last two conditions in (6.1), whereas (4.5) interprets weakly the Navier— 
Stokes system. The next step is in deriving a priori estimates for u, by taking 
y = wu in (4.5). 

For bounded domains £, the inner product (-,:)y introduced in (3.1) is 
equivalent to the inner product (V-,V-). This follows from the embedding 
inequalities (2.5)—(2.6). If E is unbounded this is, in general, no longer the case 
and the topology generated by (-,-)v cannot be related to the norm ||V - |l2. 
Nevertheless, the first of (2.5) has a weaker counterpart in V. 


Proposition 6.2 Let u€¢ V and 0 € R°\suppu. Then, 


|u|? 2 
—scdx <4] |Vul*dz (6.5) 
Bg |z/? E 


Proof. Since u has a vanishing trace on OF, by extending it with zero outside 
E, regard u as an element of V in R?. Assume momentarily that u € VY, and 
for e € (0,1) compute and estimate 


|u|? 2 
ay dt = (A ln |a|)|ul-da 
e<|a|<e—! |x| e<|a|<e-1 
= ViIn|a| - ~ lul2do -| ViIn|a| - ~ lul2do 
|a|=e-1 Ja] | |x|=e |x| 


/ u Vu 
fae Ele 
e<|z|<e-! |r| |x | 


Letting e — 0 gives 


ni 
[ Boar <2 = -|Vulde < (4 [ Soa)’ ([ Iwaltae) dx)”, 


which yields (6.5). The proof is then concluded by density. Oo 


Notice that in the proof u being solenoidal is not used. 


7 Existence of Solutions to (6.1) 


7.1 Approximating Solutions and A Priori Estimates 


For n > diam(E*) let B, be the ball of radius n about the origin of R?, set 
E, = EO By, and let V, and V,, be the spaces introduced in (2.2) for E,. 
In each E,, we consider the problem 
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—vAv,y, + (vn + V)Vn + Vp =f, 
div v, = 0, 


Vn =a, 


laz 
Vn lop, =» los, - 
Let v, = b+u,, where u, € V, is a weak solution in E,, of 


—vAu,, + (un: V)un + (b- V)u, + (un - V)b+ Vp =g, 


divu, = 0, (7.1) 
7.1 

Un Lis = 0, 

Un las =, 


where g = f +vAb— (b- V)b. Since E,, is bounded, such a u,, exists, by the 
construction in Section 4. 


Proposition 7.1 Let u, € V, be a solution of (7.1) in E,, with b and f 
satisfying (6.2) and (6.4) respectively. Then, either of these a priori estimates 
holds, uniformly in n 


(v — 2M,)||Vunll2 <4 J 
(v —4M;)||Vunll2— 


where C > 0 is a constant that depends on 6 and R, introduced in the proof 
of Proposition 6.1. 


I||z|fll2 + (CaM? +vM)), (7.2) 


Proof. Since un € V,, it can be regarded as u, € V, by extending it to 
be zero outside E,,. Likewise, the test function y € V, is regarded as in V. 
Insert ~ = u in the weak formulation of (7.1), and transform and estimate 
the various terms by using the assumptions (6.4) on f and (6.2) on b. In this 
process we use the elementary calculation” 


i dx 2 
rs (1+ |o)?)? 


vf Vu, : Vuy dz <| i u,: (b- V)un da 

Ep En 

+ | Un * (Un * V)b de 
En 

+ I, f-u, da| 

+ vf. Ab: uy da| 


4 | ae 
En 


"Combine (8.5) of Chapter 2 and Problem 2.3 of the Complements of the same 
chapter. 


We have 
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The various terms above are transformed and estimated as follows: 

[ftom da} < |||a|fl]2|I|2|~*unll2 < 2||laI£[l2||Vunle; 
[f vAb-u, dz| < v|\|VbI]2||Vun|l2 < vMi7||Vunl2; 
u,:(b- V)u, dz} =0 © since b is solenoidal; 


I, 
| Un: (Un: V)bdx <M, | |a|~? |upn|?da < 4M,||Vupll3; 
E 


n n 


J (am V)bae] = | Un * (Un V)(b = ase + Ase) de 
E E 


n 


< 1 Tee (Tay eee da| 
EB 


< | Un «(Un V)(b = ase) da| 


= | (b — ay): (un: V)un da| 
RS 


<M, f x|-*Iun|[Vtidr < 2Mo|| Vu [3 
E 
/ tn: (b- V)bdz| = i u, :(b: V)bdx 
B E,Msupp Vb 


= | b- (b- V)u, dx 
E,NMsupp Vb 


A 


= [b|IZ.2,,.nsupp Vbll VUnll2,;2,nsupp Vb 
< C(6, R)||Vb|[3|| Vunll2,2,nsupp vb 
< C(5, R)||Vb|]3||Vunll2 
= C(6, R)M?n*||Vunlle. 


Combining these calculations proves (7.2). a 


The proposition provides an a priori estimate for ||Vu,||2, independent of n 
if either M, or M, is sufficiently small. In what follows, assume 


max{2M,;4M}<v andset v—max{2M,;4M;}=a>0. (7.3) 
For unbounded EF, introduce the space 
H = {completion of V in the norm || - || = ||V- |J2}. 


This is a separable Hilbert space by the inner product (-,-)7, = (V-, V:) 4. By 
construction V C H, as elements in H are not required to be in L?(E;R?). 
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7.2 The Limiting Process 


If (7.3) holds, then {u,,} is a sequence bounded in H, and hence weakly pre- 
compact in the same space. Every element u in the weak closure of {u,} 
is a weak solution of (4.5) in the following sense. First, u © H* and hence 
u € H by the Riesz identification map. Next, having fixed y € Y, let F be its 
support and consider the sequence {u,,|-} of restrictions of u, to F’. Since F 
is bounded, by the embedding inequalities (2.5)—(2.6), the norm ||V - |l2,7 is 
equivalent to the norm of W!:?(F;R?). Therefore, there exists a constant C, 
depending on F’, such that 


Unlellws2ceR3) <C uniformly in n. 


By the Rellich-Kondrachov compact embedding theorem (Theorem 2.2 of 
Chapter 9), the embedding W!:?(F; R°)  L?(F;R°) is compact for all 1 < 
p <6. Therefore, a subsequence {u,’|7} C {u,|-} can be selected so that 


{un} u_ weakly in W1?(F;R3), and 


7.4 
{up} u_ strongly in L"(F;R°). 7-4) 


Theorem 7.1. Let (6.2), (6.3), and (7.8) hold. Then, (4.5) admits a solution 
u €H satisfying 


vf vu: Vode = f {{u-(a-V)+u-(b-V) +b: (u Vip +e- yh de (7.5) 


for all pe Vy. 


Proof. Let u € H be in the closure of {u,,} in the weak topology of H. Write 
down (4.5) for u, over E, for y, € Vn. Having fixed » € VY, let F be its 
support and let nr be so large that F Cc B, for all n > np. Then, for 
such » fixed, (4.5) will hold for all n > ng. Letting n > oo along proper 
subsequences depending of » satisfying (7.4) establishes (7.5) a 


Remark 7.1 Notice that the indicated limiting process can be carried out 
for a fixed y of compact support and not for y € V. Thus, (7.5) holds only for 
y € Y and, in general, not for g € V. Once u in the weak closure of {u,,} has 
been identified, the choice of subsequences for which (7.4) holds depends on 
the selected testing function y. However, the limiting identity (7.5) continues 
to hold for all y € Y. Also, for unbounded £, solutions are found in H and 
in general not in V. 


8 Time-Dependent Navier—Stokes Equations in Bounded 
Domains 


Continue to denote by E C R® an open, bounded set with boundary OE of 
class C! and satisfying the segment property. For 0 < T’ < o let Ep = 
E x (0,T), and introduce the spaces 
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L?(0,T;V) = {v(-,t) € V for ae. t € (0,7) with finite norm ||Vv|l2,2,}; 
we ee € V for a.e. t € (0,7) with finite a 


IIviliv = esssupery IVC, OM3,2 + IIVVl3,0, 


C™(0,T;V) = {py € C*(Er;R*) with y(.,t) € V for all t € (0,T)}. 
For these spaces the operations of V and div are meant weakly and with 
respect to the space variables only. Functions y € C™(0,T; VY) are divergence- 


free and of compact support in FE, in the space variables, but are permitted 
not to vanish for t= 0 or fort = T. 


Lemma 8.1 Let v € W. Then, v € L® (Er;R*) and 
3 
IIvIlx2.27 SVP llvilw, 


where y is the constant of the embedding of V into L°(E;R3). 


Proof. 
Ht 10 a 4 
i [ WwPacae = [ itlwPacae 
0 JE 0 JE 
r i : 
< | @ Ivi?de) (/ Iv[°de) dt 
0 E B 
a pT 
< (esssupliv(,tlae) f° lv e)le dt 
(0,7) 0 
Sieg te 
<¥'llvllw 
The last inequality follows from the embedding (2.4). | 


Consider a viscous fluid of Reynolds number v~! filling a rigid, still container 
E and stirred by a forcing term f. Its time evolution over (0,7') is modeled, 
formally, by the system 


v, —vAv+(v-V)v+Vp=f in Ep; 
div v = 0; 


v(-, t) hes = 0; 
v(-,0)=vo in E. 


(8.1) 


The homogeneous boundary condition for the velocity v, also called no-slip 
condition, says that at the boundary, the fluid will have zero velocity with 
respect to the same boundary. 

Multiply the first of these, formally, by y € C%°(0,7; V) and integrate by 
parts over E; = E x (0,¢) for t € (0, 7]. Using that div v = 0 gives 
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[ve - p(t)da — [ fv -y, dxdt 


+f | (vVv :Ve+(v-V)v- ip) dadr (8.2) 


t 
=f vo-e(o)ae+ [ [ f-edcar. 
E 0 JE 


Assuming momentarily that v € C°(0,7;V) take y = v and observe that 
the nonlinear term gives, formally, zero contribution. Using Lemma 8.1 also 
yields the formal energy inequality 


ess sup||v(#)||3.0 + 2v|| Vvl|3. 5, 
(0,7) 


EE 
< |IVoll3.n +2 | i: eo as 


S |lVoll3.0 + 2klfll2,erllVlloe7 


S IIvoll2.5 + 2VTIIEllaer oo Ilv(-, €) lle, 


In what follows, the set of parameters {v, T, |], ||Voll2:2, ||f|2,2, } constitutes 
the given data and we denote by y a generic positive constant that can be 
determined quantitatively, a priori only in these terms. With this notation, 
by a standard application of the Cauchy—Schwarz inequality, (8.3) implies 


IIvilw < Y(IlVollaz + IIflla-)- (8.4) 


These formal remarks suggest that we define a weak solution to (8.1) as an 
element of W satisfying (8.2) for all gy € C™(0,T; V), and the energy estimate 
(8.4). The membership v(-,t) € V for a.e. t € (0,7) gives meaning, in the sense 
of traces, to the homogeneous boundary data on OF. The same membership 
ensures that div v = 0 weakly in Fr. As for the initial data, observe that, for 
solutions in this class, all integrals in (8.2) are well defined. As a consequence, 
by Vitali’s absolute continuity of the integral, all integrals extended over F; 
tend to zero as t > 0. Therefore, 


lim | v(t): p(t)da = | vo: ~(0)dx for all pe C™(0,T;V). 
t>0 Jr E 

Thus, the initial datum v, is taken in the sense of such a weak continuity of 

v(-,t) in L?(E;R*). The same continuity also implies that div v, = 0 weakly 

in E. The latter emerges then as a compatibility condition to be imposed on 

the initial datum v, for a solution to exist. 


Theorem 8.1 (Hopf [123]). Let f € L?(Er;R*) and let v, € L?(E;R?) be 
weakly divergence-free in E. Then there exists a weak solution to (8.1). 


Remark 8.1 In the following we refer to such a solution as Hopf’s solution. 
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9 The Galerkin Approximations 


Let e = (e1,...,@n,--.) be a complete system for V. Since V is dense in V, 
by sequential selection and Zorn’s lemma, the elements e; can be chosen in V. 
Also, by sequential orthonormalization, although not necessarily orthonormal 
with respect to the inner product (-,-)y defined in (3.1), they can be chosen 
to be orthonormal in L?(E; R?), ie., (e;,e;) 47 = 5;;. Write a possible solution 
in the form 


n 
V=VntVrn, Where v, = do c(t)e; and ven = >> ¢j(the; (9.1) 
j=l j>n 


for scalar functions (0,7) 5 t > c;(t). The remainder v,.,,, of the series satisfies 
IlVenll¥ = I|vr nll + |Vvrnll3 >0 asn->oc. 


Since (e1,...,€n,.--) is complete in V, it is also complete in L?(E;R°). There- 
fore, by the indicated orthonormalization in L?(E;IR°) and Parseval’s identity 


IIvila.e = XG. 
j21 
Write v in (8.2) in the form (9.1) and observe that the terms involving v;,», 
tend to zero as n — oo. This suggests defining an approximate solution to 
(8.1) as a function v, € C™(0,T;V), with vn = >j_, Cn,ei, satisfying (8.2) 
for py = e;, for alli =1,...,n, Le., 


oe i sym 
/ [er +> ona{ f vVe; : Verde} 
0 j=l E aj 
n skew 
+ >> naff ey: (vn: V)ejde} dr -f f. edz] dr =0. 
g=l E ij EB 


For fixed n € N the terms Aji" = {---};5™ define the entries of a n x n time 
independent symmetric matrix A*®Y™, whereas the terms Astew ={--- }ekew 
define the entries of a n x n skew symmetric matrix AS*°” linearly dependent 
on the time-dependent vector ¢n = (Cn1,---;Cn,n)- The last term defines a 


vector f,, = (f1,..-, fn) dependent on t. Set also 


(9.2) 


Coi = i Vo: edz, Co = (5,4 tee aa Cr (0) = Co. 
E 


Requiring the integrand over (0,7) in (9.2) to vanish identically gives the 
differential system in c, 


a + x, (47" + Aa Gag =f; with cp i (0) = coi. (9.3) 
j=l 


The unique solvability of this system hinges upon some a priori estimates, 
which we derive next. 
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Proposition 9.1 Let en = (€n1,---,Cn.n) be a solution to (9.3) and set vy = 
ye eniei- There is a constant y depending only on the data and independent 
of n andi, such that 


lVn lw < 3 
ess sup |Cn,i(t)| < 7; 
sah (9.4) 


|en,i(t2) — Cnje(t1)| < y+ ||Veilloo;z)Vt2 — t 
for all (t1,t2) C (0,T). 


Proof. Multiply (9.3) by cn, add over i = 1,...,n, and observe that 
ce! Askewe,, = 0, where c!, denotes the transpose of the vector cp. This gives 


1 n n n 
a4 weet vf V XS cnyje7 2 VS Cn ieide 
t j=1 E j=l i=l 


a 
2 


=¥ fins < (DF) sos 22)" = Ife Ollasllyn®llae- 


Equivalently, 


5 all¥a(l3.2 + YllVvn()ll3,0 S [lfn (4) llayzllvn (lla 
To prove the first of (9.4), integrate this over (0,t) C (0,T) to get 
ess sup || Vn (t)|[3.2 + 2v|| Vvnll307 
(0,T) 


S |[voll2.5 + 2VTlfnllaier re I[vn(4)|l2;22- 


The proof is concluded by a standard application of Cauchy—Schwarz inequal- 
ity in the last term. The second of (9.4) follows from this and Parseval’s 
identity. To prove the last of (9.4), return to (9.3) and, for fixed i € {1,...,n}, 
estimate 


lena] < | | Vvn: Vei da| + | / (vn + V)ei: Vn da| +f |f| da 
EB B B 
<v | IVvnl Verde +f Ivnl*|Verlac +f |f| dx 
B BE BE 
<|\Weillaie | Vvnlde+ [Veilloe f \valae+ f [flax 
E E EB 
1 
<v|Verlxiell Vn (Ollae1B1* + Veillaxe( ess sup Iva (012.2) 
0,7 


1 
+|E|F IF lae 
alt ile 
=|"Verloove(H1E/?V¥n(Ola.e + esssup llvn(0) Be) + EI O le: 
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Integrating over (t1,t2) C (0,7) and using the first of (9.4) gives 


ta te 
lenalta)~enalt)l s| J ehat| < f*Iea(Olee 
t 
1 2a 
cvlveiln:elblt [ ( [ 1wvnl? ar) 


+ ||Veilloo;z e I|vn(t)|]3,m(t2 — t1) 
0,7) 


Hier [ (f nee) dt 
$Y, T, |E], |IVoll2, llflla27)(1 + [|Veilloo)Vt2-—h. i 


The existence and uniqueness of the solutions to (9.3) can be established in the 
small, for example, by a contraction fixed point argument. Then the solution 
can be continued in the whole (0,7'), so long as it remains bounded. Such a 
bound, independent of t, n, and 7, is ensured by the second of (9.4). 


S 


10 Selecting Subsequences Strongly Convergent in 
L?(E7; R?) 


It follows from Proposition 9.1 that for fixed 7 € N the sequences {c,,; }°°, are 
equibounded and equicontinuous, so that by the Ascoli—Arzela theorem a sub- 
sequence {Cn,,j} C {nj }921 can be selected converging to some c; uniformly 
n (0,7'). By the Cantor diagonalization procedure a further subsequence can 
be selected and relabelled with n, such that {c,,;} — cj; uniformly in [0, T]. 
However, it should be noted that, because of the last of (9.4), the rate of 
convergence depends on the index j. Set formally 


ee) 
v= ys Cje;. 
j=l 


Proposition 10.1 For the same constant y as in the first of (9.4) there holds 


esssup ||v(-,¢)|l2,2 + [| Vvllo.2r < 7. 
(0,7) 


Moreover, {vn(-,t)} > v(-,t) weakly in L?(E;R?), uniformly in t € (0,T). 


Proof. For a fixed positive integer k and all n 


k 
d ot) < 


IA 


k k 
GO) -LAiO|+L AsO 


|eG(t) — & ae | t)| + Ilva, t)||3.n- 
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By the first of (9.4) the last term is bounded by a constant 7 depending only 
upon the data and independent of t and n. Letting n — oo the first term in 
the right-hand side tends to zero by the uniform convergence of {c,,;} Si 
for j =1,...,k. Thus, ee ,¢;(t) < 7. Since k is arbitrary, the series eS i 
converges to oe ,t)||3.2 and ess supo,7y || v(-, t)|l2;2 < 7. To prove the second 
statement, fix k € N and take first a function of the form yp = ae e;. For 
such a function, by the othonormality of (e1,...,@n,..-) 


k 

[ (n-¥)- eae = > (€n,j — €7)%j 4 0 as n> 00 
E j=l 

by the uniform convergence of {c,,;} — cj; for j = 1,...,k. For a general 

yp = pje; € L*(E;R*), having fixed ¢ > 0, there exists k., depending on € 

and », such that }),.,.~7 < . Then estimate 


| [ tvate viisedel < ¥ lenslt) es be 


+ ess sup ||vn(#) — v(#)|laie ( y é) 


(0,7) j>ke 


By the first of (9.4) a further subsequence out of {v,,} can be selected and re- 
labeled with n, such that {v,} > v’ and {Vv,} > Vw weakly in L?(E7; R°). 
By the uniqueness of the weak limit v’ = v and Vw = Vv. By the weak lower 
semi-continuity of the norm and the first of (9.4) 


|Vvllasen < lim inf || Valls" <7. o 


Proposition 10.2 {v,,}— v strongly in L?(E7;R?). 
The proof uses the following lemma. 
Lemma 10.1 (Friedrichs [86]) For every ¢ > 0 there exist a positive inte- 


ger N- depending only on ¢ and |E|, and independent of v,, and Nz linearly 
independent functions {,}N:, C L?(E;R3) such that 


lyn - VIBey < > on | [vn —¥)- Bede) 'at-+ellV(vn— ¥)IBee- (101) 


Inequality (10.1) is a special case, applied to (v, — v) of a more general 
Friedrichs’ Lemma, which we prove in Section 10c of the Complements. 


Proof (of Proposition 10.2). Fix ¢ > 0 and determine N- and the system 
{wo}, C L?(E;R3). Let now n > oo in (10.1). The first term goes to zero 
because of the weak uniform convergence of (v, — v) in L?(E£;R3). The last 
term is majorized by 27y7¢, where y is the constant in the first of (9.4). | 
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11 The Limiting Process and Proof of Theorem 8.1 


Let py = 2p veer for fixed k € N. Multiply (9.3) by yj, add for i =1,...,k 
and integrate over (0,t) C (0,7) to obtain for n > k 


t 
[vo extax ff Vn * Pp, -dedr 
E oJ B 
t 
off Vvn : Ve, dxedr 
oJ EB 
t 
+f (Vn - V)Vn + G,dadr 
oJ B 
t 
=) vo-ex(ode+ ff f - y,,dxdr. 
E oJ E 


In turn, this is averaged in time over (t,t + h) C (0,7), for a fixed h > 0, 
sufficiently small so that 0 < t+h < T. Denoting by 


t+h 1 optth 
f {}ar= 2 | {.--}dr 
t hJy 
such averages gives 


{ “| valr)-ey(r) ddr — ff “TT Vals): Pols) dedsdr 

+ f i. | Vvnls) : Veu(s) dedsdr 

a: f ey (vn(8) - V)vn(8) « _(s) dedsdr 

7 [ mended: ffs [0 s) dadsdr. 


Let n — oo by keeping k fixed, to get 


fornia ff eros 

i" as i 0 Tule) x Veta vdudedr 
ff c200- Vrv6o) (0) dndsar 

_ | vee lOvdey [ [ft 8) dedsdr. 


The various limits are justified by the weak convergence {Vv,,} — Vv and 
the strong convergence {v,,} — v. In particular, such a strong convergence 
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permits one to pass to the limit in the nonlinear term. In Section 11c of the 
Complements we discuss a counterexample to show that in general, having 
weak convergence does not suffice to pass to the limit in such a term. 

Next, take py € C™(0,T;V), write it as p = )>y;e,;, and let y, be its 
truncated series. Because of the predicated smoothness of @ 


{Prt {Vents {Prt} > yp, Ve, p in L*(Er), 


and also {y,} > y in L°(Er;R*). Compute and estimate 


lim sup / Vv: Vo, dxdt — i: Vv : Ve dxdt 
Et Et 


k- oo 


< || Vvllaize Jim V(x — 9)llapr =0. 


The limits in all the other terms but the nonlinear one are treated similarly. 
For the nonlinear term 


lim sup | // (v- V)v- yp, ddr — // (v-V)v- y, dxdr 
k—- 00 Ex Ex 


<< |[Vv|l2;27|Iv]l29,27 lim [lex — ¢lls;er- 
3 i—00 


Letting k — oo yields, for all gp € C™(0,T;V) 


f “fo Died = f “/ [ve 8) dededr 
mn Pe in Ve Vow dada 
FA / At fle) enews aadede 
= [ vo: 0) dx + Pepe [£0 \duaade 


Finally, let h - 0 and notice that 


tth 
lim Pe fo T) dxdt = | v(t): p(t)da for ae. t € (0,T), 
B 


h-0 


since, for integrable functions in (0,7), a.e. t is a Lebesgue point. Thus, the 
function v thus constructed satisfies the definition (8.2) of a weak solution. It 
should be stressed that the testing functions ~ cannot, in general, be taken out 
of C1(0, 7; V) as the limiting process for k + 00 requires a further smoothness, 
guaranteed in general by taking y € C™(0,7T; V). 
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12 Higher Integrability and Some Consequences 


The Hopf solution has a limited degree of regularity due to the nonlinear term 
(v- V)v-y. The weak formulation (8.2) holds for all y € C(0,T;V) CW, 
whereas the solution v is required to be in W. If in (8.2) one could take 
y = v, then, since divv = 0, the nonlinear term would vanish and further 
regularity could be inferred on v. Optimal local and global regularity of the 
Hopf solutions is unknown and it is currently a major topic of investigation. To 
underscore this point, here we indicate some consequences of assuming higher 
integrability on v and on the various terms of (8.1), including the pressure 
term Vp. 


Lemma 12.1 Let v be a Hopf solution of (8.1). Then, (v-V)v € L?(Er;R?), 
and 

Iv: V)vlls.en S Ilvilao,271Vvlloz-- 
Proof. Let q,q' > 1 be Holder conjugate and for p > 1 to be chosen, compute 
and estimate 


/I,. l(v - V)v|Pdadt < C/f,. pwvirracat)*( ff Ii" avat) *. Api 


Choose pq = 2 and pq’ = 2. which yields p = 3. oO 


Assume momentarily that Vp € L*(Er;IR3) and set 


loc 


@& =f-Vp—(v- Ve Li, (Er; R?). 
Then the weak formulation (8.2) yields® 
v,-vAv=©® weakly in Ep for all p € CS°(Er;R?). (12.2) 


5 
This is a linear parabolic system with the forcing term @ € L}.(Er;R°). 
Then, by classical parabolic theory [67], the weak derivatives vz,., and vi 


are in Li (Er; R°). The argument can be repeated to yield further regularity 


on v. Therefore, assuming a moderate degree of integrability of Vp yields a 
considerably higher regularity on v. 
In § 20, we get back to the regularity of the pressure for Hopf solutions. 


12.1 The L?:4(E7;R%) Spaces 
For p,q > 1 let 


Lebesgue measurable functions f : Ep + RN with 


LP4(Er;R™) = T q a 
finite norm |lfllp.aex = (Jo lif. OZ 2 dt) 


®See 12.1. of the Complements. 
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In the scalar case, we have already introduced these spaces in Section 1 of 


Chapter 11. In what follows we let p > N and q > 2 be linked by 
N 2 
—+-=1. (12.3) 
Pp q 


Condition (12.3) is usually known as the Ladyzhenskaya—Prodi—Serrin condi- 
tion. 

Recall also the following special case of the Gagliardo—Nirenberg embed- 
ding inequality® 


X 2 2p 
Mle SYN SPV loellviloe, where r= ooo 
Lemma 12.2 There exists a constant y(N,p) depending only on N and p, 
such that for any triple (u,v,w) with u € L?4(Er;R’), ve W, andwe W, 
there holds 


T 
y I \(v Vw uldrdt < 7|lullpqeelvllw ll Vwllu,; 
0 


T 
7 | |(w -V)w- u|dadt (12.4) 
o/JB 
i q 2 z 14x 
<o( fo Ii sd1R,ellw(01B.e at) "wha 
Proof. By Holder’s inequality with conjugate exponents 

ae a or 
rp 2 rp. 2 


also using the indicated special case of Gagliardo—Nirenberg inequality we 
have 


I \(v Vw ald < [[v[ls|l Vwll2zellllpsa 


2 NX 
< VIlvIlo2IVvllz.2ll Vwll2;2llullp;e- 


Next, integrate over (0,7) and use Holder’s inequality with conjugate expo- 


nents 
N 1 1 


2p 6g 2 


Te E By 
ff Mee 90w ulated < off v6 s018 ella, 5 dt)" 
OVE 0 


x (f ev0 leat)” (fo vwld) Beat)? 
0 0 


2 N 
<7(esssupllv(, dle) *IVvlkzeqlI Vw laeellllnae 


<1lvllwl|Vwlle.27[lUllp.aer- 


°See DiBenedetto [50], Chap. 10, Theorem 1.1. 
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This proves the first of (12.4). The proof of the second is the same by inter- 
changing the roles of v and w. | 
12.2 The Case N = 2 


Lemma 12.3 Let N = 2. Then, for allv © W (12.3) holds with p= q = 4, 
and 


1 
IIvllae2 <7 #IlvIlw- 


Proof. The Gagliardo—Nirenberg multiplicative inequality for u € W:?(E) 
reads!0 


N 
ltllpse SN P)|IVally.w, where p" =z and 1<p<N 
for a constant 7(V,p) depending only on N and p. When p = 1 the optimal 
* 


constant is y(N,1) = + ()* , where wy is the measure of the unit sphere 


in R%. Apply the inequality for N = 2, with u = |v|? and p = 1 to get 


ae ae ; 1 
(fm dx) sa fe da < <z | mivvlae 


val Iv| *ax)*(f IVvPde)* 


fi 1 
<— <a («sssur [ |v|?da) ? ([ Ivviaz) dx). 


(0,7) 


1 
| Iv(,A)[4de < =IIv|l2, i: IVv(-,t) Pde. 
E Tv E 


Integrating over (0,7) yields 


IA 


IA 


From this 


IIvilt.e7 S = Iv [vl V3 Er: Z 


Corollary 12.1 Any Hopf solution to (8.1) for N = 2 satisfies (12.3) for 
p=f—4. 


13 Energy Identity for the Homogeneous Boundary 
Value Problem with Higher Integrability 


We get back to (8.1) with f = 0 to which we refer as the homogeneous problem 
and label it as (8.1),. A weak solution is meant in the sense of (8.2),, with 
f = 0, for all py € C™(0,T; V). Although a weak solution has been constructed 
by Hopf’s procedure we assume here that one is given and meant weakly. 


10See DiBenedetto [50], Chap. 10, Corollary 1.1. 
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Proposition 13.1 (Prodi [207]) Let v be a weak solution to (8.1).. More- 
over, assume that v € L?4(Er;R) with p > N and q> 2 satisfying (12.3). 
Then, 


Iv, DI3.e + 2vI|VvI[3.0, = lIVolla2 for ae. t € (0,7). (13.1) 
Proof. The proof consists in taking formally y = v in (8.2),. The assumption 
(12.3) makes this possible by a series of approximations. First, since v € 
L?(0,T;V) there exists a sequence {v,} C C™(0,T;V) such that {v,} > v 


in L?(0,T;V). Next, let J(-) be the Friedrichs’ mollifying kernel in R and 
denote by J,(-) its rescaling by a parameter e € (0,1), 


2 
zt 1 
I(r) =0 4%? (45) fr Iri<1. Je(r) = =I(4), 
0 for |r| > 1, E XE 


where C > 0 is a constant that normalizes the kernel J. Notice that 
J(-t) = J(t), J'(-t) = —J'(t). 


Then, for a.e. t € (0, 7] fixed, set 


Ve,n(T) = | J-(7T — 8)vz(s) ds; v.(T) = | Je(r — s)v(s)ds. (13.2) 


One verifies that vz. € C™(0,T;V) and therefore, it is an admissible test 
function in the weak formulation (8.2),. Such a choice gives 


t 
| v(t) + Ve,4(t) dx -{ | V+ Ve kr dxdt 
EB 0 JE 


t 
+/ | (vVv > Vven +(v- V)v- Ven) dxdt 
0 JE 


ay Vo + Ve,4(0) da. 
B 


Letting k — oo now gives 


[vo-vetae— [Pf v-ven doer 


vVv:Vv v-V)v-v-) ddr 13.3 
+f fev Vve + (v-V)v- vz) ded (13.3) 


= [ve -ve(0) da. 


The various limits, but the first one and the one regarding the nonlinear term, 
are justified since {vz} 4 ve in L?(0,T7;V). 
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The limit of the first term is justified, for fixed « > 0 since {v,} > v in 
L?(E7;RY) and the definition of v-. Indeed, 


[ve [vex (t) — ve(t)] d| 


T 
< ess sup Iv@llae f Je(t — 8)|lva(s) — v(s)|la2 ds 
(0,7) 0 


i 
< Iw (| 32 at) "Ive —vlaier- 
R 


The last term tends to zero as k — oo since {vx} > v in L?(E7;RY). As for 
the nonlinear term, compute and estimate 


[fev wea = ve) ar =| ff 0 Weave): v ded 


<UlvilwllVlpqzr IV (ven — Ve)llasBr 


by virtue of Lemma 12.2. This is indeed the role of the assumption (12.3) and 
the ensuing Lemma. The last term tends to zero as k — oo since {Ve,~} > Ve 
in L?(0,T;V). 

Next, we let ¢ — 0 in (13.3). For the first term we have 


[ v(t) -ve(t)da = [ v(t) | “TiS eae 
-[ [ "Jeln)v(t — 9) v(t) anda 
-[ fo 
+f [x [v(t — n) — vi(t)] dnde. 


Since J; is even and it has been normalized, as « > 0, 


[ fu n)|v(t)|?dndx — 5 | oPae. 


On the other hand, 
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Lf a nf vieriete—n - vt) m 
< fal m| fv [wt=n) ~ v(t)}de|dn 


and the integral tends to zero as |n| < ¢ — 0 by the weak continuity of 
t + v(t) in L?(E). A similar result holds for the right-hand side of (13.3). 
The second term is identically zero in ¢. Indeed, after interchanging the order 
of integration, it can be written as 


[ ( [ 7 “I= s)v(a) (a) dsdr) de 


Now the integral in (---), for a.e. fixed a € E, is a double integral ex- 
tended over the rectangle of vertices { (0,0), (t, 0), (¢,¢), (0,t)}, which, in turn 
is the union of two disjoint, equal triangles of vertices {(0,0), (¢,0), (t,¢)} and 
{(0, 0), (t, £), (0, t)}. Now the argument v(s)-v(7) is even with respect to these 
triangles, whereas J/(7 — s) is odd. 

Next, 


[fv V(ve—Vv ) divdr| </ f Iwai f J. 7 —s)|V[v(s)—v(r)]| dsdrda 


and this tends to zero as € — 0. Finally, for the nonlinear term compute and 
estimate, with the aid of Lemma 12.2, 


i I; w-vyv: f “Je(r—)[v(s) — v(r)] dedsdr 
<alvlielivineen( pL I fx Je(r ~a)1Vv(s) - Vv(r)}s) "ara, 


which tends to zero as « > 0 by the property of the mollifiers. Observe that 
the limit of the nonlinear term 


t t 
tim ff (v-V)vevededr = ff (w.V)v-vaedr =0 
e0 Jo JE 0 JB 


gives zero contribution since divv = 0. Collecting these calculations proves 
(13.1). oO 


Remark 13.1 For N = 2 condition (12.3) is redundant, as already stated in 
Lemma 12.3. 


14 Stability and Uniqueness for the Homogeneous 
Boundary Value Problem with Higher Integrability 


Proposition 14.1 [177] Let v and u be two weak solutions of (8.1) with 
f = 0, originating from initial data vo and ug in L?(E;R%), meant in the 
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sense of (8.2), for alle € C™(0,T;V). Moreover, assume that at least one v 
or u, say, for example, u is in L?4(E7;R™) with p> N and q > 2 satisfying 
(12.3). Assume finally that they both satisfy the energy estimates 


IIv(-, Olle + 2vI|VvIl3.2, < Ilvoll3.2 


for a.e. t € (0,T). (14.1) 
WC, Hllo.2 + 2u||Vull3.n, < [lYoll.2 


Then, there exist a constant y depending only upon N and v such that setting 
w=v—u there holds 


t 
Ilw(-, t)ll2.2 < IlWoll3,2 exp \vf lus 7) IIb ar} 
0 


for a.e. t € (0,T). 


Remark 14.1 If both v and u are in L?4(E7;R%) with p > N and q > 2 
satisfying (12.3) then by Proposition 13.1, the energy estimates (14.1) are 
satisfied. The Proposition is a statement of stability and uniqueness. If N = 2, 
v and u are both in L*(E7;R?) and therefore, weak solutions are unique. 


Proof. Let v and u be two weak solutions to (8.1) originating from initial 
data v, and u, in L?(E), meant in the sense of (8.2),, with f = 0, for all 
yp € C~(0,T;V). In the weak formulation of v take the testing function 
u.,x defined as in (13.2) and in the weak formulation of u take the testing 
function v-,,. Then let k — oo by the same arguments as in the proof of 
Proposition 13.1, and add the resulting identities getting 


| [v(t) - ue(t) + ve(t) - u(t)] dx 
E 


-{(f : 7 “I(r = s)lv(r) als) + v(s) u(r)]dsdr) dx 


t 
off (Vv : Vue + Vve: Vu) dedr 


+f fu (v-V)v-ue+(u-V)u- ve] dadr 
= fv 06(0) + ¥-(0) lade 


Arguing as in the proof of Proposition 13.1, the second integral is identically 
zero in € since the argument [v(7)u(s) + v(s)u(7)] is even with respect to the 
two triangles of vertices {(0,0), (¢,0), (¢,¢)} and {(0, 0), (¢,¢), (0,t)} and Jd is 
odd with respect to the same triangles. We may now let ¢« —> by the same 
arguments and get 
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[von u(-, pdo+a ff vw: Vudzdr 


+f fit (v-V)v-u+(u-V)u-vjdrdr (14.2) 


=} Vo + Uy dz. 
B 


Next observe that since weak solutions are divergence-free 


[ [00 vv maedr = — ff (w-vyv-w dear 
[ foes ju: viedr= ff tay )u- w dadr, 


where we have set w = v —u. Using again that w is divergence-free, the sum 
of these terms equals 


[ f (oev a ta vpn dade = = ff (wr vw mde, 


Adding the energy inequalities (14.1) and subtracting (14.2) multiplied by 2 
gives 


t 
|(IB.2 + 2uIVwlin, < Iwolde+| ff (w- vyw- udedr|, 


The right-hand side is estimated by the second of (12.4) of Lemma 12.2, and 
Young’s inequality with conjugate exponents 7 and 4 + = and gives 


t t 
Lf fw vyw-mdede| <y fa). pllw(7) Bed + 2011085, 
for a constant y depending only upon N and v. Combining these estimates 
YyY dep g y up g 

gives 
t 
Ilw(t)|],2 < llwolld.z +7f u(r) |]3. ell (7) 13,2 47. 
0 


The proof is concluded by an application of Gronwall’s inequality. i 


15 Local Regularity of Solutions with Higher 
Integrability 


We continue assuming the higher integrability (12.3), and we address the 
smoothness of weak solutions. Notice that there is a difference between study- 
ing the regularity of solutions to the initial-boundary value problem (8.1) or 
the interior regularity. 
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In this second case, we deal with the intrinsic properties of the Navier— 
Stokes equations; indeed, we consider a local, weak solution in Er, namely v, 
which is weakly divergence-free in Ey, and such that for any subset 

def 
24, to = 2x (ti, ta) CC Er, 
we have 
ve ligtae ta; W1?()) M E(t, ta; L?(2)), 


and v satisfies (8.2) for all solenoidal test functions p € CS° (21, 45). 
If we consider a function w» = w(a#) harmonic in 2 and an integrable 
function a = a(t), it is a matter of straightforward computation to check that 


v = a(t) Vw(a) 


is a local, weak solution of the Navier-Stokes equations for f = 0. Hence, it 
is infinitely differentiable with respect to space, but it might have integrable 
singularities with respect to time. 

This example, which is attributed to Serrin [233], suggests that the time 
differentiability of a weak solution is directly connected to the time regularity, 
which is assumed from the very beginning. 

Moreover, as pointed out by Galdi (see [93], page 41]), these highly irregu- 
lar solutions exist because possible singularities are absorbed by the pressure 
term. As summarized by Struwe [248], local regularity properties are not in- 
fluenced by the nonlocal effects of the pressure, as long as we are interested 
only in boundedness and spatial regularity. 

The situation is different if one considers the initial-boundary value prob- 
lem (8.1) and its weak formulation (8.2), where one can hope to gain regularity 
in time from the assigned conditions. This has to do with the incompressibility 
of the fluids, since a sudden modification of the boundary value of the motion 
will be immediately felt throughout the whole flow region. 

In this section we report a sufficient condition for the interior regularity, 
whereas in a subsequent section we get back to regularity for the initial- 
boundary value problem. 


Theorem 15.1. [233] Let v be a local, weak solution of the Navier-Stokes 
equations in Er in the sense defined before. 

Assume that f is conservative and at least in L''1(Br;R%), and that v € 
L”-4(Er;R%), where p > N, q > 2, satisfy (12.3). Then, v is of class C° 
with respect to the space variable x, and each space derivative is bounded in 
compact subsets of Er. 

If, in addition, vz € L®**(Er;R) for some s > 1, then the space deriva- 
tives are absolutely continuous functions of time. Moreover, there exists a 
strongly differentiable function p = p(x,t) such that 


v, —vAv+(v-V)v+Vp=f (15.1) 


almost everywhere in Er. 
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Remark 15.1 Owing to the local nature of the result, without loss of general- 
ity, one could more generally assume that v € L?4(K;R) for any K CC Ep, 
with similar local integrability assumptions on f and v;. 


Remark 15.2 If we limit ourselves to N = 3, using the Sobolev inequalities 
(see Chapters 9 and 11), one can show that a weak solution naturally belongs 


3.2 _ 3 
to L’:4(E7;R%), where — += > 5 hence, there is a gap between the natural 


regularity of v and what is assumed in (12.3) in order to have differentiability 
in space for v. 


Theorem 15.1 is originally attributed to Serrin [233], who developed some of 
the methods introduced by Ohyama [196] a few years before. Moreover, he 


used the stronger condition 
ul + <1. (15.2) 
Pp q 
The full (12.3) with p > N was proved by Fabes et al., Sohr and von Wahl, 
and Struwe [70, 244, 248]; see also Giga [99]. The limiting case of p = N 
was dealt with in Struwe [248] under a smallness condition; namely, Struwe 
assumes that v € L4:*°(E7;R%) and that there is a p > 0 such that 


I . lv(-,t)|% dx < (15.3) 
pM 


uniformly with respect to ¢ in (0,7) for some absolute constant € (see also 
Sohr and won Wahl [244]). 

For N = 3, condition (15.3) was fully removed in Escuriaza et al. [65]. 
The regularity approach to L*:°-solutions developed in Escuriaza et al. [65] 
requires a completely different method with respect to Serrin’s techniques and 
further developments, and the proof is based on the reduction of the regularity 
problem to a backward uniqueness problem. 

For the sake of simplicity, here we present the original proof of Serrin [233], 
and therefore, we limit ourselves to (15.2). 

At the end of Serrin [233], he conjectures that under the same assumptions 
on v and f, it should be possible to prove that solutions are analytic in the 
space variables. This was indeed proved by Kahane [132]. 

Let V2 be the closure of V in W?:?(E): for N = 2 and N = 3 and the initial 
datum v, € V?, Kiselev and Ladyzhenskaya [138] have proved the existence 
of a weak solution of the initial-boundary value problem (8.1) with 


v € L*°(E7; RY), ¥, Vv, ye (ER); 


hence, Theorem 15.1 contains as a special case that the Kiselev-Ladyzhenskaya 
solution is of class C'° in the space variable, and is Lipschitz continuous in 
time, at least if f is conservative. 

Moreover, if N = 2 or N = 8 and the initial data are smooth enough for 
the Kiselev-Ladyzhenskaya solution to exist, then by Proposition 14.1, Hopf’s 
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solution must be the same and consequently has to be of class C™ in the space 
variables. 


Remark 15.3 As pointed out by Serrin [234], p. 76, for the solutions in the 
sense of Kiselev-Ladyzhenskaya, the case N = 4 can be treated by methods 
similar to the ones employed by Kiselev and Ladyzhenskaya [138]. 
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In the following, 21, 4. = x (t1, t2) denotes an open set compactly contained 
in Er; moreover, we frequently deal with convolution integrals of the type 


h(a,t) = II k(a — €,t —7)g(€,7) d&dr, 


ty to 


and we write h(x,t) = (k * g)(z,t). A first fundamental result is given by the 
following. 


Proposition 16.1 Let k € L?-”’(RN x R;R) and g € L%(Q:,.14,;R) with 
N>1, and 
1 11 i a. 
=-$-=-41, =+-—-=—+4+1. (16.1) 
3 peg rr 


Then, for the convolution 


h(a, t) 2 ff ke —&2—Dolé,r)dédr, (@,0)€ Qn, (16.2) 


ty to 


we have 
Pllre” < WFllp.p glia.’ 


For the proof, we refer to Section 16c of the Complements. 
We take as k = k(x,t) a space derivative of the fundamental solution I’ of 


the heat equation 


Ou 
a vAu = 0. (16.3) 


The function I’ has already been introduced in (2.1) of Chapter 5, and here 
we extend it to R% x R, also taking into account a general diffusion coefficient 
v > 0, not necessarily equal to 1 (for the physical motivation of the coefficient 
v see (3.2) of Chapter 0); we set 


T(2,t) = (4nvt)¥ exp ( avi (16.4) 


We have the following. 
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Lemma 16.1 Let k be a space derivative of the function I defined in (16.4). 
Then, for any g € L*% (Q,4.;R), given h = (k* g)(a,t) we have 


[[Pllrr152e5 9 S Mglla.a’s@ey 29> 


where y = y(t2—ti,v,N,¢,q',7,1'), provided that1 <q<r,1<q' <1", and 
1 1 1 1 

N= | Ol. Sy) 24, 
qd r qd’ r! 


Proof. Since k = = 
Ox 


a 


with i=1,...,N, we have 


|x|? 


M(x, £)| < yt F— Yar exp (-) (16.5) 


where y; = yi(v,N). Moreover, since both ¢ and 7 belong to (t1,t2), taking 
into account the definition of I’, we have 


to-t1 p'/p ie 
léllow < | (/ i ar) dt) 
0 RN 
Taking (16.5) into account, we have 
1/p 2 1/p 
V1 |x| 
k|P = Pp —p—)d 
(f.teree) = ate (ftom (-Pie) #) 


+oo 1/p 
Si ae (/ ge exp(—4s) ds) 
0 


~~ N 
t2tl 


=, Jot, 


N 1 1 
where y2 = 72(v, N,p) and a = = (1 - =) + 5 Hence, 
Pp 


te-t1 P j 1/p ‘i 
Ilo (fafa) = alan, 
0 


provided that ap’ < 1, and where 73 = y3(v,N,p,p’). From (16.1) we have 


me it & tt 2 2 
Leeeeee eee 
/ qd’ 


hence, condition a < “a can be rewritten as 


N/f1 1 1 1 1 1 1 1 1 
—{--—--)4+-<—-—-—-41 35 N{---)]4+2(-—-—}<l. 
2\q rr 2 re q Tr gr! 
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In the sequel, we work with w, the so-called vorticity of the fluid. We have 


Ove Ov, 
N=2 = lv= — 
w =curlv = (0, = Dna 

Wak wooden 2? 4 


Ox 0x3’ 0x3 Ox’ Ox, Ox : 


when N > 3, w is an (N — 2)-skew symmetric tensor, whose components are 


Remark 16.1 In order to streamline the presentation and avoid distinctions 
for the values of N, in the following we always write w = curlv and on the 
other hand, even when N = 2 or N = 3, we think of w as a skew symmetric 
tensor; for example, for N = 3, we have 


0 Ov1 _ Ove Ovi _ AvZ 
0x2 Ox, O23 0x1 
w= Ove a Ov1 0 Ov2 _ Ov3 
~ | 0x4 0x2 0x3 Ox2 |? 
U3 Ovi Ov3 _ Ov2 0 


Oxy 0x3 Ox2 0x3 
and similarly for N = 2. 
Let A = (Aj, Ag,..., An): we define 
A\w=B=(Bj,,Bo,:::,Bn), 


where 


7 Ov Ov 
k l 
By = ) A Wkl = » A, (Se - st). (16.6) 
l=1 


17 Proof of Theorem 15.1 Continued 


Let E be a region in RY, N > 2 and Q C E an open set such that 2 is 
compact in E. Let v € V (ie., |Vv| € L?(Q), div v = 0 weakly) and consider 
the vorticity w = curlv, where we take into account the previous definition 
and Remark 16.1. 


Theorem 17.1. Let y € 2; then there exists a vector A = A(y), harmonic 
in Q, such that 
v(y) = | VeH(y— x) \w(a) dx + Ay), 
2 


where H(y — x) is the fundamental solution of the Laplacean in R™ centered 
at y. 


628 14 NAVIER-STOKES EQUATIONS 


Proof. Let x ++ u(x) be a CS (RY) scalar function and H(y — x) be the 
solution of 
—AH(y— 2x) = dy (5, Dirac mass at y) 


in D’(RY). Since u € CS°(RY), in the sense of distributions we have 
(-AH(y — x), u) = (by, u(@)) = uly) => uly) = (H(y— a), —Au(a)). 
Since —Au(x) € CS°(R*) and H(y— x) is summable, 
uly) =(H(y — x), -Au(2)) = — - Au(«)H(y — x) dx = 
=— | Au(x)H(y — 2) da — : Au(x)H(y — x) dx 
Q RX\Q 

=I, + Ip. 

Let us start with the computation of Iz. Over RN\Q we have H(y—2) € C®. 


Hence, 


— iE Au(«)H(y — x) dx = H(y — 2x) Vu(2)-ndo 
RN\Q an 


-f Vu(a): VA (y — 2) dx = Jy + Jo. 
RN\Q 


Moreover, 


Hence, 
In = Hy 2) Vu(2) -ndo+ [ u(a) VA (y — x) -ndo. 
(eke) a2 
Coming to the computation of [,, since u € CS°(R%), we have 
=~ | Au(e) Hy ~2) de = - H(y — x) Vu(a)-ndo+ 
Q 02 


+ ] Vu(a)-VA(y— x) da. 
Q 
Finally, summing up 


u(y) = | Vu(a2)-VA(y— 2) dx 
(17.1) 
+ i u(x) VA (y — x) -ndo. 
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Notice that up to now we have assumed u € C5°. However, a careful inspec- 
tion of the proof shows that in (17.1) the only requirement for the existence 
of the integrals is u € H+(2), so that u has L? trace over 02, where 02 is as- 
sumed smooth. Therefore, by a limiting process and a standard approximation 
procedure, we have that for any u € H'() 


uly) = | VA(y—«)-Vu(a) dx + | u(z)VH(y — «)-ndo 
Q aa 


for ae. y € 2. 
Let now v € V with v = (v1, v2,...,un). For each k = 1,2,..., N and for 
ae. y € 22 


ur(y) = | VA(y— 2): Vog(x) dx +f up (a)VA(y — x) -ndo. 
Q an 


We rewrite 
_ OH(y—x) (Ovg(x) Ov; (x) 
VA(y — x) - Vug(a) dx = ip % ae ( Dn, a dx 


+ [yee Y-az OD) te = Dy + By 
Q Ox; OXk 


\7) 


and 
a a  du;{(z) 
X= | H(y—«)——) (yn)(x)do— | H(y-x)—— —— 
=f Moog, Lemtede— [ no-og ye Ge ae 
‘Ov 
Since x an div v = 0, we finally conclude that 
i=1 °°? 
viy) = | VA(y—2) Aw(a) dx 
Q 
N 
+f v(x)VH(y — «)- nda — H(y—2)V Sov; n4)(x) do. 
an an ra 


The last two integrals represent a harmonic vector A(y) in 2, since y 4 x € 
O02 in the classical sense. Oo 


In the following, mainly for the sake of notational simplicity, we make use of 
tensors. For an introduction to these objects, see for example Abraham et al. 
[4]. 
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Definition 17.2. Let k be a N-vector defined in RN x R and g an M-tensor 
defined in 924, 4.. Then the convolution k * g is a (M — 1)-tensor defined in 
2, ,t. with components 


(ieee / _> . api nieee ae 


tist2 i=1 
Moreover, we let 


divg =o3 Si 


We have the following. 


Proposition 17.1 Assume that v is a local, weak solution of the Navier- 
Stokes equations in Ep, v € L*?(Er;RN), w € L*?(Er), and that f is 
conservative with f € L11(Ep;R). Then in any 21,2. CC Er we have 


w=VI«g+B, (17.2) 


where I’ is the function of (16.4), g = (N—1)wdAv, and B= B(a,t) is a 
solution of the heat equation (16.3) in Q:t5- 


Proof. We initially assume that v and w are both of class C?, in order to 
easily perform some of the computations to follow. 
First of all, it is a matter of straightforward calculations, to check that in 
our case 
(v-V)v = div(v @ v). 


If we now denote by v, = vp(a,t) an integral average of v over a ball in 
space-time of radius h centered at (x,t), it follows from (8.2) that there must 
exist a regular function pp, such that 


Onvn — VAV;, = — div(v ® V)h + f, — Vpn. (17.3) 


If we take the curl of all the terms in the previous equation, and switch the 
derivation order, we obtain 


Opwp, — VAw), = — curldiv(v @ v)p, 


where we have taken into account that curlf;, = 0, since f is conservative. 
Again, it is a matter of straightforward computations to see that 


—curldiv(v @ v);, = div((N —1)curlvA v);, = div((N —1)wAv)p, = divgn, 


so that we can write 
Onwp, = vy Aw), = div Zh. (17.4) 


Now, let 
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Bp, = wr, — VI * gn; 


we have 
OABrn = wn — (VI * Eh) = Opwh — (VOL) * Sh, 
VAB), = vAw, —vA(VI * gp,) = vAw, —v (VAT) * gp. 


Hence, since I’ is the fundamental equation of (16.3), owing to (17.4) we 
conclude that 


O.Bp, — VABp, = O.wpn — VAw), — V(OL — vAr) * gp, 
= O,w), — vAw, — (OD — vAT) x div gp, 
= Opw = vAwp — div Sh 
= 0; 


As By is in L!!(E7;R%) uniformly with respect to h, we can then pass to 
the limit as h > O and conclude. If v and w are not in C?, the previous 
computations can be concluded by standard limiting arguments. | 


18 Proof of Theorem 15.1 Concluded 
As a consequence of Proposition 17.1, in any , 4. CC Er, we can write 
w=VI«g+B, 
where g = (V—1)wA vv. Hence, |g] < y|w||v|, where 7 depends only on N. 
We first prove that in any 2,4. CC Ep we have w € L*(%, 4,). If v € 


L”-4(Br;R) and w € L"’(Er), then, by Hélder’s inequality, g €¢ L*:?(Er), 
where p, 0 > 1 are given by 


We define the positive constant « € (0,1) by 


N 2 
(W+3ye=1-(242), 
Dp qd 
and also 
= if ee 
OT er’ ° 1l— ks’ 


where 0 = cw if xr > 1, and analogously ¢ = 00 if ks > 1. It is straightforward 
to check that 


1 1 1 
l<p<o, l<o<es, n (2-2) +2(5-2)=1-6<1. 
Pp @ 


Oo S 
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By Lemma 16.1 and Proposition 17.1, we conclude that w € L%‘S(E7), where 
o, ¢ are larger than r, s, so that w actually enjoys a higher integrability with 
respect to what was originally assumed. The process can be repeated an ar- 
bitrary number of times, beginning with r = s = 2. After a finite number of 
steps, one has w € L®S(Er) with a@=¢ > «1; at the next step a= = 0, 
and we have finished the first part of the proof. 

By Theorem 17.1, we now have 


v(y,t) = ViH(y — 2%) A w(a,t) dx + A(y,t), (18.1) 


where v € L*°(%, 1,;R%), and we have just proven that w € L*(, 1). 
Hence, the function A = A(x,t) must be bounded on compact subsets of 
2, both as a function of x and of t, and consequently, v € L°(Q,4.;R%). 
By the usual potential theoretic estimates for heat kernel convolutions (see 
for example Watson [271]), w is Hélder continuous with respect to the space 
variables in any compact subregion of Er, with arbitrary exponent a € (0,1). 
By the Holder continuity of w and (18.1), we have that v is also Hélder 
continuous. 

This yields that g is Holder continuous, and by the same potential theoretic 
estimates for the heat kernel convolution we have just relied upon, we have 
that Vw is Holder continuous. From here on, we can bootstrap, and conclude 
that v € C® with respect to the space variables. 

Up to now, we have not yet used that v; € L?* with s > 1. It is rather 
straightforward to show that (17.2) implies 


Ow — vAw = divg. (18.2) 


In turn this yields that Ow is of class C™ in the space variables, and its 
derivatives are bounded on compact subsets of Ey. On the other hand, if we 
differentiate (18.1) with respect to time, we have 


vi(y, t) = [ Volt 2) Nwile,t)de + Ary) 


Thus, v; is of class C° in the space variables, and each derivative is of class 
L* in time. Finally, we recover that equation (15.1) holds almost everywhere 
in Er, by letting h > 0 in (17.3). Oo 


19 Regularity of the Initial-Boundary Value Problem 


As we have already discussed in Section 15, solutions of the Navier-Stokes 
equations behave globally with respect to time, as they are instantaneously 
determined by the boundary conditions, but they are somehow purely local 
as far as the space variables are concerned. This suggests that one can hope 
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to gain time regularity from the assigned initial-boundary value problem. We 
will not go into detail here, and we limit to state a result, whose proof can be 
found in Galdi [93], § 5. 


Theorem 19.1. Let v be a weak solution in Er of the initial-boundary value 
problem (8.1) with f =0 and v, € H. Assume that v satisfies at least one of 
the following two conditions: 


(i) v € LP (Er;R), for some p, q such that - + 2 =1, peée(N,o}; 
(ii) v € C® (0,7); LY (E)). 
Then, if E is uniformly of class C®, we have v € C™(E x (0,T)). 


Remark 19.1 For E = R?, Theorem 19.1 was first proved by Leray [165], 
pp. 224-227, whereas for E = R™ with N > 2, and p < ov it is attributed 
to Fabes et al. [70]. Sohr proved Theorem 19.1(i) with p < oo, for domains 
with a bounded boundary [243]. That condition (ii) implies that regularity 
was first discovered by von Wahl [270], in the case of a bounded domain. This 
latter result was extended to domains with a bounded boundary by Giga [99]. 


20 Recovering the Pressure in the Time-Dependent 
Equations 


In Section 12 we have shown how a moderate degree of integrability of Vp 
yields a higher regularity on v. We return to this issue and discuss the regular- 
ity of p when considering weak solutions of (8.1) for N = 3. Instead of dealing 
with a general domain Er, just for simplicity we work with B, x (—1,0). 
Moreover, we take v = 1. We prove the following. 

Proposition 20.1 (Sohr and von Wahl [245]) Let v, € L* (Bi;R®) be 
weakly divergence-free in B, andf = 0. If v is the corresponding weak solution 
of (8.1) in By x (-1,0), then pe L4 (-1,0;23(B,)). 


Proof. If we rely on (12.1) written over B, with p = — and pq = 2, we have 


5 13 

5 6 18 

II(v- V)vllis.s <(/ IVvi? ar) (/ ii ae) 
ae By By (20.1) 


< O[IIVVI3.5, + IIMI8.n,] - 


Now we rely on the following interpolation inequality, which can be proven, 
for example, relying on Proposition 18.1 and Theorem 19.1 of Chapter IX of 
DiBenedetto [50]. 


Lemma 20.1 Let r > 0. For v € W!?(B,) we have 
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| |v|? dx <C if IVvP ae / jv? ae| 
B, B B, 


r 


+5 jv? ae 
pee B,. 


— 3(q-2) 
for all q € [2,6], a= -4—. 
If we choose gq = “ and a= = in Lemma 20.1, we obtain 


1 4 
IIvIlso.2, < CIVVI2.5, IIVil3.5, + Cllvilo2, 
and also, 


Iv 8.5, <C 


IIVVIl3,2, lIvlla.5, + Cllvllor, - 


(20.2) 
If we take both (20.1) and (20.2) into account, we conclude that 


5 
Iv V)vllbeg, SC UIVwl3., + IVll3.5, v3.2, + v3] 


and integrating with respect to time over (—1,0) yields 


0 Ts °S 
/ (/ (Vv # ar) dt 
—1 By 
0 
<C | Www? acat 
-1 By 
0 4 
+e f (/ IVvP ar) (/ lv? dr) dt 
-1 By By 
0 5 
+o (/ lv? ar) dt, 
—1 By 


where all the terms on the right-hand side are bounded, since v € W. Hence, 
we conclude that 


(v-V)veLi (-1,0: 27 (B,)) (20.3) 


Take w € V, where in (8.2) we assume £ = B,. If we use such a ¢ in the 
weak formulation of Navier-Stokes equations, we obtain 


(=.¥) = —(Vv, Vy) — ((v- V)v,¢) 
(F.+)| = |-(Vv, Vy) — ((v- V)v, 9)| 


<||Vv(-, lle;21(/Vellea: + Iv, Olea. IVv Olla2, ella, 
< [Vv Dllase, + (IVC, Olea. IVvG O)llaz, | llellw22(a.)- 
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Hence, 

Ov 

— — Ave L?(-1,0;Z 

Ot v € ( , 0; ) 
where Z is the dual space of We"? (B1). We define 

Ov 
=—-—A 
& aL Vv, 


and notice that for almost every t € (—1,0), 


divg = S (div v) — A(divv) =0, curlg=curl((v-V)v) in By. 


Then, by the elliptic estimates of Morrey [185], Chapter 7, 
lll’ 5, <C [I Vv», + llslld] 


Therefore, integrating we have 


cad - Ave L4 (-1,0;174(B,)) ; (20.4) 
(20.3)—(20.4) imply that 

Vpe Lt (-1,0; 2 (B,)) 
and by the Sobolev embedding theorem, we conclude that 

peLi (-1,0:23(B,)) 


Remark 20.1 The proof of Proposition 20.1 is taken from Lin [173]. 


Problems and Complements 


1c Navier-Stokes Equations in Dimensionless Form 


A fluid is viscous if its infinitesimal particles at x at time t, moving with 
velocity v(a,t), encounter a nonzero resistance R = —f(|v|)v, where f is a 
smooth, non-negative function whose form is determined from experiments. 
For sufficiently slow motions f(|v|) = const (in the air |v| <2 m/sec). In such 
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a case the motion is said to be in viscous regime. For an ideal fluid particle 
assimilated to a ball of sufficiently small radius r 


f(lv|) =6apr for |v| <1 (viscous regime) 


where ju is the dynamic viscosity. This form of f(|v|) implies that js has di- 
mensions p[V][L], where p is the density of the fluid. The dynamic viscosity is 
a measure of a resistance offered by a fluid when forced to change its shape. 
It is a sort of internal friction measured as the resistance elicited by two ideal 
parallel planes, immersed in the fluid, when forced into a mutual sliding mo- 
tion. The unit of measure is the poise, after J.L.M. Poiseuille. It is measured 
in dyne - s/cm? and is the force distributed tangentially on a planar surface of 
1 cm?, needed to cause a variation of velocity of 1cm/sec between two ideal 
parallel planes immersed in the fluid and separated by a distance of 1 cm. For 
water at 20°C, the dynamic viscosity is 0.01002 poise. The kinematic viscosity 
is the ratio of the dynamic viscosity to the density of the fluid. The c.g.s. unit 
of kinematic viscosity is the stoke, after G. G. Stokes. 

For greater speeds, f(|v|) is proportional to |v| and the motion is said to 
be in hydraulic regime (in the air 2 m/sec< |v| <200m/sec). For an ideal 
fluid particle penetrating the fluid and assimilated to a ball of sufficiently 
small radius r 


f(|v|) = Spr? |v| (hydraulic regime). 


4c Nonhomogeneous Boundary Data 


Since E is bounded, by the embedding inequalities (2.5)—(2.6), the norm ||- ||v 
is equivalent to ||V - ||2. Thus, we regard V as a Hilbert space by the inner 
product (-,-) = (V-, V-). For a fixed pair (u,w) € V, let T(w, u) be the linear 
bounded functional in V defined by 


— }/ {w-(u-V)+u-(b-V)+b-(u-V)} gdz. 
With g given by (4.4) consider also formally, the functional equation 
T(w,u) =g in V*. (4.1¢) 


Then a weak solution of (4.1) is an element u € V such that T(u,u) = g. 


Proposition 4.1c Let the assumptions on f and a be in force so that in 
particular (4.9) holds. Then for all w,u € V with |lul|y > 0 
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1 
||T(w, u)|| > 5”: (4.2c) 
Moreover, for any fixed w € V, any solution u € V of (4.1c) satisfies 
Vulla < 7 [lle Vb||2 + [||| 4.3 
|[Vull2 < — |[lflle + vllVbll2 + |Iblla] (4.3c) 


where y is the constant of the embedding of V into L°(E;R3). 


Remark 4.1c These estimates are independent of w. Thus, in particular, 
they hold for solutions of T(u, u) = g. 


Proof. 


Ti wis ats 
Iipll=1 lull 


4.1c Solving (4.1) by Galerkin Approximations 


The space V is a separable Hilbert space by the inner product (V-,V-) and 


hence it admits a countable base (e1,...,@n,-..), orthonormal in (V-,V-). 
Setting V,, = span{e,,...,e,}, every w € V can be written as 
n 
w=wrt >> we; where Wr = )) wye; € Va (4.4c) 
j>n j=l 


for scalar w;. If u € V is a solution of (4.1) in the sense of (4.4)—(4.5), 
the latter holds for g = e;. In the resulting expression write u in the form 
(4.4c), and notice that the terms involving }7),.,,ujej tend to zero as n — oo. 
This suggests defining an approximate solution of (4.1) a function u, € Vn, 
satisfying (4.5) for p = e;, for alli =1,...,n, ie, 


+ {v [ Ve; : Veidz +f ej: (un: Voe;dx 
j=l E B 
+f e;- (b- V)e;dx +f ei: (ej: V)bde} uj =H g- edz. 
BE BE BE 


4g 


The elements {---};; are the entries of an x n matrix (Ti; (un). The right- 
hand side defines a vector (g1,.--,9n) € R", identified with g, € V,. More 
generally, for w,, € V,, define T;;(w,) as Ti;(un), with w,, replacing u,,, and 
seek solutions (w1,...,Un) € R” of 


Tij(Wn)uj =gi for i=1,...,n. (4.5¢c) 


The corresponding u,, € V, is a solution of T(w,,u,) = gn. The Galerkin 
approximations of (4.1) is function u,, € V,, satisfying 


(T(un, Un); Pn) = (Bn, Pn) for all Pr € Vn- (4.6c) 
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Proposition 4.2c 
(i). For all n there exists a Galerkin approximation u,, to (4.1). 
(ii). A sequence {u,} of Galerkin approximations is equibounded in V. 
(iii). Any u in the weak closure of {uy} is a solution of (4.1). 


Prove the proposition by the following steps: 


Step 1. Use (4.2c) to prove that det (Ti; (Wn)) > sy, for all wn € Vp. 
Therefore, for all g,, € V, there exists a unique u, € V,, satisfying (4.5c). 

Step 2. Introduce the map B(w,,) = u, from R” into itself. Prove that 
such a map and its inverse B~! are well defined and continuous in R”. 

Step 3. Use (4.3c) to prove that map B~' maps the ball of radius 
2 [liflls +v||Vbll2 + I] /v into itself, 

Step 4. Therefore, B(-) has a fixed point by the Brouwer fixed point theorem 
[21]. Any such fixed point, identified with an element u, € V,,, solves 
(4.6c). 

Step 5. Use (4.3c) to prove that ||Vupll2 < 27 [lifll + v||Vbl|2+ ||bl|2] /v 
for all n € N. Therefore, the embedding {u,,} C L?(E;IR?) is compact for 
all<p<6. 

Step 6. Having fixed u in the weak closure of {u,,}, a subsequence can be 
selected and relabeled with n, such that {Vu,} > Vu weakly in L?(E; R?) 
and {u,,} > u strongly in L4(E; R?). 

Step 7. Let n > oo in (4.6c), justifying the limits of each term, to establish 
the existence of a solution of (4.1) in the form (4.5). 


4.2c Extending Fields a € W2°2(0E; R?), Satisfying (4.2) into 
Solenoidal Fields b € W1:?(E; R?) 


We prove the following result. 


Proposition 4.3c Let E be a bounded, simply connected, open set in RN 
(N = 2,3) with boundary OE of class C! having one connected component, 
and satisfying the segment property. For every vector field a € W22 (OE; RY) 


satisfying 
| a-ndo = 0, 
OE 


where n is the outward unit normal to OF, there exists a vector field y © 
W?:?(E;RY) such that b = curl is an extension of a into E. The function 
w can be chosen to be compactly supported about OF. Furthermore, for every 
fixed € > 0 the vector field w can be chosen so that for every uc V 


I[|ul[ curlp|ll2 < X(€)|Vull2 in E, (4.7c) 


where X(e) + 0 as € + 0. Finally, if a € C*(OE;RY), for some k = 1,..., 
and OE is of class C*+!, then w can be taken of class C*+!(E; RY). 
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We need some preliminary Lemmas. The first and the second ones are 
taken from Galdi [91], Chapter III, Section 6. In the last one, we follow the 
approach developed in Ladyzhenskaya [149], Chapter 1, Section 2 and in Finn 
[73], Lemma 2.1; see also Galdi [92], Chapter VIII, Section 4. 


Lemma 4.1c Let E be a bounded, open set in RN and let 


5(x) = dist(x, 0B). 


1 
For any € > 0 define y(€) = exp (-2). Then, there exists a function pe € 
€ 


C%(E) such that 

\ye(a)| < 1 for alla € E, 

Ge(x) = 1 if O(a) < y*(€)/(241), 
ye(x) = 0 if d(x) > 2y(€), 
IVy.(x)| < K€/5(x) for alla € E, 


where K1, Kg depend only on N. 


Proof. We first recall the following result, for whose proof we refer to Stein 
[246], Chapter VI, Theorem 2. 


There exists a function p € C™(£) such that for all x € E 
1. d(x) < p(x); 
2. for any partial derivative of order a, |a| > 0, we have 


|D“p(x)| < Kaj +1[(e)]* |, 


where all &),)41 depend only on a and N. 
Now consider the function € : R — R defined by 


1 if t< y7(6), 
E(t) =4 ein(22) if (0) <t< (6), 
0 if t > y(e). 


Now, choose 7 = y7(e)/2, a mollifier j,, and consider the mollified function 
E. = € * jn. Tt is not hard to check that 


=.(t) =1 for t < 77(c)/2, 
=.(t) = 0 for t > 2y(€), 
|E-(t)| < 1 for allt € R, 
|=" (t)| < ¢/t for all t ER. 


We now let y-(a) = =(p(x)); taking into account 1. and 2. above and the 
bound on |5”|, we conclude that 


vez) =1 if d(x) < 77(€)/2K1, 
Ye(z) =0 if d(x) > 2y/(€), 
lVyve(x)| < K2e/p(x) < K€/d(a) for alla € E, 
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for proper, positive &, and K2, which depend only on N. | 
Lemma 4.2c Let E C R®™ be a bounded, Lipschitz, open set. Then, there 
exists c= c(E) such that for all u € W}?(E) we have 


U 
Isle < ellVulle, 


where 6 = (a) is the function, which has been defined above. 


Proof. By density it suffices to assume u € CS°(E). By Corollary 3.1 of 
Chapter 9, for every open set E’ CC E, we have 


l|ull2,a < c1 ||Vullo.z, 


where c; = ci(N, F). In order to conclude, we have to take into account the 
behavior close to the boundary OF. We recall that a bounded domain E C R% 
is said to be a Lipschitz domain, if there exists a radius rg, such that for each 
y € OF, in an appropriate coordinate system, 


EN Ber, (y) = {a = (2', an) € RX : ty > G(2')} N Bor, (y), 
GEN Bas (y) = {a= (a on) ER” tay = OG} 1 Bary), 


where @ is a Lipschitz function, with ||V®||z~ < L. The quantities r, and L 
are independent of y € OE. We say that L is the Lipschitz constant of E. 
If we set 
G(y) = EN Bsr, (y), 


it is not hard to check that cg = co(£), such that 


Va €G(y) wy — O(a") < c2d(a). 


Therefore, if we let y = (y’, yw), and By, (y') denotes the (V — 1)-dimensional 
ball centered at y’, we have 


1 
syle) Pdr < eo f 
Ve 6°(x) Bs (") 


and the wanted estimate follows from the one-dimensional inequality 


co qd co 
[wat foe 


ay [ON Iu aadl 


of, 
ie tw -@)P 


q 
dt, 


which holds for any h € CS°(IR;) and for any q > 1, and which can be easily 
proved integrating the identity 


q l=q 1-q 
We _ A Pee ya] oe 
td dt |1-—@q@ 1—qdt 


|(é)|*. 
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Lemma 4.3c Let E be a bounded, simply connected, open set in RN (N = 
2,3) with boundary OE of class C', having one connected component, and 
satisfying the segment property. For every vector field a © W?2(0E; RY) 
satisfying 


| a-ndo =0, (4.8c) 
aB 


where n is the outward unit normal to OE, there exists a vector field w © 
W??(E;R) such that a = curlw in the sense of traces on OE. Moreover, 


Ilwllw22<2) < cllallw1/22(~n); (4.9) 
where c depends on N and E. 


Proof. For the moment we assume OF smooth, without further specification, 
to the extent that all the necessary operations can be performed. At the end 
we briefly discuss how conditions can be relaxed in a way that all the needed 
estimates are still justified. 

First we consider the case N = 3; later on we briefly deal with N = 2, 
which is considerably simpler. Let n be the outward unit normal to OF and 
rewrite a as 

a=a,+G4nN, 


where a, = a-n and a; is the component of a tangential to OF. 
We first look for a solenoidal vector field b; : E > R°, b; € W!7(E;R3), 


such that 
bi=Vy in £, 
bij :-n=a, on OE. 


Since div b; = 0, this implies that y is a solution of 


Ag=0 in B, 
0 
> =a, on OF 


This is a Neumann problem for the Laplacean in FE, and condition (4.8c) en- 
sures that a solution y € W?:?(E) exists, up to an arbitrary constant. Hence, 
b; € W!(E;R®*) is well defined. Moreover, since E is simply connected, by 
well-known results, there exists w; € W*?(H; IR?) such that 


by = curl Wi. 


If we now let 


bo yt Be 


the vector b is completely determined, if bz solves 


(4.10c) 


divb2=0 in BE, 
bo =a—b, on OE, 
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taking into account that, by construction, 
(a—b,):-n=0 on OE. (4.11¢) 


In order to explain the main ideas underlying the construction of be, we first 
consider the simple situation of 


E = {(21,%2,23) € R®: 23 > 0}, OF = {(21, 22,23) € R®?: 23 = 0}, 


before dealing with general EF and OF. At this step FE is not bounded, but it 
is immaterial for what we are going to do. We have 


a =a1(%1, 2)e1 + a2(X1, V2)e2 + a3 (21, L2)e3, 


by =b1,1(@1, 22, 23 )e1 + b1,2(71, V2, £3 )e2 + b1,3(21, 2, 23 )es, 
where b1,3(%1, %2,0) = a3(%1, 22). By (4.11c), we have 
a— bila = (a1 (#1, 2) — b1,1(%1, 2,0) Jer + (G2(#1, v2) — b1,2(%1, £2,0))eo. 
If we let 
hi (a1, %2) = ai(a1, 42) — bi i (@1,%2) for i=1,2, hg(a1, 72) =0, 


and by = curlwo, solving (4.10c) reduces to determining w2 : E > R°, 
we € W2?(E;R%), such that curl we|_,.—0 =h in the sense of traces, i.e., 


0 0 
Fan (us2,0) Fa (P8210) = hy (x1, £2) 
Ow Ow 
F) at (11, @2, 0) - a (21, £2, 0) = ho(x1, £2) 
2X3 Ox, 
Owe2.2 Ow2,1 
- 0) — - 0) =0. 
ax, (Bis We, ) Ax> (Zina; ) 
Choosing 
Ow2,3 Ow2,3 Ow2,2 Ow2,1 
0) = 0) = 0) = : ,0) =0 
ari (Bis Was ) Ax» (215 2a, ) ary (Bis 9; ) Axe (21, %2 ) 
yields 
Ow 
= a (x1, 2,0) = hy (x1, £2) 
Ow2,1 
F) (11, @2,0) = ho(a1, £2). 
2X3 


If we assume that w21(@1, 72,0) = we2(#1,%2,0) = w23(11, 22,0) = 0, we 
conclude that a solution is given by 

W2,1(£1, 22,23) = £3h2(x1, £2) 

w2,2(@1,%2,%3) = —#3h1 (21, £2) 


W9,3(21, 29,24) = 0. 
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Notice that w2(x1, 22,0) = 0 for any (21,22) € R?. The vector field we were 
looking for is then 


b = curl wi + curl we = curl(w; + we) = curl w. 


Now, we turn to consider the case of a general simply connected, bounded open 
set E C R°, with smooth boundary OE having one connected component. As 
before, we can proceed with the construction of the vector field by = Vy = 
curl w,, so that it only remains to determine w2 in this new context. 

Consider a partition of the unity for the set E, namely a collection of C° 
functions ~, with compact support A,, such that 


S> be (2) =1 Vaek. 
k 


Without loss of generality, we can assume each w, to be defined on all R®. 
Let OE; be the intersection of OF with the domain where w, 4 0, provided 
such a domain does indeed have a non-empty intersection with OE. For each 
fixed q,, we can now introduce a smooth change of variables (y1,x, Y2,k; Y3,k) 
such that in the new coordinates, OF, is the graph of yz; = 0 in a compact set 
Dx C R?, and the coordinate system is orthogonal on 0E,. 

If we let (a — bi), = Ux(a — bi), we are going to build a vector field 
(bz), = curl(w2), such that (bz); = (a — bi), on OF, and 


b = curl w; + S"(b2)x = curl w, + oa curl(wo).. 
k k 


Take (a — b;)x, perform the previously mentioned change of variables that 
flattens the portion OE; of the boundary OF, and let hx be the restriction on 
y3 = 0 of the new vector field thus obtained. By construction, hy has compact 
support, and we also have hy, = (hi,x(y1, Y2), 2,0 (yi, Y2);, 0). 

Consider P = P(aj, 235,73) € OF. If P € OE\OE,, then (a— b1),(P) = 0 
and we can take (w2),(P) = V(w2).(P) = 0. 

On the other hand, if P € OE, then the corresponding point 


Q _ Q(yi, 3,9) € supp hx, 


and we can proceed with the construction of (w2); as we have done before 
for the set E = {y3 > 0}. The vector field (w2), = (w2)x(y1, y2, y3) Vanishes 
as (yi, y2) ¢ Dx, but there is no condition on y3. On the other hand, a careful 
inspection of the construction for E = {y3 > 0} shows that if we consider a 
function f € CS°(R) with f(0) = 0, f’(0) = 1, supp f = [-r,r] and r > 0 
arbitrary, the vector field 


w2,1(%1,£2,23) = f(x3)h2(a1, £2) 
w2,2(%1, 02,23) = —f(x3)hi (x1, £2) 


w2,3(#1,£2,23) = 0. 
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is also a solution. Therefore, the support of (w2);(y) can be contained in a 
neighborhood of Dx of height r. Once (w2)%(y) has been built, applying the 
inverse change of variable, we obtain (bz), (a) = curl(w2), (2). 

Since we have defined (w2),(P) in two different ways, namely taking into 
account whether P € 0EF\OE;, or P € OE,, we still need to check that the 
values of (w2), and its derivatives are all compatible. Again, a careful control 
of the proof, shows that the only requirement is that the tangential derivatives 
have to vanish, and this is surely satisfied by our construction. 

As for the smoothness of (w2),, it is a direct consequence of the smooth- 
ness of a, and also of the smoothness of OE, which affects the regularity of 
the change of variables. In particular, if OE is of class C' and has the seg- 
ment property, and a € W?(0B), then it is a matter of straightforward 
computations to see that the previous construction yields b € W1?(E) and 
b = curl w; + curlw2 with wi, w2 € W??(E). As for (4.9c), it is a conse- 
quence of standard elliptic estimates. 

On the other hand, if we consider regularity in the class of continuous 
functions, once more it is relatively easy to see, as pointed out in Ladyzhen- 
skaya [149], that if OF is a C? surface and a is continuous on OF, then b is 
continuous on F. 

When E C R?, things are much easier. Recalling that E is simply con- 
nected, we look for b in the form 


The condition b| og = a gives the values of _ and ow on OF. From the values 


of — on OF, we determine w on OF up to an arbitrary constant, and w is a 
single valued continuous function, as 


a ao = | a-ndo = 0. 
ag On OE 


Once we know w| jp ond we can finally build w in E. @ 


‘WwW 
Fy lon” 


4.3c Proof of Proposition 4.3c 


By Lemma 4.3c, if N = 3 there exists w € W??(E) (if N = 2, we have 
w € W??(E)) such that curl w(x) = a(x) for any x € OE. For any « > 0, let 


pe € C™(E) be the function built in Lemma 4.1c and set 


wy a yew, b=curle =curl(y.-w). 


By construction » € W??(£), it is compactly supported about OF, and for 
any x € OE we have 


w(e)=w(e) => curly(x) =curlw(z) = a(z). 
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Moreover, owing to its very definition, and to (4.9c) 


|| curl || w22¢z) < cllallwi/22(az)- 
It remains to show the validity of (4.7c). Lemma 4.1c yields 


€K2Q 


be) < 


|w(x)| + |Vw(2)| if d(@) < 29(¢), 


and 
b(z) =0 if d(x) > 2y(e). 


By the Sobolev embedding theorem 


|w(2)| < ¢llwll22, 


[Vwlls < c]|wlle,2, 
and by (4.9c) this implies 
|w(x)| + [[Vwlls < cllallyws/22z)- (4.12c) 


Therefore, for every u € V, we have 


1 
[ful] curl I |l2 <eellally+/2.2(omyll Full2 


+ (/ itv) 
5(x)<2y(e) 


1 
Scellallw+/22(zyl sulle + IVullallVwlls;e., 


2 


where 

E. de {xe E: d(x) < 2y(6)}. 
Owing to (4.12c), we have that ¢(e) = ||Vw]||3;2, vanishes as e — 0, whereas 
Lemma 4.2c yields ||5~tul|z < c||Vull2; therefore, we can conclude 


[|u|] curl ¢||l2 < ¢ (ellallw+/22(am) + ¢(€) |Vulle = X(6)||Vulle, 


where X(e€) > 0 ase 0. 


4.4c The Case of a General Domain E 


We briefly discuss what happens when E C RX, N = 2, 3, is not simply 
connected, and/or the boundary OF has multiple connected components I;, 
i=1,...,m with m>1. 

Consequently, the natural compatibility condition on the velocity v at the 
boundary OF, required by the incompressibility of the fluid, is 
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a-ndo = [ ando=o. 
[, 2, iy 


where n is the outward unit normal to OF, whereas the argument we have 
presented above (which is Leray’s original argument [164]) works if the con- 
dition 
Vi=1,...,m [ anda =0 
Ty 


holds, which is obviously stronger. Moreover, such a strict requirement does 
not allow for the presence of extended sinks and sources into the region of 
flow, which is physically interesting. The question of whether the problem 
we have considered here, admits a solution only under the natural restriction 
is a fundamental question in the mathematical theory of the Navier-Stokes 
equations. 

We refrain from further elaborating on this issue here. The reader inter- 
ested in the solenoidal extension to a bounded open set that is not simply 
connected, and/or has a boundary with multiple connected components, can 
refer, for example, to Finn [73], Section 2 and to Galdi [92], Chapter VIII. 


5c Recovering the Pressure 


5.1c Proof of Proposition 5.1 for u€ H+ 1 C*(E;R?) 


Pick w € CS°(E;R*). Then curlw € VY and hence, by the membership u € 
H+, and by integration by parts 


| u-curlwdz = -| curlu:-wdz=0 for all w € C°(E;R’). 
E E 

By density this continues to hold for all w € L?(E;R*%). Therefore, if u € 
H+ 1 CS(E;R*) then curlu = 0 in E. Since E is assumed to be convex, 
denoting by 7 the coordinates in R®, the latter is a necessary and sufficient 
condition for the differential form du = u- dy to be exact in F. Having fixed 
x,y € EF consider a smooth path from y to a, ie., 


ey = {n € C'[(a,8);R*], na) = y, n(8) = 2; |n'| > OF. 
The path integral 


p(z,y) = i 


is independent of yz,,, and, for a fixed y € HK, uniquely defines a function 
p(-,y) satisfying Vp(-,y) = u. Moreover, for any y1,y2 € E, by the stated 
independence of the path integral, p(-,y2) = p(-,y1) + p(yi,y2). Since u € 
Cs° (E; R°) one has p(-,y) € C°(E£). To establish the proposition in the case 
u € H+NC™(E;R?), fix y € E and determine the function E 3 x > p(z, y) 
up to a constant. 


B 
du = u(n(s)) « 7/(s)ds (Bala) 


Zyy 
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5.2c Proof of Proposition 5.1 for u € H+ 


Having fixed u € H+, regard it as defined in R® by extending it to zero outside 
E. Pick w € CS°(E), and for e > 0 denote by w, = J. * w the e-mollification 
of w by the Friedrich’s mollifying kernel J.(-). We choose € sufficiently small, 
such that w. € CS°(E; R?) and curl w, restricted to E is in H. Since u € H+ 


o- | u-curlw, de =f u-curlw, dx 
E R3 


=| u.-curlwdz =f u,- curl w dx 
R3 B 


--f curlu,: wdz =0 
E 


for allw € CS°(E; R®). By density this continues to hold for all w € L?(E; R°). 
Therefore, curlu, = 0 in E, and the path integral 


B 
pleyr)= f duc= [ uc(n(s)) -nl(s)as 
Ya,y a 

is independent of yz,, C EH. For a fixed y € EH, such an integral uniquely defines 
a function p(-,y;¢) satisfying Vp(-,y;¢) = ue. Moreover, for any y1,y2 € 
E, by the stated independence of the path integral, p(-, y2;¢) = p(-,yi;6) + 
P(Y1, Y23 €)- 

Proposition 5.1¢c There exists p(-,-) € L?(E x E) and a subnet {p(-,-;€’)} C 
{p(-,-;6)}, relabeled with € such that as « > 0 


p(-,3€) > p(-,-) in L?(E x E) andae. in Ex E 

p(-,¥36) > p(-, y) in L?(E) forae. ye E 

p(@, y2) = P(r, y1) + p(y, y2) ae. in EX E (5.2c) 
Vol, y3€) > Vp, y) weakly in L?(E) forae. ye E 

Vo(.,y) =u forae. yEE. 


We rely on the following result. 


Lemma 5.1c There holds: 

IIp(,+3 lla < 2V2m diam(E)? ||ucll2,.2 < 2V2n diam(E)? lula; 
uniformly in e. 
Proof. Fix « > 0 and in computing p(x, y;€) from (5.1c) take the segment 


yy 
lc —y| 


(0,|c-—y|)>s—-y+sv where v 


For such a choice, and Holder’s inequality 
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|a—y| 
p'(2,y;6) < diam(z) | |u.|?(y + sv)ds. 
0 


Integrate both sides in dz over E, and compute the resulting integral on 
the right-hand side in polar coordinates with pole at y and angular variable v 
ranging over the unit sphere of R°?. Denote by R(y,v) the polar representation 
of OF with pole at y and also set z = y+sv so that the polar radius is s = |z—y| 
and ranges over (0, R(y,v)). This gives 


R(yv) 
IPC IB <diam(ey? f(a + sv)d) dv 


Iv|= 


= diam(E)? I. (a oe aoe — y|?dlz — yl) av 


2 
= diam(E)? LEC 
)" Ja le—4P 


Next, integrate both sides in dy over FE and estimate the resulting integral on 
the right-hand side by making use of Fubini’s theorem to obtain 


lp. 5 Olld.2x5 < diam(E)? ic )|?dz sup | —— — yl dy 


z€E 
< 8rdiam(F 8 fac ju. (z)|?dz 
< 8rdiam(E)$|jull3.p. 
The last inequality follows from the properties of the mollifying kernels. 
Corollary 5.1c For all positive €1, €2 
lIP(-5-5€1) — PC, sea)IlauexB S 2V2m diam(E)? |[Me, — Wes l2,2- 
Proof (of Proposition 5.1c). Since {u,.} is Cauchy in L?(E£;R?) the net 


{p(-,-;€)} is Cauchy in L?(E x E) and by the completeness of L?(E x E) 
there exists p(-,-) € L?(E x E) such that 


lim ||p(-,-;€) — pC, ‘Jloanxe = 0. 
e>0 


Subnets can now be selected satisfying the first three statements in (5.2c). Fix 
y € E for which the second of (5.2c) holds and for ¢ € CS°(E;R?) compute 


lim (Vp(-, 95 €), 6) 22) = lim —(p(-, ys €), div ¢) 22) 
= (u, ¢)12(n) = —(p(-, y), div ¢) 122). 
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5.3c More General Versions of Proposition 5.1 


5.1. The convexity of EF has been used in the previous proof, in order to 
conclude that du is exact. Prove that Proposition 5.1c¢ continues to hold 
if E is not convex, but any two points x,y € E can be connected by a 
smooth curve Yz,, C # of length not exceeding a fixed constant L. This 
would include bounded, simply connected sets E’ with smooth boundary 
OE. 

5.2. If E is unbounded let FE, = EN {|x| < n} and assume that each E,, 
satisfies the condition in 5.1 with the constant L,, possibly depending on 
n. State and prove a local version of Proposition 5.1. 

5.3. The Helmholtz—Weyl decomposition, sometimes also referred to as the 
Hodge decomposition, can actually be proven for any open set E C RX, 
if one works in L?(E;R%), as is the case here (see Galdi [91], § III.1). The 
situation is more complicated if one works in L?(E;R) with p € (1, 00), 


pF 2. 


8c Time-Dependent Navier-Stokes Equations in 
Bounded Domains 


In Section 8 we considered the Navier-Stokes equations in Ep with E Cc R? 
an open, bounded set with smooth boundary, and stated Hopf’s 1951 result 
about the existence of weak solutions of the initial-boundary value problem 
(8.1) [123]. 

As a matter of fact, the first result about the existence of weak solutions 
dates back to 1934 and is attributed to Leray [165], who studied the problem 
in the whole space R? with divergence-free initial condition u, € L?(R%). 
Somehow, the more difficult case was solved first. 


10c Selecting Subsequences Strongly Convergent in 
L?(Er) 


Lemma 10.1c (Friedrichs [86]) Let Q C R™ be a cube of edge L and let 
u € W!?(Q) for some 1 < p < N. For every ¢ > 0 there exist a positive 
integer k- depending only on € and L, and independent of u, and kz linearly 
independent functions {y)}h2, C L®(Q) such that 


ke p 
lull. < ue | [, u- wb, da| +¢||Vullf.g- (10.1¢) 


Remark 10.1c The conclusion continues to hold if u€ W2?(E), where E is 
a bounded open set in R%. Indeed, FE can be included in a cube Q and, since 
u has zero trace on OF, it can be extended in the whole cube by setting it to 
be zero outside EF. 
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10.1c Proof of Friedrichs’ Lemma 


The starting point is the Poincaré inequality, which we state next. Let 


a Lt f 
1uQ=— udz = + udx 
2 Tal Je Q 


denote the integral average of u over Q. 


Theorem 10.1c (Poincaré Inequality). Let u € W'?(Q). There exists a 

constant y depending only on the dimension N and p, such that 
Np 

N-p 


lu — uallp.i@ SW!Vullp;@ where pe = (10.2c) 


Proof. See DiBenedetto [50], Chapter 10, § 10.1. Oo 


Corollary 10.1¢ Let u€ W'?(Q). There exists a constant y depending only 
on the dimension N and p, such that 


lu — valle < YLI|Vullp.a- (10.3c) 
Proof. Apply Hélder’s inequality to ||u — ual||p,q and use (10.2c). | 


Let k be a positive integer to be chosen and subdivide Q in k% equal subcubes 
Qe, with pairwise disjoint interior and edge L/k. Then compute and estimate 


[ilwrar= 3 [ \uPar => f \(u-ug,) + ug,lae 
Q l=1/Q¢ l=1/Qe¢ 


a4 ky N(p-1) kN D oi KN 4 
<2 (+) ys | uda| +2 SS lu —ug,|?dx 
Qe f=1/ Qe 


l=1 


kN p qk 
<p / wveda| +72? _ yy |\Vul?da 
t=1'JQ K (=1 Jae 


kN D 
=* [/ weda| +e / |\Vul?da 
f=1'/4Q Q 


where we have set 


pai (k\ NES L 
ve = 2 (=) XQ¢ and E= ar as | 


10.2c Compact Embedding of W?? into L4(Q) for 1 < q < Dx 


e Prove a version of (10.3c) with the left-hand side replaced by ||u — uallq.a 
for 1 <q < px. 

e Prove a version of Friedrichs’ lemma with the left-hand side of (10.1c) 
replaced by ||ull¢,q- 
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e Use such a version to prove the indicated compact embedding. 


Such an embedding was stated in Chapter 9, Section 2.1 and proved in Sec- 
tion 2.2c of the Complements. When £ = Q the arguments above provide a 
different proof. If E is bounded, give conditions on OF so that u € W'?(E) 
can be extended into a cube containing EF with u € W1?(Q). 


10.3c Solutions Global in Time 
Let f € L?(E7;R3). Prove that a Hopf solution of (8.1) satisfies 


IIv(@)ll2:2 < |lvolla;z + [Ifllo.z, 


for a.e. t € (0,7). (10.4c) 


|Vvllo.e, S IIVolla;z + [lfll2z,) 


5 ( 
v2 
If f € L?(R*; L?(£;R3)), then (8.1) has a weak solution global in time, i.e., 
in E x R*. Moreover, such a solution satisfies the energy estimates (10.4c) for 
allt € Rt. 


lic The Limiting Process and Proof of Theorem 8.1 


In Section 11 we underlined that the strong convergence is needed to pass to 
the limit in the nonlinear term. We now discuss a counterexample, in order 
to show that weak convergence in general does not suffice. 

In particular, we consider a sequence {v,,(x,t)} Cc L?(0,T;W+?(E)) 9 
L®(0,T; L?(E)), which satisfies the Navier-Stokes equations (8.1) with f = 0 
in the weak sense of (8.2). Moreover, we assume that 


a) H+ v,(a,t) € C%(E) for a.e. t, uniformly in n; 
vn (z,t) € L*@ (Er), k =1,2,...,N,h © N, uniformly in n; 


7 
Ox; 


c) 2 Avi, € L®(Er), uniformly in n. 


io” 
ae 


In spite of the great regularity of a)-b)-c), we show that we do not have 


T T 
ip | (ve V)vn-eaedt > [ [ -9)v edeat, 
0 JE 0 JB 


where v is the weak limit of v, in L?(Er), and py € CS°(Er;R¥). 
The counterexample is built in the following way. Let w be harmonic in E, 
ie., it satisfies div Vy) = Ay = 0. Set 


Vn(x,t) = an(t)VY, 
where 


{an} C L©(0,T) uniformly in n, and {a,} Cc C1(0,T). 
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Then, v,, satisfies (a)-(b)-(c) above. Moreover, v,, satisfies the Navier-Stokes 
equations, that is, 


[ [acovw-pacar— f° an(t) | ACWW) pateat 


fC 2 
Oy Oy 
au —— ¢vdrdt =I + 12+]; = 
+f a, (t) a Ox; poe io a+ 3 0, 


for every y € C™(0,7T;V). Indeed, we have I, = Ip = 0 trivially (we rely on 
the integration by parts in J,). For Iz we have 


dy Ay rf a (Xa? 
de=— |] — ol d 


=1 


1 
= 5h |Vi|? div pdx = 0. 


Consider now a sequence {a,} C L°(0,T) such that ||@n(t)||z2(0,r) = 1 and 
a,(t) + 0 weakly in L?(0, 7); for example, we could take a,,(t) = V2 sin 4. 


Then, 
Vn (2, t) = an(t)Vd = 0 


weakly in L?(Er), but if we consider a general p € CS°(Er;R%) 


[ fo -V) vn- edadt = aC ff V(VSP)- eae dt 


i . 
~~ 3 llanllz2¢0,7) (| Vv? div ede) 
E 


1 
=-5 ([ Iwui? av gar) #0. 


12c Higher Integrability and Some Consequences 


12.1. Explain why (8.2) holding for all » € C™(0, 7; VY) implies (12.2) holding 
weakly for all y € CS°(Er; RY). 


13c Energy Identity for the Homogeneous Boundary 


Value Problem with Higher Integrability 


The proof of Proposition 13.1 essentially gives a way of taking » = v in the 
weak formulation (8.2). 


16c Proof of Theorem 15.1 — Introductory Results 653 


Proposition 13.1¢c Let v be a weak solution of (8.2),. Assume moreover that 
v € LP(Er;R) with p > N and q > 2 satisfying (12.3). Then, v satisfies 
the energy estimates (10.4c). 


By the same token, Proposition 14.1 can be extended several ways. For ex- 
ample, one may permit f not to be zero, or the boundary data for v and u 
not to be zero, provided w = (v — u) has zero trace on OF. State and prove 
this version of such facts by writing the corresponding weak formulation for 
w and taking » = w in the indicated approximate sense. This is possible by 
the assumed higher integrability on both v and u and hence w. For N = 2 
such a higher integrability assumption is redundant. 


15c Local Regularity of Solutions with Higher 
Integrability 


The proofs of Theorem 15.1 in Serrin and Struwe [233, 248] are based on a 
smart study of the vorticity equation (18.2). This is why the pressure does 
not appear in the statement. A careful analysis of the proof shows that the 
transport term is dealt with as if it were an external force. 

For a different approach see Seregin [230], and also the references therein. 
Moreover, in Seregin [230] the author extends his formulation of the regularity 
estimates up to the boundary under homogeneous Dirichlet conditions on a 
half cylinder. 


16c Proof of Theorem 15.1 — Introductory Results 


Proposition 16.1¢ Let k € LP’ (RN x R™;R) and g € L?% (RN x R™;R) 
with N, M > 1, and 
1 


=o ls 


l<q<r, 1l<d<r, +4 


ore 
a @ 


Then for the double convolution 
nat) S ff ke — gt r)gl€,7) dar 
RN xRM 


we have 
Pllre” < WFllp.p'Iglla.a’ 


Proof. First of all, consider the convolution only in one variable, namely 
(kage) =f wla- ealeat, 


where k € L?(R%), g € L4(R%), and “ + ; = ++1. We have 
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(k* g)(a = [fk (x — €)g(€) dé 


i ae DI lglg 
= fh tate — Pole) @ - 1 


aot! § 


de. 


(QI° 


If we apply Holder’s inequality, we conclude that 


(&* g)(x)| S if, |k(a — €)|? ate] i 


r—P c= 


| fice —eyr ae] | f toteneae] 


= | [ [ke OP ate] aT eal Fa 


Raising both sides to the power r yields 


Kes nca < | fiee— OP ade] ls *Halls-* 


If we now integrate with respect to x, we have 


[jlesoerars f roe | fie s1rae) a 


“Wl, Piiglla 4 


and we conclude that 
lk * gle < WAllollglla- (16.1c) 


The previous proof holds for any N > 1; inequality (16.1c) is usually known as 
Young’s inequality for the convolution. Now, we want to consider the double 
convolution with respect to (x,t) € RY x R™, namely 


h(a, t) = If. os k(a — €,t —r)g(€,7) d&dr. 
We have 


Inco =| f, 
[fa La 


For simplicity, let us set for the moment 


r 1/r 
II k(a — €,t —r)g(€,7) d€dr as| 
RNxRM 


r l/r 
| k(a — €,t — r)g(&, 7) d& ar| as| . 
RN 
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[He 64 nals) a& = Fle,t,7). 


Then, we have 


ino (fff, eeniar] ae) 


We can apply the continuous Minkowski inequality (see, for example, DiBe- 
nedetto [50], Chapter 6, Prop. 3.3) to obtain 


Wace < fh Fleer) ear 


=f If een St nolG7) ag 
RM RN 
< [ L(t Mllollgla dr 


where we have taken (16.1c) into account. Let us momentarily set 


dt 


u(t—7) = ||K(é—7)|lp,  ¥(7) = Iola 
We can rewrite 
|h(t)|l> < i: u(t — 7)v(r) dr = (u* v)(t). 


Once more, by (16.1c) we conclude 


/ 


l/r 
Allene = ( [inca at) = |Juvller <llulprllollg 
RM 


/ 1/p' : 1/q' 
: ( [lee-o1e at) ( [locos ar) = |[Alearllglla- 
RM RM 


a 
Proposition 16.2c Let k € L?”' (RN x R;R) and g € LY (Q x (ty, tz);R) 
with N >1, Q a bounded domain in RN, (t1,t2) C (0,00), and 


1 1 1 1 1 1 
l<q<r, 1l<qd<r’, -4+- ee 
p 
Then for the double convolution 


n(ae,t) / | he 6 p-wigeaidter, Gal) KORG, 
Qx (t1,t2) 


we have 


I[Pllrr S [Allyn llglla.ar- 


Proof. Same as in Proposition 16.1c 
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20c Recovering the Pressure in the Time-Dependent 
Equations 


In Section 20 we study the regularity of the pressure p for weak solutions of 
(8.1) in Ey, where E is a bounded, smooth domain of R?. 

In the whole space R? the situation is definitely simpler, and we sketch how 
the analogous corresponding result can be obtained. We follow an argument 
given in Caffarelli et al. [26]. 

If we take the divergence of (8.1), we obtain 


3 2 
a cal Tray 
4,g=1 


in the sense of distributions in R*® x (0,7), and therefore, in R® x {t} for a.e. 
t € (0,7). 

Here, p is the sum of classical singular integral operators applied to ujv;. 
By the Calderén—Zygmund theory (see Stein [246]), we have 


T T 
i | inl? dadt < C(q) Iv?2,  q€ (1,00). 
0 R3 0 R38 


By the corresponding result in R? x (0, 7’) of Lemma 8.1 we have v € L? (R? x 
(0,7')), and therefore we conclude that p € L3(R? x (0,T)). 


Check for 


15 updates 
QUASI-LINEAR FIRST-ORDER SYSTEMS 


1 Hyperbolic Systems 


Consider a first-order quasi-linear symmetric hyperbolic system of the type 


et + Ajen(@,t, U)UK.2, = Be(x,t,u) £=1,2...,m (1.1) 
where, in summation notation, A; = (Ajv,x) for i = 1,2,...,N are given 
m Xx m, symmetric, nontrivial matrices with real-valued entries defined in 
RN+1+™ and the functions (2, t, u) > Be(z,t,u) for 2=1,2,...,m are given 


and defined in RN+!*™., Setting B = (B,,..., Bm) and u = (u1,..., Um), the 
system can be rewritten more concisely as 


L(u) = u,+ Aju,z, = B. 


The system is hyperbolic if for all € € R, the matrix Ajé; has m real eigen- 
values. It is strictly hyperbolic if, in addition, the eigenvalues are all distinct. 
In order to highlight the difference, in the case of multiple real eigenvalues, 
we talk about weakly hyperbolic systems. To justify such a distinction between 
strictly and weakly hyperbolic, let I’ be a smooth surface in RN*!, and up to 
a rotation of the coordinate axes, let t = y(a), for a smooth function y, be its 
local representation about one of its points. Fix a smooth function f : > R™ 
and consider the Cauchy problem 


(1.2) 


L(u)=B ~ ina neighborhood of I 
u=f on I. 


If such a problem has a unique classical solution u in a neighborhood of I, 
then u, uz,, uz, are uniquely determined by f. In particular, since 


u(z, y(2))2; = fr, + Ut Pox; on I, 


one can compute u; on I” from 
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Therefore, a necessary condition for u to be a classical solution of the Cauchy 
problem (1.2) is that det(I + Aiyx,) #0 on I’. A smooth surface 7 c RN*1 
with a local representation t = p(x) is characteristic of (1.1) if 


det(I+ Aips,)=0 on I. (1.3) 


For such surfaces, the Cauchy problem (1.4) has no classical solutions. This 
condition provides an operative way of finding characteristics, by finding those 
functions y for which (1.3) holds on some of the level sets y = t. These 
characteristic surfaces depend upon the solution itself; however, for linear 
systems when A; = Aj;(x,t) they can be determined a priori. To find some 
characteristics, attempt to solve (1.1) for functions depending only on one 
variable, i.e., of the type 


p(t,..-,%n) = y(t.) for some fixed & € {1,2,..., N}. 


On the surface t = v(x) 


dxy, 1 
dt = y'dxr, or Sas provided y! 40. 
dt y! 
This in (1.3) gives 
d 
det (GEr+a,) =0. (1.4) 
dt 
Assume that all the matrices A, have each m distinct real eigenvalues Ax; 
with corresponding eigenvectors vz,;, and let Viz = (vz1---Vk,m) be the 


matrix of the eigenvectors. Then, from (1.4), 


from which 3 
+ =N,j forall j=1,2,...,m. (1.5) 


These determine m distinct characteristic curves in the plane {x,t}. There- 
fore, the strict hyperbolicity condition implies that for every direction 7 in 
RY, the hyperplane {7,t} contains m distinct characteristic curves. Thus, 
there are at least m distinct characteristic surfaces associated with (1.1). 


2 Some Examples 


Since the matrices A; are nontrivial, the hyperplane t = 0 is not characteristic 
and the corresponding Cauchy problem 
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L(u) =B ~ ina neighborhood of t = 0 
au (2.1) 


(-,0) =u, fort =0 


is called the initial value problem for the initial datum u,. By the previous 
discussion this problem is in principle permitted to have a smooth solution, 
at least for smooth initial data up. 

Next we give examples of systems of the type of (1.1) taken from physics. 


2.1 Incompressible Euler Equations 


Consider a fluid of density (x,t) + p(#,t) so that the infinitesimal mass du 
about the point x at time t is pdx where dz is the infinitesimal volume about 
x. If du moves along a Lagrangian trajectory x > x(t) with velocity u, then 
& =u. The fluid moves because of internal F® and external F( body force— 
densities, acting on du. By the conservation of momentum 


pdr u(a(t), t) = (FO + FO) dz. (2.2) 
The internal force—densities are the Kelvin body forces due to pressures and 
those due to friction. Denoting by V the gradient with respect to the space 
variables, the Kelvin forces are given by —Vp, where p is the pressure, and 
the internal friction is proportional to the space—variation of the stress tensor. 
A fluid is said to be Newtonian if the stress tensor is linearly proportional 
to the matrix (Vu). Therefore, for a Newtonian fluid the friction is given by 
vdiv(D,u) where v is the kinematic viscosity. The external force-densities 
F© are due to gravity and/or buoyancy and are cumulatively denoted by 
f(a,t,u). With these stipulations (2.2) can be rewritten as 


p(ue.t - UjUe,x,; ) = —Px, ++ vAue + fe(ax,t, u), f= 1, 2,3. 


These are the Navier-Stokes equations introduced in Section 7 of the Prelim- 
inaries, and studied in Chapter 14. 

The fluid is inviscid if there is no internal friction, i.e., if v = 0. In such a 
case the system is rewritten as 


pu; + p(u-V)u=—Vp+f, (2.3) 


and we obtain the so-called Euler equations (see also Section 8 of the Prelim- 
inaries). As we have seen in Chapter 14, they can be supplemented with the 
further equation 

divu = 0, (2.4) 


so that (2.3)—-(2.4) are usually referred to as the incompressible Euler equa- 
tions. Taking the force f = 0 for simplicity, and assuming the pressure p and 
the density p as known functions of (a, t), (2.3) is a system of three equations 
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in the unkowns u,;, i = 1, 2,3. If p(#,t) > 0 for all (x, t) in its domain of defini- 
tion, the corresponding matrices A; are pu;l; thus, the system is hyperbolic.! 
Notice that, strictly speaking, the system (2.3)—(2.4) is not hyperbolic. 


2.2 Reacting Gas Flow in 1—-Space Dimension 


Consider the motion of a gas due to some internal fast chemical reaction, say, 
for example, combustion or detonation. Assume that the motion is laminar 
unidimensional and along the x-axis so that all the physical quantities depend 
only upon « and t. It is assumed that the reacting mixture has only two species, 
i.e., burnt and unburnt gas and that unburnt gas is converted into burnt gas 
by an irreversible process. Let u, p, p, and T’ denote velocity, density, pressure, 
and temperature and denote by 


e absolute internal chemical energy per unit mass 
z the mass fraction of unburnt gas. 


These quantities are linked by the nonlinear system [179] 


pt+(pu)e =0 (2.5) 

(pu): + (pu? + p)a = VUre (2.6) 

(Seu? + pe): + (u u(5pu + pe) a+ + (pu)2 = (Vutc)e + (ATr)a (2.7) 
(pz)e + (upz)e =ke(T)pz2+d(pzz)e, (2.8) 


where k is a positive parameter measuring roughly the liberated energy at the 
burning front, A is heat conductivity, and d is the species diffusivity. 

In the system the first equation represents the conservation of mass and 
the second is the Navier-Stokes equation (2.3) with f = 0, and where p; has 
been substituted from (2.5). Equation (2.7) is the balance of energy. In (2.8) 
the function y(-) is given by 


y(T) = 


eae 
. fT <T; (2.9) 


Ll itt > ah 


The number T; is the ignition temperature and ¢(-) acts as a switch, turning 
the combustion on and off according to critical values of the temperature. 
Equation (2.8) is the balance of mass of the unburnt portion of the gas. 


Remark 2.1 Experiments suggest that y(-) in fact increases sharply but 
smoothly from 0 to 1, i.e., there exists a (small) positive constant y such 
that 


0 for T<T; 


increases smoothly 
; cea hee Ei 2.9)! 
and continuously foe TP Ted Ce 
1 for T>T;+7. 
"In general p and p are not known and (2.2) is complemented by an equation of 
state linking them, and the continuity equation (2.4) of the Preliminaries. 


g(T) = 
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Introduce the new variables 
e- | p(s, t)ds eb 


and continue to denote by u, e, J’, and z the transformed functions and by 
x and t the new variables € and r. Let also v = p~! denote the the specific 
volume of the gas. Then, with this notation, the system (2.5)—(2.8) takes the 
form, 


Ut — Uz = 0 4 


ut t+ pe = v(v-lUe)e 4 
(Su? +e): + (pu), = v(v—tuug)e + (Av! Te) x 


ze = —ky(T)z + (dzz)z. 


/ 


(2.5) 
(2.6) 
(2.7) 
(2.8)’ 
This is a system of four equations in the five unknowns u, v, e, T, and z. 
Various combustion models are derived from (2.5)’—(2.8)’ by “guessing” the 
form of the energy function e and a fifth equation linking the variables. 


2.3 A Weakly Hyperbolic System Arising in 
Magnetohydrodynamics 


Magnetohydrodynamics is the study of the properties and behavior of electri- 
cally conducting fluids. A typical example, although not the only one, of such 
fluids is given by plasma. The equations of magnetohydrodynamics are given 
by the coupling of the Navier-Stokes (see Chapter 14) or the Euler equations 
of gas dynamics (see Section 2.1) and the induction equation for the mag- 
netic field. The physical aspects of these systems are described, for example, 
in Davidson and in Landau and Lifshitz [43, 152]. 

Here, for simplicity, we consider one-dimensional inviscid, incompressible 
processes, and we follow the presentation of magnetohydrodynamics for an 
ideal gas as given in Torrilhon [258]. The variables used in the description of 
the fluid are the density p, the velocity v, the magnetic field B, and total 
energy e. These variables constitute the component of the vector u. 

Owing to our simplified situation the vector fields v and B are decomposed 
into their scalar normal components v, and B,, in the direction of the space 
variable, which we denote by x, and the two-dimensional transversal parts vr 
and Br. Hence, we have 


B=(B,,Br) and v=(vn,vr). 


Owing to the divergence-free condition that has to be imposed on the magnetic 
field B, its normal component B, has to be constant in space, as we are 
dealing with one-dimensional processes; for simplicity, we assume B, to be 
non-negative. 
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The remaining components of the variable u, namely (p, un, vr, Br, e), are 
the set of unknowns for the one-dimensional magnetohydrodynamics. Since we 
deal only with ideal gases, the total energy e is related to the pressure p by 

1 oe eae ee eee eee 
e = —— =pu, + =pv —B7, 
yor 3" A Se ar 
where 7¥ is usually assumed to be 5/3, and for simplicity B?, and v7, stand for 
|Br|? and |v7|?. In the previous relation, the contribution of the normal field 
B,, is cancelled. 

Finally, the magnetohydrodynamics equations in the one-dimensional set- 

ting are 


Pt + ve x 


(pUn)e + (pv, +p += 5Bi 


x 


=0 
=0 
0 (2.10) 
=0 


(Br): + (tnBr — Brvr 


x 


) 
T) 
(evr )t + (bUnvr — B, moe 
) 
Ja = 


1 
et + ((e +p+ zBr)in — B,Br - VT )ax 


The equation for the normal component of the magnetic field reduces to the 
statement that B, is also constant in time; in such a way, B, can be simply 
considered as if it were a parameter. The system (2.10) is hyperbolic and its 
eigenvalues, namely 


Ay =v—cf, Ag =U—CA, AZ =U—Cz, 
4 = UV, 
A5 =U+¢es, A =U+Ca, A7 =u+cs, 


have the physical meaning of velocities; the so-called fast and slow magnetoa- 
coustic velocities cr and cs, and the Alfven velocity c4, are given by 


1 (B2 +B? 1 ( B2 +B? 2B? 
(= Et +7) +4 j (ABE + ot) =ae—, 
p p 


1 (B2 +B? 1 (B2+B?2 . B2 
Cs = 5 (FEES + a2) - 5 (FBS + at) =e". 
p 


Cs SCA Sc, 
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the eigenvalues may coincide for special values of the flow, and therefore, the 
system (2.10) is in general only weakly hyperbolic. 

We give another example of a (possibly) weakly hyperbolic system in Sec- 
tion 2c of the Complements. 


3 Uniqueness of Smooth Solutions 


Consider the initial value problem (2.1). In physically relevant problems the 
matrices A; are not regular and the initial datum u, is only in Li.(RY) 9 
L®(R%). The main difficulty in establishing an existence and uniqueness the- 
orem resides precisely in this lack of smoothness. Moreover, even if the data 
are regular, the existence of smooth solutions holds, in general, only for small 
times.” 

Fix some 0 < T < ov, denote by Sr the (N + 1)-dimensional strip RY x 
(0,7), and consider solutions of the Cauchy problem (2.1) in the class? 


u € L©(Sr)N L?(Sr) 


u(z,-) € C1(0,T) for all z € RN 

ut E L™ (Sr) (3.1) 
u(-,t) € C1(RY) for all t € (0,T) 

Du(.,t) € L°(R¥) uniformly in t € (0,7), 


where D denotes the gradient with respect to the space variables only. 
On the matrices A; and the vector B assume that 


A;, BE C(Sr x R) 
A,(a,t,-), B(a,t,-)€C1(R) for all (x,t) € Sr (3.2) 
A,, B, € L~(RY) uniformly in t € (0,7). 


These are regularity assumptions that imply that the system (2.1) holds point- 
wise in Sr. A structural assumption placed on the system is that the matrices 
A; are symmetric, i.e., 


Ajer = Aire A on err A Vé0,k=1,...,m. (3.3) 


Theorem 3.1. Let (3.2)—(3.3) hold. There exists at most one solution in the 
class (3.1) of the Cauchy problem (2.1) in Sr. 


See, for example, the discussion on solutions to the initial value problem for the 
Burgers equation in Section 7 of Chapter 7. 

3The symbolism is meant to indicate that each scalar component of the indicated 
classes belongs to the proper space of scalar functions. For example, the last one 
means that ue,x,(-,t) is essentially bounded in RY, uniformly in ¢, for all = 1,...,m 
and alli=1,...,N. 
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Proof. Let u and v belong both to the class (3.1), and let both be solutions of 
(2.1) in Sv, originating from the same initial datum u,. By the assumptions 
of the class (3.1), 


w(t) @ (u—v)(t) 30 in L2,,(R%), ast 3 0. 


Differencing (2.1) written for u and v, we obtain 


wrt Aj (x, t, U)We, = {Ai (z, t, v) — Aj (x, t, u)} Va; (3.4) 
+ B(a,t,u) — B(a,t,v). 
For R > 0 denote by Br the ball {|x| < R} centered at the origin of RY and 


radius R, and let x — ¢r(x) denote a non-negative piecewise smooth cutoff 
function in Bjr, vanishing for |z| > 2R, and such that 


1 
Cala) =1 for [tl < Rs [Den < >. 


Multiply the ¢® equation in (3.4) by we¢r, add over ¢ = 1,2,...,m and 
integrate over the cylindrical domain 


Qor(t) = Bor x (0,t), for 0<t<T. 


Standard calculations, using (3.2), give 


1 
2 I ilar <- i Aice(@,t, U)Wrx,webr dadr (3.5) 
° Qor(t) OF or(t) 
11+ [Dvllsise) ff Iw Gr dedr, 
Qeor(t) 


Here, y is a positive constant that is determined a priori by the upper bounds 
arising from (3.2). Transform the first term on the right-hand side of (3.5) by 
performing an integration by parts as follows. 


Il... Aj ehWk,x; WEGR dxdt =— II AjehWe,x,WkGR dxdt 
2R( Qor(t) 
Ai ekweweCr dxdt — if i Ai,te(2,t, u)wrwes 
2R( vi Qor(t) 


Therefore, since A; are symmetric 


2 ff Aj ehWk,x, WeCr dvdt 
Qeor(t) 
s S- || DAi,cK|lo0;S7xR™ /I, |w|?dadr 


ike Qer(t) 
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1 
Tp || Ai, cell o0;8 am f |w|?dadr. 
R » : Qeor(t) 


Combining these calculations in (3.5) and letting R — oo gives 


esssup |w|?(r) dx < Ct esssup |w|? (7) da 
RN RN 


O<TrK<t O<TrK<t 


for a constant C that can be determined a priori from the upper bounds in 
(3.2). Thus, |w| = 0 in S;, where tj = 1/2C. The argument can be repeated 
a finite number of times up to covering the whole interval (0, 7). Oo 


4 Existence of Solutions: The Linear Theory 


We assume first that the matrices A; and the vector B are independent of u, 
and consider the linear Cauchy problem 


u,+ Aue, = B(z,t) in Sp =RY x (0,T) aa 


u(-,0) = Uo. 


Let a be a multi-index of size jal < no = |“#*| + 1, where Vy € R, |y| 


denotes the largest integer that does not exceed y. On the matrices A;, the 
vector B and the initial datum u, we assume 


I[Wolln. = Sinise || D*uollo;Rx < OO, 
|Alln, = ess sup;>o Dalek Danka || D° Ai,tellanx (t) < 00, (4.2) 
|Blln, = 88 SUPy>0 Djal<ng Qt |D* Billa;ex (t) < 00, 


where D® denotes the differential operator of index a with respect to the 
space variables only. 


Theorem 4.1. Let (4.2) hold. Then there exists T = T (||All|n,, ||Blln,) such 
that there exists a unique solution u of (4.1) in Sr, satisfying 


ess sup ||u(-, £)||n, < 00. 
0<t<T 


Remark 4.1 Assumption (4.2) on u, ensures that uy € C1(R® )NW1™ (RY). 
If f € C8(RY), from the inverse Fourier transform formula 


f(a) = (2n)* 7 el € F(6) dé, 


RN 


we get 
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F(a)? = (2m) | [ er e(L + leye + DFE ae] 
ar | (1+ le) |F(E)2 ae, 
RN 


where 


N 
Py = (any f tle rag, 8 > 5. 
RN 2 
Next, from the formulae 
were oe 7 “/s k 
“f= DF, (1+lél)"=do(; ) Ie, 
it follows that 


(+e) "lfl = — 
k=0 
<r eMAO < 28? DO fer Fo. 
jal<s 
Substituting this in (4.3) yields 
f(x)? < C(N,s) ie |D°f|? dz. 
jal<s 


Applying (4.4) with f replaced by fz, ,h = 1,2,...,N we have 
Diese f |papsP as 
RN 
provided s = ja|—1> 4. 


4.1 A Family of Approximating Problems 


Let 0 < T < oo be arbitrary but fixed, and for ¢ > 0 let 


ae (T) es 


consider the boundary value problem 


{|x| < 2nce~*} x (0,7); 


_ Uet — EAUe + Ajtn(X,t)Uek2; = Be(z,t) in Q(T), 
uaiG,t)=0 for |cl|=2ne"*; O<2< 7, 
Uel(-, 0) = Uo,el(*), 


where 


(4.3) 


(4.4) 


(4.4)’ 


(4.5) 
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Be = cos? § (ela — (2no — 1))+B, (4.6) 


Uo,e = cos” F(e|x| — (2m. — 1))4 Uo. 


By Theorem 7.1 of Ladyzhenskaya et al. [151], Chapter VII, § 7, the system 
(4.5)-(4.6) has a unique solution u € C?+%!+9/2(Q.(T)). 


Remark 4.2 The definition of B- and up,- in (4.6) permit the compatibility 
conditions near |z| = 2n,e~+, t = 0, in Theorem 7.1 of Ladyzhenskaya et all. 
[151] to be veriied. 


Next we derive a priori estimates on u-. Consider the balls 
Bo={lzl<e 7}, By=flel|< G+ le"}, F=1,2,...,M0, 


and let x — ¢;(x) denote a smooth non-negative cutoff function in B; that 
equals one on B;-; and such that |D%¢;| < Ce!@! for some constant C’ and 
for all j = 1,2,...,n . To simplify the estimates to follow, we multiply (4.5) 
by Gj , set v = Cj ue , B= ¢; B and obtain 


Zui — cAv; + Ajtn(@, t)Ur,x; = B, +@, in Q; (T), (4 7) 


ur(-, 0) = Vo,1(*) = Uo,elGj 
where 
def : =1 
Q;(T) = {lzl < (9 +1)e*} x ©,7), 
def 
PD, = Aj tkUckCj,x; = EUs AC; = 2eDuet - DG. 


In the estimates to follow, we let C denote a generic positive constant, de- 
pending only upon N, and independent of ¢, 7. We also introduce the norms 


IFOlln5 = Vian llO°F(, lleB;, mIEN, 
Il flln.g = esssupocter Mial<n IID° FC, Olla:B;- 


Let a@ be a multi-index of size ja] =n <n, and apply the operator D® to 
(4.7) to obtain 


Z£D vy — e€AD*v, + D® [Ain (@, t) Ux, x; | = DB, + D°@, 
D°w(-, 0) = D°vo61(-). 


We multiply by D°%v;, add over | = 1,2,...,m and over all multi-indices 
la| <n, and integrate over Q;(T') to obtain by standard calculations 
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T 
IIvllng + | IIvO)ng154t — CTBilnsllvllng — [Ivollng 
0 


<CT ess sup =, D@ i, Ai (2, t)vr, 2 D* UI dx 
0<t<T lala 


4, 
+C ae) D® [Aj in (@, T)UeGj,2,| Dow dxdt (4.8) 
Q5 


la|<n 


+C a D® |-euei AG; — 2¢Due - Dj] Dv ddr 
Q5 


jal<n 


=H, + A + A. 


4.2 Estimate of H;, i= 1,2,3 


As for H3, after one integration by parts we easily have 


‘i 
a 3 T 
Hg < é” (/ h(a) eee i) (/ eco) |e i) 


To estimate H, we transform the integrals as follows 


1 
2: 


| D® [Aik Uk; | Dy, dx => D°* Aj 1k Uk,2, DOU dx 


+f AjtkD°Vp,2,D° U1 dx + a can f D® Ay ip DUK, ¢,D°v dx 
Bj 5 


BI +lyl=le] 
IB|,|y|#0 


=H 4H 4H). 


Here, (6, y are multi-indices such that 6+ y= a. 
To estimate H (@) we use the symmetry of the matrices A; and integrate 
by parts using the differential factor D°v;,z, as follows: 


1 O 
H®) — an Bq, Mite Dor Do ride 


< Cl|DAloo:Srllvlling S CllAllncllvlln. 5, 


where (4.4)’ has been used. 


Proceeding to estimate HY) 


3 
HY Whee SY. Ge | 


[8l+lyl=lel 
IB|,|y| 40 


we have 


J 


2 
rari ovtar| ; (4.9) 
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If |G] =1, then |y| = Ja] — 1 and 


[ |D° Al?|D" Dv dx < ||DAl|0;8rll¥llnj S CllAllno|I¥lIn3- 


wi 


To deal with the cases when || > 2, |y| = la] — 2, we recall the following par- 
ticular case of the Sobolev embedding Theorem (see Adams [5], Theorem 4.12, 
Case C, Part I and III). Sobolev spaces of higher order have been defined in 
Section 1c of the Complements of Chapter 9. 


Theorem 4.2. Let m denote a positive integer and let n be a multi-index of 
size |n| <_m. There exists a constant y depending only upon m and N, such 
that for every p € W™?(RY) 


(f., je) sro (f, rar) 


In|<m 


where, as long as 2m < N, 
2N 


N — 2m’ 


Next, for |6| > 2 we estimate the term in braces on the right-hand side of 


(4.9) as follows 
/ Paro pv? a] 
B; 


J 


qd= 


i) 


N~2(n—|y|~1) 
2N 


z / | D7 Dy| S30 és (4.10) 
B; 


ft 


th, 


J 


2(n=|y|~1) 
2N 


| D8. |2@=tI= is 


We estimate the first integral on the right-hand side of (4.10) by making use 
of Theorem 4.2. This is possible since 


N+1 N 
n=hl-1<me-hi-t=|2 24] is, as inlzt. 


We obtain 


| |D? Dv| 320A dx 
B; 


eo / |D" DY Dv|? dx 
B; 


|n|<n—|y|-1 


N~2(n—|y|—1) 
2N 


a 
2 


< Cllvln.s- 
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To estimate the second integral on the right-hand side of (4.10), rewrite the 
exponent as 

2N 2N 


eo = >. , since [84+ ]9| = Jal = 20. 
N-2(2-n+|y41) N-2(4-[6| 41) 


Assume first that the number m = © — |A| + 1 is an integer. Since |A| > 2, 
m< x and by Theorem 4.2 we have 


2(n—=|y1=1) 


/ | D8 A|2a=F=D is < by ff D"A/? da] = |/Alln,- 
RN 


a |n|<no 


Proceeding in this fashion we find that all the integrals making up 1 GB) are 
majorized by C||A||n,||V|]n,j- We conclude that 


3 
H®) < ClAllnallvll2.;- 


We proceed to estimate H 1), We have 


i 
2 
HY < Ollvlng (/ DDvafiove as) 


J 


If |a| = no, by (4.4)’ 


| |D° Al|Dv|2da 
B; 


j 
i 


2 
S ||Dv|lo0;8; (/, Dra) < CllAllneIlvlln..3- 


J 


If |aJ=n<n,-1 


1 
Di 
fl |D° A|?|Dv|?dx 
B; 


J 
N—2(n—1) og 


2N am N aN 
< | | Dv|8=2=D dx ( | Deal" nde) 
B; RN 


J 


—_— asad 
<In ( fDeal Far) ™ < [Allivns 


Therefore, in either case 


1 
HY < ClAllncllvi2,;- 
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We conclude that 
A, < CT|Allnllvlli.;- 


The estimate of H is carried out exactly as in the estimation of H (3) except 


that now all the terms contain at least one derivative of ¢;, and therefore, 
they contain at least a factor of e. The net result is 


A 
D: 


T 
Ay < CellAl|n [lv Iln.3 (/ Il uc(t)IIn.7 i) 


4.3 Proof of Theorem 4.1 


Carrying these estimates in (4.8) we deduce 
T 
Iva te f IIlv@)Inaag a S [Ivolln,j + CTIBlln. 
0 
+ CT {|Allne + [Bllnot llvll2, (4.11) 
T 
+ Ce {||Alln, + /Blln.} (/ I|ue(t)|In,9 i) 
0 

We first choose T’ to be so small that 


CT {||Alln, + Bln} S 5- (4.12) 


NI]R 


Then we recall the definition of the cutoff function ¢; to conclude that 
Col|Uelln,j—1 S [I¥Iln5 S Crl|ellns 


for two constants C;, 7 = 0,1, depending only upon N. Substituting this in 
(4.11) gives 


Te 
luel2,;_ate | lac (t) [aa y—1 at 
T 
< C(1+ [lwolln,) + | Ijue(2) [2,5 at. 
0 


We iterate these estimates for ng, No —1,...,1, 0Oand 7 -l=n,, 7-2 
and obtain 


pees 


ltell2,, , < C+ [lttollng) + if | jue? ded. 
Q.-(T) 


To estimate the last integral, multiply the first of (4.5) by uz1, add over 
1 = 1,2,...,m and integrate by parts by using the homogeneous boundary 
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conditions of u. The term involving the matrices A; is treated by means of 
the symmetry device repeatedly used earlier. We get 


ess sup | ju. |?dx 
O<tsT J {|x| <222} 


<C(1+ |luolln,) + CTI|Alln, ess sup | juz|?dz. 
O<t<T J{|a|<=22} 


Thus, if T’ is chosen as in (4.12), this last estimate implies that 
I[Uellngn, SC (1 + ||uolln.) 


for C = C(N). 
The proof of the theorem is concluded by means of a standard limiting 
process. In particular, we find a unique solution u: S;7 > R”™ satisfying 


supyctct llu(t)||In. < C (1+ [luolln.) ; 
Ilurlloossr SC (1+ [luolln.) ; (4.13) 
TC (||Alln, + |Blln.) < 3 


where the estimate on u;, follows from the system. o 


5 Existence of Solutions: The Nonlinear Theory 


Consider the Cauchy problem 


Ure + Ain (2, t, u)UK,2, = Bi(x,t,u), in Sp (5.1) 


uj(-,0) = Uo, ba 1 Qyeceng Me 


On the coefficients A;,:, the forcing term B;, and the initial datum u, we 
assume 

I|Yolln, < 00, 

|Alln. + [/Blln, 71+ IIviln,) » 


where v : Sp — R"™ is a smooth vector satisfying ||v||n, < oo, and for given 
positive constants 7 ,s. Here the norms || - ||,,, with no = |“#*| + 1 have 
been defined in (4.2). 


(5.2) 


Theorem 5.1. There exists a positive time T, depending upon ||Uo||n, such 
that the Cauchy problem (5.1) has a unique solution in the strip Sr. 


Proof. For T > 0, let X7 denote the Banach space 
Xp = L™ (0,T;W"?(R%)) . 


Fix v € Xr and let F(v) € Xz, be the unique solution of the Cauchy problem 
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SF, (v) + Aint (a,t, Vv) Fix; (v) = Bi(a,t,v) , in Sr, (5.3) 
Fi(v)(-,0) =uo7, 1=1,2,...,m, 
where, according to (4.12) and (5.2) 
1 
Tal S$) < —=%). 
(1+ Ili.) < sao = 
Moreover, by (4.13), F(v) satisfies 
IF(v)IIn, S E+ [uolln.) 5 in Sr, (5.4) 
IEF ()lloo,sn, SC (1+ |lwolln.), 


where C' depends only upon N and the constant ¥ in (5.2). Thus, if we pick 
v out of the ball 


Bo = {ve Xz, : ||vlln, < C (1+ |luol|n.) = Ko} 


and choose 
To = = 
14+ Ks 

then F maps the ball B, in Xr, into itself. Next, we observe that by possibly 
choosing T, even smaller, F(-) is a contraction in L™ (0,T,; L7(R™)). This 
follows exactly as in the proof of the uniqueness Theorem 3.1 of Section 3. 
Therefore, F(-) has a fixed point u limit, in L° (0, Be L?(R¥)), of a sequence 
{u,;}, which is constructed by iteration. By (5.4) 


SUDO<t<T, ly;OIln, < CU + [luolln.) 
Fujlloossr, <C (1+ |luolln) ; jJ=1,2,..., 


where C' depends only upon N and ¥. It follows that a subsequence converges 
to u in C1~* (0,T,;C'(K)) for all e € (0,1) and all compact subsets K C RY. 
However, since the whole sequence {u;} —> u in L?(S7,), we have that the 
entire sequence converges to u in C'~* (0,T,;C1(K)) for all e € (0,1) and all 
compact subsets KC RY. 

Let y € C1(0,T,), write (5.3) for v = u; and F(u;) = uj41, multiply by 
yp, and integrate over (0,t) ,V0<t < Ty. We obtain 


t t 
culate = | nj421(0,7)9¢(7) dr + / Aj aa(t7, uj uo 9(r) dr 
0 0 


=| Bi(x,7, u,)y(T) dt + Uo,1(x)y(0). 


Letting 7 — oo proves the theorem. o 


Remark 5.1 The previous argument is briefly sketched in § 2 of Lax [161]. 
For a more thorough discussion Lax himself refers to Courant and Hilbert [38], 
vol. II, Chapter VI, § 10, Par. 2, where Schauder is credited with the original 
idea [224, 225]. A somewhat similar argument is given in Courant and Lax 
[39]. 
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6 An Interlude: Counterexamples to Uniqueness in the 
Linear Case 


In the previous sections, the symmetry of the matrices A; has played a cen- 
tral role in ensuring the existence and uniqueness of solutions of the Cauchy 
problem (2.1), at least for a short time interval [0, T]. 

It is well-known that real, symmetric matrices are diagonalizable, even 
when they have multiple eigenvalues. A fortiori, this holds for matrices, whose 
eigenvalues are all real and distinct, since in such a case the symmetry plays 
no role. 

Even remaining within the framework of linear systems, the situation be- 
comes more challenging, as far as uniqueness is concerned, if we have multiple 
real eigenvalues, and therefore, the corresponding linear system is only weakly 
hyperbolic. Besides their intrinsic mathematical interest, as we have seen in 
Section 2.3, weakly hyperbolic systems arise in physical applications, such as 
magnetohydrodynamics. In view of Holmgren’s theorem (see Chapter 1), the 
lack of uniqueness cannot occur when the coefficients are analytic functions. 

The first example of the non-uniqueness of solutions to a linear system 
with smooth but non-analytic coefficients, was given by Andrzej Plis in 1954 
[204]. A few months later, in a completely independent way, Ennio DeGiorgi 
published a similar result for a linear evolution equation, which is weakly hy- 
perbolic [45]. Without pretending to fully develop the theory of weakly hyper- 
bolic systems and equations, in the following we present the counterexample 
by Plis. 

We consider a 2 x 2 system, we work in a neighborhood of the origin 
O(0,0), and for simplicity, we disregard lower order terms. Hence, we have 


Ou; 2 Ou; P 
at = Lawler ae 41.2. 


We are going to build the coefficients a;; and the corresponding solutions 
Uq With i, j7,q¢ = 1, 2, such that they all belong to C°(R?) and vanish to- 
gether with all their derivatives for t = 0, without being identically zero in a 
neighborhood of the origin. 

Define 
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Py gs 
(5) A 


di ne 
1+ ae An,i(t)(sin 3"**2 sin 3"2 — cos3"t'z cos 3") 


T\ ese 
(5) 7?" 


tage C= An,3(t))(sin3"** 2 sin 3" — cos3"*1z cos 3"2) 


F(a, t) = 


3 


G,, (a, t) 


For t < 0, we let 
ai; (2, t) —0 49 = 1,2; 
Ug(z,t) =0 q=1,2; 


dL, 1 al = 
for t € (stp war + mary), = 12,..., we let 


ay1(a,t) = a42(a,t) = a22(a,t) => 0, 


' 
agi (x,t) = | 
u1(a,t) = e" cos Shale t 
uo(z,t) =(1—2Ano(t))e?” sin3”+1z; 
for t€ (aa ey ee ee n=1,2,..., we let 
ayi(a,t) = —F,, (2, t) sin 3°+12 cos 3”z, 
a12(z,t) = —F, (x,t) cos 3"**z cos 3" 2, 
a21(z,t) = —F, (x,t) sin3"t'z sin3”2, 
a22(x,t) = —F, (x,t) cos 3"t'z sin 32, 
uy(z,t) =e?" cos3"*4x + Ani (t)e?2” cos 3”2, 
ua(a,t) = —e 2" sin 3gtty + An(t)e~>" sin 3" 2; 


1 2 1 3 — 
for t€ (sar + aapeeep att ey = ej we let 


ay1(a,t) = a92(a,t) = 0, 


2-2"A' a(t 
a12(x, t) = nal ) 


3” : 
2-2"A' o(t) 
a2i(x,t) = Saar ane 
uy(a, t) = e7 2" (246 4n,2()) cog 31g 4 @—2"(8—-24n.2() cog 3x, 
u2 (x,t) = —e~?" (2+64n.2) gin 3241 ey 4 @— 2" (B-2An.2(4)) gin 3" a: 


1 3 1 _ 
fort € (sar + met al 2 =1,2,..., we let 
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(x, t) = Gn(2, t) cos3"* 2 sin 3" 2, 
(x,t) = —G,,(z, t) cos 3"*12 cos 3"z, 
(x,t) = —G,,(2,t)sin3"**2 sin 3", 
a22(x,t) = G,(a, t) sin3"*12z cos 3" x, 
(x,t) = e~®?" (1 — An 3(t)) cos3"++z + e-?" cos3"z, 
(0,1) 


= —e7 8" (1 — An 3(£)) sin 3"* 12 + e~?" sin 3"; 


It is rather easy to check that A = A(s) is of class C® in [0,4], A(O) = 0, 
d* A(s) 


ds* 


A(4) = 1, A(s) € [0,1] for s € [0, 4] and 


=0 ins =0 and s = ¢ for 
any k=1,2,.... 

As a consequence, for i,7,q = 1,2, the coefficients aj; and the functions 
Uq belong to C° for t £ 0. Moreover, it is not hard to show that, again for 


any 2,j,q = 1, 2, 


O**Pug =9" ka(n+1)pokn 
oe < Lgpe™ [n(n + 1)]"3 ae 
oktp - - ; a0 
eos S Mip max Gi [rin + DPP3", (3) [n(n + ni} 
for t € (= +) and for certain constants Lpp, Mzp, independent of n. 
From these inequalities, it follows that 
ee ce 
in toar k,p =0,1,2,..., q=1,2, 
: OP a, a 
eae k,p =0,1,2,..., 4,9 = 1,2, 


which is precisely what we wanted. It can be easily verified that the coefficients 
a;jj and the functions ug satisfy the system, and that both u; and uz do not 
vanish in any neighborhood of the origin. Since uy = uz = 0 is also a solution 
to the system in R?, we have shown the non-uniqueness of solutions. 

DeGiorgi’s counterexample is built along similar lines. The only difference 
is that he deals with a linear equation in R? of eighth order, namely 


8 4 2 
al =a(a, aoe + W(a, po + c(a,t)u, 
ots x x 


instead of a system. Also in this case, the coefficients a, b, c, and the solution 
u belong to C® and 
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_ ObtPy 
Wt oan kyp= 05.152; e035 
Org . OFF .. Ge 


= lim 


io oe apo Pe 


These counterexamples were systematically studied by Paul Cohen in 1960 
[35].4 Although Cohen’s work on non-uniqueness remained in the preprint 
stage, and therefore, is not so easily accessible, it was nevertheless promoted 
a few years later by Lars Hérmander [127], Theorem 8.9.2. 

It is interesting to present Cohen’s results in their original formulation. In 
order to do that we need some preliminary notation. 

We consider P,(t,71,...,2%) a homogeneous polynomial of degree n such 
that the coefficient of t” is 1. We let 


are am 


P(D; => a °»,t)Da, Deo Fee ee oe 
(D; x, t) ye a(x, t) Ot Ox dat 


jal=n 
be a differential operator of order n, such that 


0 0 3) 


PURO A) = Fela a a 7 


If Q(D) is a differential operator with variable coefficients of order less 
than or equal to n — 1, uniqueness is said to hold for the equation 


P(D)u + Q(D)u = 0, (6.1) 


if any solution u that vanishes for t < 0 is identically zero, or at least vanishes 
in some neighborhood of the origin, depending only upon the equation, and 
not on w. 

We have the following. 


Theorem 6.1. Let P(t,21,...,2,) be a homogeneous polynomial of degree n 
with the coefficient of t” equal to 1. If there exist real numbers 1,...,&% not 
all zero such that the equation 


Pit ft ccugle) =0 


has a real root t = T of multiplicity r > 1, then there exists a differential 
operator @ of order less than or equal ton —r+1 with C™ coefficients such 
that (6.1) has a C® solution u, and both u and Q vanish for t < 0. 


In Cohen’s construction, both u and Q in Theorem 6.1 are complex-valued, 
as it is clear from the proof, which is given in the Complements. However, it 
is possible to give a corresponding statement for a real equation. 


“A few years later Cohen shifted his scientific interests toward Mathematical 
Logic, and ended up winning the Fields Medal for his groundbreaking contributions 
to the Continuum Hypothesis. 
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Theorem 6.2. Let P be a differential operator with real coefficients of degree 
n. If P has a real characteristic of multiplicity r > 1, then a real function u 
and a real differential operator Q, both vanishing for t < 0, can be found such 
that P(D)u+Q(D)u = 0 and the degree of Q is less than or equal ton—r+2. 
Ifr > 3, Q is thus an operator of degree < <n-1, whereas if r = 2, Q involves 


a term of order n of the form a(a,t)— 


Ox” 

In both Plis [204] and DeGiorgi [45] there is no quantitative consideration 
whatsoever about the regularity of the coefficients, beyond their belonging to 
C®, as the authors simply content themselves with showing that the coun- 
terexamples actually exist. In DeGiorgi [46], published in the same year, al- 
though not in an explicit, direct way, the author gives a quantitative statement 
about conditions for non-uniqueness. Indeed, given the set R = [a1, aa] x [t1, t2] 
he studies the Cauchy problem 


amy m—1 |a(m—h) | ahtkay 
t) in R 
Ea © 8 
Ou 


Dir (a,t1) =0 aw € [aj,a2], h=0,1,...,m—1, 
where a € (0,1). As in the previous sections |y| denotes the largest integer 
that does not exceed y, the coefficients c,, are continuous in R, and of class 
C'° with respect to the variable x. The main result of the paper is a uniqueness 
theorem. Referring to DeGiorgi [45], the author points out that, if for any 
€ > 0, there exists a positive p such that 


lim p 


noo ! 


then there is no uniqueness of solutions to the Cauchy problem. 

A more thorough characterization of the conditions under which a lack 
of uniqueness can be expected, is given by Jean Leray [167], in the context 
of the study that, together with his collaborators Yujiro Ohya and Lucien 
Waelbroeck, he carried out about weakly hyperbolic systems (see, for example, 
Leray and Ohya, and Ohya [168, 195]). 

For functions 6; = b;(z,t), 7 = 0,...,q with b; € C™(IR?), Leray defines 
the differential operator 


and considers the Cauchy problem in R x (0, T] 


se = 0(x,t, Dz)u, 
oh 
<“(x,0)=0 «€R, h=0,1,...,m—1, 
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where m > 1 and q > 1. Leray quantifies in a precise way the previous 
qualitative statement by DeGiorgi. In order to do so, he relies on Gevrey 
classes, which we now introduce. We follow the same notation used by Leray 
[167]. 

For a sequence {®,},en C R, we define the formal series 


Ss 


®(p) =) Ps: (6.2) 
s=0 " 


|> 


and we say that ®(p) >> 0, whenever &, > 0 for any s > 0. Given a strip 
Rx [0,7] and a real-valued function u defined in the strip, we let S; = R x {t} 
with ¢ € [0,7], and introduce the quasi-norm 


ju, 52] 2 sup u(t) 


ceER 
and the formal quasi-norm 
Otsy 
|p Su, Se, | def Fup 57 St ; where O0<j <h. 
s! 


= 


This is a formal series, of the kind just defined in (6.2). We say that = &(p) 
belongs to the formal Gevrey class [‘ if there exists a positive constant c, 
which depends on @, such that 


&, < &(s!)®, 


and that u belongs to the Gevrey class 7’), if there exists a formal series 
® = P(p), independent of t, such that 


|D''u, St, p| < B(p) e P. 


Leray points out that in DeGiorgi’s counterexample one has m = 8, q = 4 
and Vh Ee N 
wey, by eq, 7 =0,2,4, 


where a > “ = 2. It is precisely this value of a above the critical threshold 
7 that allows for more than one solution to exist. 


7 Back to Quasi-Linear First-Order Strictly Hyperbolic 
Systems 


Assume for simplicity that B = 0, and that the matrices A; depend only on 
u, but not on (x,t). With a small extra effort, the results of Section 3 and of 
Section 5 (see Majda [180], Chapter 2 for the details), can be recast in the 
following way. 
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Theorem 7.1. Assume that A; are of class C!, uy € W"?(RX;R™) with 
No > — +1 and uo € Gi, Gy CC GC R™. Then there exists a time interval 
(0, T] with T > 0 such that the initial value problem (2.1) has a unique classical 
solution u € C1(R% x [0,T]), with u(a,t) € Go, G2 CC G for (x,t) € 
RY x [0,7]. Furthermore, 


ué C ((0,T];W"?(RY;R™)) NC? ([0, 7]; W"-*7(R®;R™) , 
and T depends on ||Uo||n, and Gy. 


As we have already seen in Chapter 7 dealing with quasi-linear hyperbolic 
equations, in general, T’ is small and therefore, it is of little use in the appli- 
cations. We need to develop a theory of weak solutions for systems, similar to 
what we did in Chapter 7 for single equations. 

Here, we limit ourselves to the case N = 1, and for some T’ > 0 consider 
the Cauchy problem for the system of conservation laws 


Ou + 0,f(u) = 0 V(a,t) € Sr =Rx (0,7), 
u(-,0) = Uo for « ER. 


(7.1) 


Here, f : R™ — R™ with m > 1 is sufficiently smooth. Moreover, throughout 
the next sections, we always assume the system to be strictly hyperbolic, that 
is, the matrix A = Vf has real and distinct eigenvalues for all values of its 
argument u. We have the following. 


Definition 7.2. The function u: Sp > R™ is a weak solution of (7.1) if 


+o0o 
/ [la due +8: Ae dedt-+ f wo(a) - p(x, 0) dx = 0 
0 R R 


for all p € C'(R x [0,T]);R™), which vanish for |x| +t large enough. 


It is a matter of straightforward computations (see Section 7c of the Comple- 
ments) to prove the following. 


Proposition 7.1 Let I" be a regular curve within Sr, parametrized by « = 
x(t). Let u be of class C' away from I’, having continuous left and right limits 
u,, u, on I’. Then, u is a weak solution to the Cauchy problem (7.1) if and 
only if 

e uis a classical solution away from I; 

e Along I’, u satisfies the Rankine-Hugoniot jump condition 


s[ui] = [fi(a)), 4= 1,005, (7.2) 


dx 
dt 


where s = 
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Notice that if we eliminate s from (7.2), we have m — 1 relations. 

When N = m= 1, the assumption a’(u) > 0 plays a fundamental role for 
the solvability of the initial value problem (6.1) of Chapter 7. We want to see 
what the equivalent condition is for systems. Recall that we have m distinct 
real eigenvalues, which we order 


(a) < Ag(u) < +++ <Am(u), (7.3) 


with the corresponding right and left eigenvectors r;, and 1, which respectively 
solve 
(ApI + A)rx, = 0, I (And + A) = 0. 


Eigenvalues and eigenvectors are smooth functions of u. The points of the set 
GC R”™ where u takes value, are referred to as states in the following. 


Definition 7.3. The k-th characteristic family is said to be genuinely non- 
linear in a region D CR” if rp - VurAp 4 0. We can then normalize rz, such 
that Yr: VurAk =k; 

On the other hand, if ry - VuAn = 0, we say that the k-th characteristic field 
is linearly degenerate. 


By the continuity of first-order derivatives, and by the normalization we have 
assumed on rg, since rp - VuAx is the directional derivative of A, along the 
integral curve of the vector rz, in the genuinely nonlinear case the value of 
Ax is strictly increasing along such a curve. On the other hand, for the same 
reasons, in the linearly degenerate case, A, is constant along every integral 
curve of rz. 

If m = 1, we have uw + [f(u)]2 = 0, so that 


sss ty), ra Vaart) SO, 


and in this case the genuine nonlinearity reduces to convexity for f. 


7.1 A First Example 


Consider the so-called p-system (see Smoller [239], Chapter 17), which is a 
model for isentropic gas dynamics in Lagrangian coordinates (here, v stands 
for the specific volume and w for the velocity): 


UT) ls | || 0 ieee 
wi, ([e(v) OF | wv, 


where p’ < 0, and p” > 0. In applications one usually takes 


gal 


pv)=Kv 7, y>l, K= iy 
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From the physical point of view, the first equation represents the conservation 
of mass, and the second one the conservation of momentum. Since the temper- 
ature is kept constant and energy must be added to the system, the equation 
corresponding to the conservation of energy is missing. The eigenvalues are 


A=—-V—-P(v), A2=V—p'(v), 


and the corresponding eigenvectors, which we have not normalized, are 


1 eee 
Y= | ail 5 Yo = al ‘ 
1 


Hence, 


1 _—_ pv) " 
ro: VAg = | -——==—— 1 2,/—p'(v) | — _?P (v) > 0, 
—p'(v) 0 


and an analogous result holds for r; - VA. It is apparent that both charac- 
teristic fields are genuinely nonlinear. 


7.2 A Second Example 


The complete gas dynamics in Eulerian coordinates is described by the system 


p u pO p 
ul + 7B uO uj} =0, t>0,ceR, (7.4) 
eh, 0 rie pe 


where p is the density, u is the flow velocity, p is the pressure, and € is the 
specific internal energy. The constitutive relation is p = p(p,¢), and for ther- 


modynamical reasons 22 > 0, 2 > 0 
a2 ; Dp > Op? : 
The eigenvalues are 


3) [0 
Ay =u-— oa A2 = u, A3 = ut oe 


for Az, we have rz = [0 0 1)", and we easily obtain rz - VA2 = 0. Hence, the 
second characteristic field is linearly degenerate. 


8 Lax Shock Conditions 


If deriving the equivalent statements of the Rankine—Hugoniot jump condi- 
tions was rather straightforward, more care is required, in order to formulate 
the right shock conditions for systems. 
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Suppose we have a line of discontinuity I’ and consider a point P on I’. 
Let u; and u, be the values at P of the solution on the left and on the right 
of the discontinuity I" respectively. 

Issuing from P in the positive t direction, draw those characteristics with 
respect to u; that stay to the left of I’, and those with respect to u, which 
stay to the right of I’. As we saw in (1.5), the characteristics are given by 


d. t 1 
ams Ak k=1,...,m — or equivalently, a =— 


and the eigenvalues are ordered, as in (7.3). We assume that the discontinuity 
moves with speed s. 
If in P 


Ai (uz) So A; (uz) <3 <— Aj+1 (uz) tee Am (uz), 


this means that we have j characteristics that stay to the left for t > tp 
and therefore, cannot be traced back to the initial time. Hence, we need k 
additional conditions to fully determine the problem. 

On the other hand, if in P 


Ai (up) <1 << Ag(uyp) <8 < Agqi(ur) < +++ <Am(u,), 


this means that we have m—k characteristics, which stay to the right for t > tp 
and therefore, cannot be traced back to the initial time. Hence, we need m—k 
additional conditions. Altogether, we need j + m— & extra conditions. As we 
have remarked in the previous section, the Rankine—Hugoniot jump conditions 
amount to m— 1 equations. 


=o 0 0 uo=u, 
L 


Fig. 8.1: The characteristics running into the shock wave, and appearing from 
it; the solid line represents the shock wave, the other lines are the character- 
istics from and to the left, and from and to the right, respectively. 


The Lax shock conditions for a system tell us that the number of additional 
conditions required by the characteristics should be equal to the number of 
equations provided by (7.2), that is 


684 15 QUASI-LINEAR FIRST-ORDER SYSTEMS 
jtm-k=m-1 3 k=j4+il. 


We can then conclude that for some index k with 1 < k < m, we must have 


An—1(uy) < s < Ax(uz), (8.1) 
Ag (u,-) <s< An+i(U,). ; 
We can go one step further, and rewrite (8.1) as 
Ag(Ur) <5 < Ax ; 
k(Ur) <8 < Ag(uy) (8.2) 
An—1(Uz) <8 < Ar+i1(u,). 


Hence, for one and only one index k is the discontinuity speed s intermediate 
to the characteristic speeds Az on both sides of I’. A discontinuity across which 
both (7.2) and (8.2) are satisfied is called a k-shock, where & is its index. 

In the previous argument we have assumed that the characteristic speeds 
with respect to the state on the right and to the state on the left are either 
smaller or larger than the propagation speed of the discontinuity. Nevertheless, 
it could happen that the discontinuity I’ is a characteristic curve with respect 
to the state on one side. Such a discontinuity is called a contact discontinuity, 
and we will get back to them later on. 


Coming back to example (7.4), if we let for simplicity c de 4/ ue (c can be 


interpreted as the sound speed) and in (8.1) we take & = 3, we have 


u<s<ut+c, 
Up + Cr <8. 


This means that the the shock speed s is larger than the flow speed both on 
the right and on the left side of the shock. Consequently, the particles of the 
gas cross the shock from the right to the left. More specifically, the Lax shock 
conditions in this case tell us that the shock is supersonic with respect to the 
right and subsonic with respect to the left. Also notice that this can only be 
satisfied if u,+c, < w+q. If this cannot be satisfied, the shock corresponding 
to k = 3 is not allowed, as it would violate the Lax conditions. As discussed 
in Courant and Friedrichs [37], Chapter 65, and in Wey] [275], this property of 
shocks is completely equivalent to the second law of thermodynamics, which 
requires the entropy of particles to increase as they cross the shock. 

From here on, we say that a weak solution is admissible if both (7.2) and 
either (8.1) or (8.2) hold. 


9 Shocks 


Now we want to investigate the sets of all states u,, which can be connected 
to a given state u; through a k-shock on the right. 
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Theorem 9.1. [159] Any given state u; can be connected to a one-parameter 
family of states uy = u(e), € € (—€,0], u(0) = w, on the right through a 
k-shock, provided that the k-family of characteristics is genuinely nonlinear. 
Moreover, the shock speed s is a smooth function of € too. 


Proof. Since u; is fixed, the actual unknowns are the states u,, which must 
satisfy the Rankine-Hugoniot conditions (7.2) and the Lax shock conditions 
(8.1). In particular, as we have already remarked, (7.2) represent m — 1 rela- 
tions between u; and u,, which in a general way can be written as 


g(uj,u,)=0 with g:R?™>R™?, 


If u; is fixed, we end up with m— 1 relations among m variables; the genuine 
nonlinearity allows us to apply the implicit function theorem, and conclude 
that there exists a smooth, one-parameter family of states u, = u(e), u(0) = 
u,. The shock speed s is also a smooth function of €, namely s = s(e). 

A priori, the parameter € takes values in a symmetric interval [—€5, €o| 
about the origin. We now show that € can only be nonpositive. In the following, 
for simplicity, instead of writing u,, we simply write u. If we differentiate 
condition (7.2), we obtain 


ds du du du 
_ — =Vf— = A—. wl 
ql wl +s = VE HAT ae 
If we compute (9.1) at € = 0, we have 
du du 
s(0)——(0) = A(u)——(0) 


de de 
and this can be satisfied by 4#(0) 4 0, only if s(0) is an eigenvalue of A(u,), 
and 44(0) is the corresponding eigenvector, that is 


du (9) = ar,(uz) (9.2) 


s(0) = Ax (uz), a 


for some a € R, a £ 0. By a proper parametrization, without loss of generality, 
we may assume a = 1. If we differentiate (9.1) with respect to € once more, 


we have 
ae gis’, du _ dAdu | du 
de? de de de de. de de? 


If we evaluate it at e = 0, we have 


ds, du du dA. du @u 
#5) 20) + 20) = ALO + ao. 


Taking account of (9.2) yields 


2 (o)rs(m) + re) LF (0) a * (o)rs(m) - (a) (0). (9.3) 
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In order to evaluate the right-hand side, we rely on rz, being an eigenvalue, 
that is 
A(u)rz(u) = Ax (u)rz(u). 


If we differentiate with respect to e, 


dX; dry, dry, dA 
—r}, — = A— + — 4 
ae + Ae de de is a ee) 


compute (9.4) at € = 0 and subtract it from (9.3), we have 


By the genuine nonlinearity and its normalization, we have 


Ak d 
2E (0) = VAg (uy) — (0) = VAg(uz)re (uz) = 1. 
de de 
Hence, 
ds dX 
gg] si 
% (0) = Be) =1, (9.6) 
and (9.5) reduces to 
@u dry, du dry, 
Aca) [F30) ~ FE] = Acca) [FO - FEO], 
which implies that 
du dry, 
qe! = =e 0) = Br, (uy) 


with 6 € R. By a further change of variables, without loss of generality, we 
may assume that 3 = 0, so that 


(0) = “*() = Vr;(0) - 20) = Vr;(0) - rz (uy). 


From (9.6) we have 
Ax (uy) = Ax (€) = An (0) + E+ O(e*) = Ax(uy) +e + O(c’), 
s(c) = 9(0) + 5 + O() = Ae(w) +5 +O), 
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and (8.2) yields 
Ag (uz) = Ax (0) > s(e) > Ax (e) = Ax (u,); 


combining the previous two statements necessarily implies that € < 0. 
Collecting all the changes of variables introduced so far, we see that the 
parametrization is normalized by 


du @u 
qe) = rz(ur), qa 0) = rx(uy)- Vri(uz), 
and obviously rz - VA, = 1. ei 
Remark 9.1 It is apparent that 
gee oe, 


2 


so that the speed of the shock, up to terms of order O(e?), is the arithmetic 
mean of the speeds in the front and in the back. In the following, to denote 
the Rankine-Hugoniot speed of the shock, instead of writing s, we use the 
notation A, (uz, U,-). 


d 
Remark 9.2 Since —(0) =r,(u)), we can write u, = uj + er, (uy) + O(e?). 
€ 


9.1 An Example 


Consider the so-called chromatography system (see Rhee et al. [212] for its 
physical justification) 


d,u + On (<<) <i; 
l+tv+w 


dw + On (i) =i 
lt+tuvt+w 


Its eigenvalues are 
1 1 
AL = > ST 
‘ (+0+uy 


and the corresponding eigenvectors are 


ry = —-————— ; r= —= : 
Vvu2+w2 \w J2 —1 
Notice that we cannot have v = w = 0. By simple computations, we have 


2 2 
ry -VAi = sealed =? 0 


Vu2 +u2(l+ut+w) 
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Hence, the first characteristic field is genuinely nonlinear. If we let uj; = 
(u1, 2), in order to determine the one-parameter family of states u,. claimed 
by Theorem 9.1, we can rely on the Rankine—Hugoniot conditions (7.2). Since 


Vv 
f= E orw |, we have 


l+vu+w 


|= U U1 
i a ltv+w L+u,+ue|’ 


] W U2 
s[w — U2] = | ———— — ————_ 
’ ltv+w l+tu,+ug 


: U2 : : 
whence we easily deduce w — ug = —(v — u1); this can be rewritten as 


U4 
| : ~ i = a ug ’ 
W U2 U2 


2 
Uris 


and corresponds to the parametrization given in Remark 9.2. Notice that in 
this case we do not have the remainder O(e?), since the Taylor expansion 
reduces to the first two terms. 

On the other hand, we have 


ro: VA2 = 0; 


hence, we conclude that the second characteristic field is linearly degenerate, 
and we cannot apply the previous construction. We will get back to this case 
in Section 11. 


10 Centered Rarefaction Waves 


We look for an important class of continuous solutions, the so-called centered 
rarefaction waves. Namely, we look for functions that depend only on the ratio 
L— Xo 
t— (2) 
characteristic k-field we work with is genuinely nonlinear. 

Assume for simplicity that (2,t.) = (0,0), and let u(a,t) = h(4). We 
want to determine the expression of h. Since 


d= 20 (2), an =t'(2), 


, (%o,t.) being the center of the wave. Once more, we assume that the 


1 
the system 0,u + A(u)0,u = 0 becomes —Sh + jA(h)hr = 0, whence 


[A(h) — Ih’ =0, with ¢= - 
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which is satisfied assuming 


€=An(h()), bh’ = arg (h). 


If we differentiate with respect to €, taking into account that the field is 
genuinely nonlinear, we have 


ite Anh) = Veal Saran = 
Hence, a = 1, and we have h’ = r;(h). If we let for simplicity Ay = Ax (uz), 
then the Cauchy problem 
h’ = r;,(h), 
h(x) = w, 


has a unique solution h = h(€). A priori, the proper neighborhood of Ay, where 
h is defined, is centered. The following argument shows that € € (Ax, Ax + €0)- 


Take « > 0 so small that h is defined at A, + €, let u, fet h(A, + €), and 
consider the following piecewise smooth function defined in R x [0, +00): 


uy for x < Agt, 
u(z,t)=<¢h (=) for Ay <a < (Ax + €)t, 
u, for «> (Ax + )t. 


The function u satisfies the system of conservation laws in each of the three 
different regions, and by construction is continuous across the lines separating 
the regions. We say that the states u; and u, are connected through a centered 
k-rarefaction wave. Notice that it is essential here that « > 0. Therefore, we 
have the following result. 


Theorem 10.1. [159] Assume that the system O,u + 0,f(u) = 0 is strictly 
hyperbolic and that the characteristic k-field is genuinely nonlinear. Then, 
given a state uj, there exists a one-parameter family of states u, = u,(e) with 
€ € [0,€,] for a proper €4, which can be connected to uw through a centered 
k-rarefaction wave. 


Remark 10.1 In other terms, a centered k-rarefaction wave through u; is 
given by the unique solution of the Cauchy Problem 


dh 
—_—_— = h 
de rx(h), 


h(0) =U, . 
Notice that if |r;(u)| = 1, then € plays the role of arc length. 


Theorems 9.1—10.1 can be connected in a unified statement. 
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Theorem 10.2. Assume that the system O,u + 0,f(u) = 0 is strictly hyper- 
bolic and that the characteristic k-field is genuinely nonlinear. Then, a given 
state u; can be connected to a one-parameter family of states u, = u,(e) with 
€ € [—€9,€9| for a proper €4, on the right of w through either a k-shock or a 
centered k-rarefaction wave. 


We also have an important statement concerning the regularity. 


Proposition 10.1 The one-parameter family u = u(e) is twice continuously 
differentiable with respect to e. 


Proof. It suffices to prove the continuity of = and es at € = 0. For both 
k-shocks and k-rarefaction waves, since we have always chosen a = 1, we have 


du 
de 


_ du 


(0*) = S(0-) = rx(w). 


Coming to the second-order derivative, from h’ = r(h), we obtain 


du + " 
qaz 07) = Be (Ak) = Vre(0) - re (ui) 
and from the regularity of ry we conclude. a 


10.1 An Example 


When considering (9.7), we have seen that the characteristic 1-field is gen- 
uinely nonlinear. Hence, if we let h = (°). we obtain the system of ordinary 
w 


differential equations 


j v 
v = —-—=——_, 
<pteeae 
; w 
CS —— 
pe eae 
v(0) = u1, 
w(0) = U2, 


where the independent variable ¢€ € [0,¢,). It is apparent that 


v! w' 
air jo] = Kw), 
Uv w 
u 
and from the initial conditions we obtain K = a Substituting back in the 
U2 


first equation of the system yields 


t_ U |u| 
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By continuity, in a small right neighborhood of A; v has the same sign as w1, 
so that 

; U1 U1 


v= — oe ———- SS Fy - 
77) 2 2 2 
Vuyt ug Vuy t+ ug 


Moreover, the solution v can be extended on the whole interval [0, +-00). The 
same holds for w, so that we conclude 


+ Ofe’). 


wy 
h(e) = | =e Vere | , 


2 
Ups 


exactly as in Section 9.1; hence, in this case the k-shock and the centered k- 
rarefaction wave coincide. The full solution is given by the following piecewise 
smooth function u: 


| for x < Ayt, 
U2 


xv 
— = 2 <, 
n(=) for ut <a < (Ar to), 


UL 


Us = € 
Out tus for « > (Ai + €0)t, 


U2 


U2 — € 
Vane 


for some €, > 0. 


11 Contact Discontinuities 


We now deal with the case of a characteristic k-field, which is linearly degen- 
erate, that is, r, -VAx = 0. In such a case we talk of contact discontinuity. 

Given a state uj;, consider the system that yields the k-rarefaction wave 
through u;, namely 


and assume that for some ¢ in the interval (—e,, €,) we have u, = h(e). By the 
linear degeneracy condition, the directional derivative of A, along u, vanishes, 
that is, A; is constant along u,.. If we choose A = A; (u;), the piecewise constant 


function given by 
uy if « < Xt, 
u(z,t)=9 
u, if «> At, 


gives a solution. Indeed, it trivially satisfies the system in the two regions. 
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Coming to the Rankine-Hugoniot condition, we have 


= Ax(uz)[la(e) — h(0)] = sfu, — uy] 


and therefore, (7.2) is satisfied. Finally, as far as the Lax shock conditions are 
concerned, we simply have 


Ag (u,) = Ss Ax (uz). 


Notice that in this case, the sign of € is immaterial. Finally, by their own 
construction, the k-shock and the k-rarefaction wave coincide, when we deal 
with a contact discontinuity. 

There is a strong parallelism with what one usually does when dealing with 
discontinuities in the linear case (this is one of the motivation for denoting 
this case as linearly degenerate). Indeed, consider the Cauchy problem 


(11.1) 


Ou + AO,u = 0, ceERt>0, 
u(x, 0) = Uo, 


where A is a strictly hyperbolic, m xm constant coefficient matrix, that is, the 
eigenvalues A; are all real and distinct. As usual, we denote the corresponding 
right and left eigenvectors with rz, lx. 

The explicit solution of (11.1) can be written as a sum with respect to the 
basis given by the eigenvectors, namely 


m 
u(a, t) = by uj; (2, t)r;, 
j=l 


where the coefficients u;(x,t) are the solution of 
Op; + Aj OxUj = (0; 
if we take into account the initial condition u,, we have 
m 
ug(a,t) = (Ij,uo(@—Ajt)) => u(x,t) = 5" (1y, wolw — Ayt))ry. 
j=l 


This shows that the eigenvalues \,; are the propagation velocities of the modes 
corresponding to rj. 
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If we let 


u;y for «<0, 
Uy = 
u, for 7>0, 


u, for z< Axt, 
a, for \yt< a4 < Xot, 


am—1 for Am_1t <2 < Am, 
u, for «> Amt, 


where the vectors a; are such that aj;,, — a; is proportional to r;, j = 
1,...,m-—1. Hence, the initial discontinuity splits into m discontinuities, each 
one propagating at one of the characteristic speeds; we see the same kind of 
behavior when dealing with the solution of the Riemann problem for linearly 
degenerate characteristic fields in the next section. 


11.1 An Example 


When considering (9.7), we have seen that the characteristic 2-field is linearly 
degenerate. Hence, if we let h = (*). we obtain the system of ordinary 
w 


differential equations 


1 
v=, 
2 
ne 
see, 
v(0) = u1, 
w(0) = U2, 


where the independent variable e € R. Hence, 


U1 ; 1 
if x = mere 
uy + ae U2 U1 U2 
aad eel ee i 
aan) v2! if ¢ > ———+4, 
U2 a 1+ui+uzg 


and it is trivial to check that A2(uz) = A2(u,). 


12 The Riemann Problem 


Consider a cylindrical tube, with a diameter small compared with its length. 
We assume that the tube is filled with a gas, separated by a thin membrane. 
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The gas is at rest on both sides of the membrane, but pressure and densities 
on the two sides differ. 

At time t = 0 the separating membrane is instantaneously and completely 
removed, and the issue is to determine the motion of the gas for t > 0. If we 
let 

T iz 
[ur Pl pil ’ [Ur Pr Dr] 
denote speed, density, and pressure on the two sides of the membrane, and we 
define the specific energy FE aS e+ a where the internal energy e is given 
by a proper equation of state e = e(p,p), we have to solve the system 


Or (<) = OrU = 0, 
p 


Ou + Orp = 0, 
O.E + 0,(pu) = 0, 


cER,t>0, (12.1) 


with the initial condition 


pl if «<0, 


Pr if «> 0. 


This problem was originally studied by Bernhard Riemann [218] and has been 
known by his name since then (Figure 12.2). 


ul ur 
Pl Pr 
Pl Pr 


separating membrane 


Fig. 12.2 


We have already considered simplified examples in Section 6.2 and in Sec- 
tion 6.3c of Chapter 7, but we now deal with it to a greater extent. We get 
back to (12.1) in Section 13. 

What we have developed in Sections 9-11 help us to build a solution to the 
Riemann problem for a general system of conservation laws 0,u+ 0,f(u) = 0, 
assuming that the initial condition is given by 
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(x) u_ if «<0, 
u,(z) = 
ut if x >0. 


Once a general solution for the Riemann problem is available, it represents a 
building block in the fundamental existence result for general initial data by 
Glimm [103], which we discuss in Section 14. 

The solution of the Riemann problem must be a function of the ratio +. 
Indeed, if u = u(z,t) is a weak solution with the given initial datum, for 
any positive constant a, the function ug = u(az,at) must also be a weak 
solution of the Riemann problem with the same initial condition; in fact, the 
discontinuities are only shocks, and it takes the same datum as t > 0. Since we 
reasonably expect to have a unique solution, we must have u(2,t) = u(az, at), 
and this is allowed only if u(x,t) = u(). 

Solving the Riemann problem amounts to finding a set of intermediate 
states 


Wo =u 


w= W1(e1, Wo) 


Wm = = Wen (Eras @in—1) 
such that a pair of adjacent states wrz_1, wz, can be connected by an elemen- 
tary k-wave, that is, a k-shock, a k-rarefaction wave, or a k-contact singularity. 
This construction can actually be realized if u~ and ut are sufficiently 
close; indeed, in such a case we can apply the implicit function theorem, 
which ensures the existence of 


€1, €2, +--+, Em 


such that 

v= Wm (Em; Wm-1) 0+: 0 Hy (E1,U ). 
The complete solution is then obtained by patching together the solutions of 
the Riemann problems given by 


Ou + O,£(u) = 0, 
u(z,0)=w,-1 if <0, (12.2) 
u(z,0)=w, if «>0. 
We proceed to constructing solutions to (12.2), which satisfy (7.2) and (8.1)— 


(8.2), and consist of a simple wave of the three different types discussed before. 
We need to distinguish two alternatives: 


1. The characteristic k-field is genuinely nonlinear and €;, > 0. Then, the so- 
lution of (12.2) consists of a centered k-rarefaction wave h; and the char- 
acteristic speeds take value in the interval [A;, A¢] with Ap = Ax (we—1), 
a = Ak (wp). 
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2. The characteristic k-field is either genuinely nonlinear and e, < 0, or lin- 
early degenerate with €, of an arbitrary sign. In such a case the solution of 
(12.2) is given either by an admissible shock or by a contact discontinuity, 
traveling with speed A; ner Ar dst Ag (Wp—1, WE). 

As briefly discussed above, the solution of the general problem can now be 
built patching together all the solutions of (12.2). In fact, if €1, €2, ..., €m 
are all sufficiently small, the speeds ae A;, remain close to the corresponding 
eigenvalues A;,(w,—1) of the matrix A(w,_1). Hence, by the strict hyperbol- 
icity and continuity, we can suppose that 


Pee, 


and a piecewise smooth solution u: R x [0,-+00o) + R™ is defined by 


usaf ; € (—00, AY), 
(2) if Se Py. Ag), 
u(x,t) = f 
, oe Be. a 
wy, if z E gs Appt) 
ut if E [Am +00). 


In the Complements, we give a detailed discussion of the solution to the Rie- 
mann problem for the model of isentropic gas dynamics in Lagrangian coor- 
dinates. 


13 Convex Entropies 


We have already seen that the system 

Ou + O,f(u) = 0, (x,t) € Rx (0,T) (13.1) 
with smooth f(u), can be equivalently rewritten as 

Ou + AO,u = 0, (x,t) € Rx (0,7), (13.2) 


where A = Vif. If we assume that u is a solution to (13.1) that vanishes for 
|z| >> 1, and integrate, then 


[andr =0 > a [ ude =0 > [ude = const, i=1,...m. 
R R R 
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Now we ask ourselves the following question: given a function U : R™ > R, 
U = U(u), where u is a solution to (13.1), what does it take for U to satisfy 


O,U + 0,F =0 (13.3) 
for a proper F: R” > R, F = F(u)? We can rewrite (13.3) as 


3 OU Ou, OF Ou, 


on Oy Be VP a= 
08 a oe Oe " 


y (13.2), we conclude that we must have 
VU-A=VF (13.4) 


This is a system of m partial differential equations for U and F. If m > 2, it is 
overdetermined, and in general it does not have solutions. However, there are 
special cases where a solution does exist. We consider some of these instances 
in the following. 

We now assume that such a function U exists, so that (13.1) admits a 
further conservation law, and at the same time we also suppose that U is 
convex. The pair (U, F’) is usually referred to as entropy, entropy production. 


A general class of systems for which U with the above-given properties 
exist is given by symmetric systems, namely when 


Of; — Oh 
=. 13.5 
Our Ou; ( ) 
By well-known classical results, (13.5) implies that there exists a function 


Og 
g:R” > R, g = g(u), such that — 


a = f;. Then, by direct substitution, it is 
Uj 


easy to verify that 


w=5> uw, = F(u) =) ujfi—g. 
oa = 


Let us go back to the general framework. If a smooth, convex function U with 


the required properties exists, then its Hessian matrix H ied VU must be 


positive definite. We can rewrite (13.4) as 


QU Of; _ OF 
Oi; Our Ou, , 


If we differentiate it with respect to up, we get 


“ PU Of; OU Of; OF 
ds Basbun 5 eT = 


UjOUn Our Ou; OujOun,  OujOun, 
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Since the second term on the left-hand side and the one on the right-hand 
side are symmetric with respect to h and lI, the first term on the left-hand 
side must also necessarily be symmetric with respect to h and |. Hence, 


== OU Ofj _ oy OU 07, 


OujOun Our dun 


Ou;Ou; Oup 


If we now consider (13.2), take into account the definition of A, and multiply 
2 


it by ———-., we obtain 
y OujOun 


The new system is equivalent to (13.2), since is positive definite. We 


OujOun 
also remark that 
def 0?U def O?U Of; 
bin = aan an = >>> 
UjOUn OujOupn Our 


; “ Of; 
are symmetric. Moreover, we assume that all the eigenvalues of Of are not 


Ou 


only real but also distinct. As we have seen in Sections 3-5, strictly hyperbolic, 
symmetric, first-order systems enjoy a unique existence of solutions. Hence, 
we can conclude that for strictly hyperbolic systems (13.2), we always have 
local existence and uniqueness of solutions, provided that a convex entropy 
exists. This was originally observed in Friedrichs and Lax [87]. 

We want to link what we have done so far, with a different approach to 
systems of conservation laws, which closely resembles what we discussed in 
Chapter 7. Indeed, in Section 7 we saw that a way of characterizing physically 
meaningful solutions to equations is to build them as limit of approximating 
solutions, namely 

O:u + a(u)dzu = € O2,,u, 


as € — 0. Let us repeat the same approach here. This leads to 
du + A(u)d,u = €0?..u, e>0. (13.6) 


Let us assume that a bounded sequence of solution u, of (13.6) converges to 
a weak solution u of (13.2) in L° on compact subsets of R x (0,7') as « > 0. 
Multiplying (13.6) by gu summing over j, and taking into account (13.4) 
yields 


OU 2 
OU + 0, F = pe Buy C22 =eVU - O;,.U. 
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By straightforward computation, we have 


m 


0?U Ou; du; 
277 92 OU; 
O7,U = VU -07,u+ 2 Buju 


ujOu, Ox Ox’ 


and assuming U to be strictly convex yields 
ae 0?U Ou; Ou, 


ujOu, Ox Ox al; 


therefore, we conclude that 

0?,U > VU - 6?,u, 
and also 

O,U + 0,F < €6?,U 


If we let € - 0, the right-hand side tends to zero in the sense of distributions, 
and gives 
OU + 0,F <0. 


We summarize the result. 


Theorem 13.1. [160] Let (13.1) be a hyperbolic system of conservation laws, 
which admits the extra conservation law (13.3) for a proper pair (U,F). As- 
sume that U is strictly convex, and that u is a weak solution of (13.1), which 
as € — 0 is the limit in L° on compact subsets of Sr of a bounded sequence 
{u.-} of solutions of the approximating viscous system (13.6). Then, u satisfies 


a,U(u) + 0,F(u) < 0 (13.7) 


in the sense of distributions, that is, 


| [U(urp + F(u)d,¢| dxdt > 0 
Rx 0,7] 


for all p € CS°(R x [0,T]), with » > 0. 
Remark 13.1 Suppose u satisfies (13.7) for a proper pair (U, F’) and has 
compact support. Then, if we integrate with respect to « we obtain 


[ow O,U(u) da <0 => [ve )) dx is monotone decreasing with respect tot. 


Following Bressan [20], we introduce a new concept. 


Definition 13.2. Let u: Sr — R”. We say that u is piecewise Lipschitz 
continuous if it satisfies the following assumptions: 


1. u is measurable and bounded; 
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2. There exist a finite number of points P;(x;,t;) and finitely many disjoint 
Lipschitz-continuous curves yj: (a;,b;) + R such that 
e Every point P € Sp not coinciding with some P; and lying outside the 


curves ¥; has a neighborhood V such that u|__ is Lipschitz continuous 
Vv 
in V; 
e Every point Q(7,;(t),t) on each curve y; has a neighborhood W such 
that the restrictions of u to the subsets 


Wr=Wo{e>y)}, Wo =Wn{e< y(t} 
are Lipschitz continuous both in W* and in W-. 


Proposition 13.1 Suppose that u is a piecewise Lipschitz continuous, weak 
solution of (13.1) in Sp, which satisfies the additional conservation law (13.3) 
for a proper pair (U,F’). Then, u satisfies (13.7) if and only if at a point of 
discontinuity we have 


s[U] < [FI], (13.8) 


where s is the speed of the discontinuity, and, as usual, [-| denotes the width 
of the jump. 


Proof. For every non-negative y € C! with compact support, it is not hard 
to prove that 


If. [U(u)ry + F(u)d,y] dxdt 
= / i [8.U (a) + 8, F(u)|y dedt 
bj 
+30 [flu tu.) - Ulan] = [Flar) = Fad] os (0,0) at 


where 7; = ,;(t), t € [a;,6;] are the discontinuity curves. 
By assumption, outside the discontinuity curves 


O,U(u) + 0, F (a) =VU.- Ou +VF.- O,u 
=VU-0u+VU-A-0,u 


Therefore, 0,U(u) + 0,F(u) < 0 will hold, if and only if 
i i) [0,U(u) + OF (u)|y deat 
Sr 


bj 
=> fj (a,) = Can] = (Fae) ~ Fea)]} e6ay(0, 8) dt 2 0 
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for every non-negative y € C! with compact support, which is just saying 


s[U] — [F] <0. 


Conditions (13.7)—(13.8) are usually referred to as entropy conditions. Since 
we have previously discussed the Lax shock conditions in Section 8, it is quite 
natural to discuss the connection between (8.1)—(8.2) and (13.8). 


Theorem 13.3. [160, 161] Suppose that the system (13.1) ts strictly hy- 
perbolic and genuinely nonlinear. Suppose that there exists a strictly convex 
function U, which satisfies the additional conservation law (13.3). Let u be a 
solution of (13.1), which has a discontinuity propagating with speed s. Finally, 
assume that the values u; and u, are close. Then, the Lax shock conditions 
(8.1)-(8.2) are satisfied if and only if the strict entropy condition 


s[U(u,) — U(u,)] — F(a) + F(u,) < 0 


holds. 


Proof. It was shown in Section 9 that for a strictly hyperbolic, genuinely non- 
linear system, all the states u, which can be connected to a given state u; 
through a k-shock, form a one-parameter family of states u, = u,(e) with 
€ € (—€,,0) for a proper €o. 
We rely on this fact, and we give a third-order Taylor expansion of the 
quantity 
G(6) = s[U(w)) — U(u,)] — F(m) + Fur), 


for € € (—€5, 0], that is, 
1 1 
G(e) = G(0) + G’(O)e + 5o" (O)e” + go" (Oe + o(e*). 


If we consider the Rankine-Hugoniot condition (7.2), differentiate it with 
respect to €, and take into account that Vf = A, we have 


d r Tr 
es =~ Au); (13.9) 


without loss of generality, by a proper choice of the parametrization, in the 
following we can assume that = > 0. On the other hand, if we differentiate 
G with respect to €, we have 


d du, du, 
= (fa) ia) — av + VF, 
de de de 


Condition VU - A = VF and (13.9) yield 


G'(e) (13.10) 
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(13.11) 


G'(e) = — [U(u)) — U(u,)] + —VU[u, — uj] = G'(0) = 0. 
If we differentiate G once more with respect to €, we have 


G"(e) = md [U(uz) — U(u,)] + “*7U{u, —ujt+ e (vv) [u, — uj], 


which easily implies that G’’(0) = 0. Finally, if we differentiate G one more 
time, we obtain 


ds ds 
G'"(e) =a [U(u;) — U(u,)] + qe VU lu — uy] 
is (d ds ( d? 
+ 272 (v0) [u,. ul] + ae (Sv) [u,. _ ul] 


which yields 


aio) = 2 ( d vu) du, 


e=0" 


ds du, \? 
=— (| — = — VU | — 
de \ de de \e=0 de (3) 
ds 


Since $ > 0 by assumption, and VU > 0 by the strict convexity of U, 
we conclude that necessarily G’’(0) > 0. By the Taylor expansion, possibly 
reducing the interval where € takes value, taking into account that e < 0, we 


conclude that Ge) < 0 and by the definition of G we finish. | 


Remark 13.2 The condition on the profiles being close is quantified by the 
€ that appears in the previous expansion. In some sense, it remains a sort of 
qualitative statement. 


We have seen before that symmetric systems admit an additional conservation 
law. In Chapter 7 we discussed the case of the single equation. The natural 
question that arises is whether there are other physically interesting examples 
of systems, that satisfy (13.3). 

In Lax [160], § 3, the author deals quite extensively with 2 x 2 systems, 
which admit a further conservation law. A very interesting study is developed 
by Luc Tartar [254], which is further expanded in his 2009 unpublished lecture 
notes [256]. 

If we refer to (13.4), and take m = 2, we have two equations in terms 

OF 


OF 
—, —— and one compatibility condition, so that all entropies U are a 
Out Oug 
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solution of a linear second-order hyperbolic equation, that has infinitely many 
solutions. 

Ifm > 3, there are more compatibility conditions, and U must be a solution 
of an overdetermined system, which could have only trivial entropies, namely 
U; = uj, j = 1,...,m as solutions. However, particular physical examples 
might nevertheless allow for the existence of nontrivial entropies. These are 
dealt with in Section 13c of the Complements. 


13.1 Examples of Entropies for 2 x 2 Systems 


Here, we follow Tartar [256], to which we refer for other very interesting 
physical considerations. If we consider the p-system of Section 7.1, it is a 
matter of straightforward computations to check that the entropies are given 
by 


OU OU 
ae = Pe) (recall that p’(v) < 0). 
If we let 4 
Pl) = f ple)ae, 
one finds 
we 
U(v,w) = vu, F(v,w) =—y ~ vplv) + P(e), 
and 


2 
U(v,w) = > + P(v) (total energy), F(v,w) = —wp(v). 


Notice that in the second case, (13.3) can be interpreted as the conservation 
of the total energy. Hence, the total energy is a mathematical entropy for the 
p-system. 

If we switch to Eulerian coordinates, the 2 x 2 system for the isentropic 
gas dynamics becomes 


Ap + Ox (pu) = 0, 
A: (pu) + Ox (pu + p(p)) = 0, 


Geet 
ay 
of the system are the density p and the momentum gq = pu. By obvious 
physical motivations, we must have p > 0. 
It is a matter of straightforward computations to check that we have the 
additional conservation law (13.3) with U = U(p,u) and F = F(p,u), if and 
only if 


where t > 0, 2 € R, p(p) = Kp’, with y > 1 and « = . The unknowns 


OF OU | p'(p)OU 
Op "Opp Ou’ 
CE LL ces 
du Pap Ou’ 


(13.12) 
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or, equivalently, 

PU _ pl(p) PU 

Opt op? Au?” 
In Lions et al. [178], to which we refer for the details of the proofs, the authors 
consider so-called weak entropies, namely functions U, which satisfy (13.12) 
and also the further conditions 


U(0, u) = 0, U,(0, u) = g(u), 


where g is a function to be chosen. The general solution is then given by 
U(o.u) = f ale x(o.g— w) ae, 


where X(p, w) = (p?~! — w?)? with A = Toy: It is not hard to check that 


U is convex in p and pu if and only if g is convex. Moreover, 


Fip.u)= [ gS 0 Oulxleg=w)dg,— 0= 2. 


In particular, if we take g(€) = 46°, the corresponding entropy is 


— 1¢ K 
Po=57 
: ie! ap y-l 


1 
U= seu + 


14 The Glimm Existence Result 


We can finally come to the fundamental existence result attributed to Glimm. 
Consider the Cauchy problem 


ju-d,f(u)=0, wceR,t>0, 


u(a,0) = ie xeR. et) 


We have the following. 


Theorem 14.1. Assume that the first of (14.1) is strictly hyperbolic with f 
smooth and defined for u in an open set 2. C R™. Moreover, suppose that 
each characteristic field is either linearly degenerate or genuinely nonlinear. 
Then there exists a constant 6, > 0 such that for every initial condition Us € 
L1(R;R™) with 

TV (uo) < do, 


the Cauchy problem (14.1) has a weak solution u(x,t) defined for allt > 0. 
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We cannot go into details of the proof of this key result. It suffices to say that 
in Glimm [103], first an approximate solution of (14.1) is built by patching 
together solutions of several Riemann problems, using a restarting procedure 
based on random sampling. The fundamental step in the proof is then an a 
priori estimate on the total variation of the approximate solutions, obtained 
by introducing a proper potential. Finally, the control of the total variation 
yields the compactness of the family of approximate solutions, and hence the 
existence of a strongly convergent subsequence. 

In the following we study the connection of Theorem 14.1 with the theory 
developed in the previous section. 

As we have just explained above, Glimm builds solutions of systems of con- 
servation laws as limits of approximate solutions. These solutions are piecewise 
Lipschitz continuous, weak solutions in each strip kAt < t < (k + 1)At, and 
all their discontinuities are admissible shocks. Hence, outside of the jumps, 
they are regular and we can apply Proposition 13.1 and Theorem 13.3 and 
conclude that 

O,U(u) + 0,F(u) <0 


for each approximate solution in each strip. 

Take a smooth, positive test function y with compact support, multiply 
the previous relation by y and integrate over each strip. If we now integrate 
by parts with respect to t over each strip, and sum over all strips, we obtain 


5 i wo(a, RAL) (U(x, (k + 1) At) — U(a, kAt)] de 
R=1"R 
T 
+f i [-O,~U + pd,F] dxdt < 0. 
0 JR 
Lemma 5.1 of [104] shows that 
3 fi Ble BAD (Otek ANU A) ae 0 
k=1"R 
for a suitable selected subsequence of mesh length At. This leaves us with 


T 
/ | [-O.pU + p0,F] dxdt < 0 
o JR 


for all positive test functions y supported in t > 0. Integrating by parts with 
respect to t once more yields 


T 
| [aw + eF|e drat <0 
o JR 


for all such y. This implies the entropy condition in the whole strip. Thus, we 
have proved the following 
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Theorem 14.2. Suppose that the first of (14.1) is strictly hyperbolic, and that 
there is a conver function U with the corresponding entropy production func- 
tion F’, which satisfies the additional conservation law (13.3). Then, all weak 
solutions u built with Glimm’s method satisfy the entropy inequality (13.7). 


15 Some Final Comments 


In the previous sections we have dealt with the so-called geometric theory of 
systems of conservation laws, which mainly deals with problems concerning 
the existence and qualitative behavior of solutions, assuming a bound in BV. 
Moreover, we have confined ourselves to the one-dimensional case, namely x € 
R. Finally, the theory we have presented is mainly limited to the fundamental 
papers of Lax and Glimm, as presented in Lax [161]. 

In the last 40 years, the theory has seen tremendous developments con- 
cerning uniqueness, stability, and qualitative properties of solutions in the 
one-dimensional case. Although limited to the literature at the end of the 
1990s, the book by Bressan [20] gives a clear and thorough picture. 

Huge steps forward have also been made in the multidimensional frame- 
work. To have at least a very first introduction to the study in several space 
variables, the interested reader can refer to Majda [180]. 

However, there exists a different approach to systems of conservation laws, 
the so-called functional analytic theory, based on the notion of compensated 
compactness, originally introduced by Francois Murat and Luc Tartar, and 
later developed by Ronald DiPerna. It is a completely different approach, 
based not on BV bounds but only on the uniform L° norm of solutions. Un- 
fortunately, we cannot go into detail about this very interesting theory here. 
To have just a glimpse of these two different approaches and a comparison 
of them, the reader can refer to DiPerna [57] and the references therein, up- 
dated to 1984. For a much more thorough introduction to the topic, there are 
extremely useful works by Tartar [253, 255]. 

Finally, coming back to the origin of the modern theory of shock waves 
and hyperbolic systems of conservation laws, a very interesting reading is 
represented by von Neumann [269] and by the comments thereupon [231]. As 
Denis Serre remarks at the end of his paper [231], “Sixty years after (1949), we 
read these records as if they had been written a decade ago. In a few pages, all 
the important questions are raised and examples are given, which still serve 
as paradigms.” 
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Since the very beginning of the existence of the petroleum industry, engineers 
have injected water in order to recover oil from its fields to maintain pressure. 
The so-called Buckley-—Leverett model describes the flow of two immiscible 
fluids in a porous medium and solves the corresponding problem in one spatial 
dimension [22, 170]. It was later discovered that injecting natural gas and 
water leads to a better displacement of the oil. Of particular interest is the 
case in which three immiscible fluids, such as water, gas, and oil, are used in 
any proportion to displace a single fluid, such as oil. 

Here we limit ourselves to a simple presentation of the model, and we refer 
to Azevedo et al. and Glimm et al. [13, 105] and the references therein for 
more details on the results. 

Immiscible three-phase flow in porous media is governed by a system of 
two conservation laws, and in its simplest case, this system fails to be strictly 
hyperbolic at a point interior to its domain. 

Indeed, consider the flow of a mixture of three fluid phases (which, for con- 
creteness, are called water, oil, and gas) in a thin, horizontal cylinder of porous 
rock. Let s,,(z,t), sg(z,t), and s,(x,t) denote the respective saturations at 
distance x along the cylinder, at time t: we have 


SwtSgt+So=1, and 0< Sy, 89, 8g <1. (2.1c) 


The porous rock cylinder is initially assumed to contain pure oil, for sim- 
plicity, and a specific mixture of the so-called water, gas, and oil is injected 
into the left end of the cylinder. In Corey’s model with quadratic relative per- 
meabilities the three-phase flow is governed by the system 


OSw Ofw 
Sw, Ofw 


=0 
Ot Ox , 
Os, . Of 
228 fh EI — if) 
Ot 2 Ox : 
where 4 ; 
8 59 S Ss 2 
w= =— d D=w4+-4 
f TwD’ Io feo" os Tw * 1g ts 


and we take into account, as mentioned in (2.1c), that s,, + sg +s, = 1. The 
parameters r,, and rg are the viscosity ratios water/oil and gas/oil. Since the 
viscosity of gas is definitely lower than the other ones, r,, and r, satisfy 


O0<r, <1, Tq <Tw- 
We also define the total and net water/gas viscosity ratios 
Trot =Tw tra +1, Tag =Tw +Tq- 


If J denotes the Jacobian matrix of the vector f = [f, fg], we have 
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2 4SySq(1 — Sw — 
Ja get y = ASwSa(l = Sw = 89) 


frye TwTgD? : 
where 


def 
RS 8i)8q + Swe + (1 — Sy — 89) [rgSw(1 — 8g) + TwSg(1 — Sw)] > 0; 
R, is strictly positive, except when s,, = 1 (all water, no gas, no oil), s, = 1 
(all gas, no water, no oil), s,, = 5s, =0 (all oil, no water, no gas). 
It is a matter of straightforward calculation to check that the eigenvalues 


of J are 
— ki-~vie _ fit+vko 


At 
TwTgD? TwlgD? 


’ A2 


; 


where 


def 
y= R? AsySg(1— Sw — Sq) (198°, + Pinte + fwg(1 — 8g — Se 


If sy = “ and s, = ae it is easy to check that Ro = 0, so that Ay = 2 


rt 


and the system is weakly hyperbolic. 


5c Existence of Solutions: The Nonlinear Theory 


An interesting historical perspective of the development of the theory of hy- 
perbolic equations is given in Garding [96]. The existence result of the Cauchy 
problem for strongly hyperbolic linear and quasi-linear systems was originally 
given in Petrowsky [202], a paper that is rather hard to understand. Things 
were much clarified in Leray [166] and carried further in Dionne [59]. 


6c Proof of Theorem 6.1 


By a linear change of variables, which involves only x1,...,7,%, we may assume 
that P(t, &,...,) = 0 has the root t = 7 when &) = 1, & =---=& =0. 


Therefore, we can limit ourselves to k = 1. Moreover, it suffices to prove the 
Tr 


) 

— —T— ] , that is, it is enough to find u and an 
Ot Ox 

operator Q of degree < 1, both vanishing for t < 0, such that 


theorem for the operator 


(= — rz) ut Q(D)u = 0. 


Finally, a further straightforward change of variable, which is admissible be- 


) c a\" 
cause T is real, transforms the operator | — —7— _] into | — ] . Therefore, 
Ot Ox Ot! 


if we relabel t’ with t, we are eventually led to work with 
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ov 
al +Q(D)u=0, (6.1¢) 


and we may assume 7 = 0. In the following, we equivalently use P(D)u and 
or : 
as Before giving the actual proof, we need some introductory material. The 


first is a Real Analysis Lemma, of which we omit the easy proof. 


Lemma 6.1c Let I = [a, 8] be an interval of length h, and C > 0. Then 
there exists a function f:R—>R, f € C™(R), such that 


f(t) =0 Vt>B, 
ft)=C Vt<a, 
IFO (|< KCh-* VsEN,VtER, 


where K > 0 is a constant, which may depend on s. 


Now we build a sequence {tm}m>1 C (0,+00) with the following properties, 
which are repeatedly needed in the proof: 


e tm 0asm— +o; 


e In the interval J,, dst [tm+1,tm] we choose the numbers tm41 < t+, < 
i 


tm —t 

t3, < t?, < tl, < tm, such that the ratios —~—_, i = 1,...,4 are all 
m— &’m+1 

independent of m; 


It is straightforward to see that all these requirements are satisfied if we let 


fee f= (1- ait Jett 
m 


m m+1 


with C > 0 to be determined, H; € (0,1) such that 0 < H, < Hy < H3 < 
Ay < 1 and H3 = 4H», — 3H. Notice that quantities H; can be chosen 
independently of C. We let Atin = tm — tm41 and 


def def 
i = Eaiteels i, = [erates 
def def def 
i = eels fe = atl i, = meis ty if 


The solution wu is defined by induction on m in the intervals I, for m > 1. 
Moreover, we set 


Aga i 
wal”, pea, 1m = Gm ( 1) aCe or: 


where ¢ is the r‘” root of the unity with negative real part. Whereas with the 
parameters H; no further constraints are needed, as far as C’ is concerned we 
require that it is large enough to satisfy 
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Since 


m(m + 1) 
m C(H2 — Hi) 2m2 2 
oven = 3p (In 2)? C(H2 — i), 
it suffices to choose 
32 ( 1: ) 
C>—_ | —_— _]} . 

Qmz In2 \ He —- Ay 

Finally, we let 
def 


2 (Bm—Im) (tin tm) 


F (6.2c) 


Since Rey < 0, we conclude that am < 28m (tm tm), 

The gist of the proof is first in defining u and then in computing a pertur- 
bation Q(D), such that u satisfies (6.1c). The function wu is built in such a way 
that as t approaches 0 from above, u involves frequencies e” with increasing 
A. Consequently, for t decreasing, the function u decreases ever more rapidly, 
so that it identically vanishes for t < 0. 

In the following, the constant AK might change value from line to line; 
whenever estimating derivatives it may depend on the order of derivation, 
but it never depends on the index m. 

Finally, for t in the neighborhood of t,,, the function u is always of the 
form u = Cm e™*, where Cy, > 0 is a proper quantity that we are going to 
define as the construction evolves; for t > t; we put 

- def ge. 
so that C, = 1. 
We now proceed with building u and Q(D) in the intervals J?,,i =1,...,5. 


First step: t € I}, = [th tm]. Let fm = fm(t) be a C®(R) function that equals 
zero in a neighborhood of tm, is one in a neighborhood of t},, and for every 


s > 0 satisfies | f°) (t)| < K(Atm)~*. Such a function certainly exists owing 
to Lemma 6.1c. In I}, we let 


U def C,,e° + AnCmfm (t)eAm+i2 = Uuy+ U2, 


where Ci, > 0 is still to be defined, as mentioned above. It is as if we were 
perturbing wu, with a small term uz. The operator Q is merely defined as the 


product by a(x,t), where 
O"u 
a(z,t) =-#, (6.3¢) 


U 
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Ou 


Ae + Q(D)u = 0. In order for a to be well-defined, we 


need u not to vanish, which amounts to requiring that 


which clearly yields 


1+ bin tater” #0. 


Since fm € [0,1], the previous condition is definitely satisfied if 0 << am < 4, 
which is surely satisfied by (6.2c). 

Owing to the requirements on Q, we are interested in the size of the func- 
tion a and of all its derivatives. In I}, we have 


Ou = O"u2 


ih ee = a Go, (r) t tAm +10 
Der op = OmOmdim Oe 


Since am, € (0, 4), it is straightforward to see that |u| > $C m- As far as the 
numerator of (6.3c) is concerned, owing to the properties of f;,, any one of 
its derivatives is bounded by anCyK CM" i pals for N, sufficiently large. 

As for the denominator, K OC, (Atm)~%? AX? similarly bounds all its deriva- 
tives, again for N2 sufficiently large. 

Therefore, taking into account the previous lower bound for u and the 

rules for the derivative of a quotient, we conclude that any derivative of a is 
bounded by amK(Atm)~% XY for N large enough. Because of the previous 
condition we have set, such a quantity tends to zero as m — oo. 
Second step: t € I?, = [t?,,t1,]. Let yi = yi(t) be a C®(R) function that 
equals zero in a neighborhood of t},, is Bm in a neighborhood of ¢?,, and for 
every s > 0 satisfies ow (t)| < KBm(Atm)~*. Analogously, let y2 = ya(t) 
be a C™(R) function that equals zero in a neighborhood of t},, is ym in a 
neighborhood of t?,, and for every s > 0 satisfies low (t)| < K|¥m|(Atm)* < 
KBm(Atm)~*. Such functions certainly exist because of Lemma 6.1c. In J?, 
we let 


U qd Cpe? (ttt) etme + Alyn Ce? 2 (ttn) Ami cs U1 + U2. 
For ¢ in a neighborhood of t?,, we have 
Our r iT 73 —1 Our 
Or Bt = Br (tAm) De 
and ae A 
U2 Tr r ae A 102 
= = 2 = 4q m Fa 4 
at" Ym U2 Brn U2 Br (ir ) Ox 
so that in a neighborhood of t?,, u satisfies 
O"u Ou 
— Br, (iAm) = = 0. 6.4 
Se — Braid) (6.4c) 


Moreover, by its definition, for any t € [?,, 
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oO" 
oT = p(t)ur, 


where p(t) is a sum of products of no more than r derivatives of y, and 
possibly a term (t — t},). By the definition of (2; we have 


Ip(t)| < KBr,(Atm)-% and = |p) (é)| < KBf,(Atm)-™ (6.5¢) 


for some proper JN. Precisely in the same manner, we can conclude that 


a =q(t)u2, where |q)(t)| < KB?,(Atm)"". (6.6) 
We now define 
def p(t) 0 Our _ 
Sos | gr ee 


Owing to the conditions we imposed before, we have that 6”, A71(Atm)~% > 
0, which in turn yields that the coefficients of Q; and all its derivatives tend 
to zero. Next, we define Q2 by 


def Pu+Qiu Pug + Qiu2 
Qe => --___ - T_ . 
u u 
From (6.4c) it is immediate to conclude that Q2 vanishes in the neighborhood 
of t?,. Moreover, for t € I?,, we have 


m? 


|ur| > Cefn tim tin) bees] = tales Jet mtr) 


and this yields 


al J 1 elma) 
Am 


|u2| ~ (6.7c) 


jee Yn) (Ein — tin) = 3 (Cin ti] 


> leer ted 

since we have required tl, — t3?, = 4(t1, — t?,). Moreover, since we have also 
imposed that Bn (th, —t?,) > In 2, we have |ui| > 2|ug| for any t € I?,. Now we 
have all we need to estimate Q2. From its definition, the coefficient of Q2 is a 
quotient of two quantities. If we factor out u; from the top and the bottom, 
we obtain Q2 = A/B, where 


A = armel em) (—g(t) + 2p{t))ePmn®, 


BH=1+amelo2O-erO)(t-t)giAme® |B) > - 


and we relied on 0 < Gm < 4 for the lower bound on |B]. From (6.5c)-(6.6c), 
the rule for the differentiation of a quotient, and (6.7c) it follows that any 
derivative of Q2 is majorized by 
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ee KN (Atm pe Om ele2(t)— pi(t))(t%, tm) 
n | ua(tin) 

ur (th) 
<KXN (Atm) cfm (tm tm), 


<1+ KAN (At,)- 


Owing to the previous conditions we have set, we have 
2 1 
AN (Atm) em m—tm) 5 0 


as m—> oo for all N. 
Third step: t € I3, = [t3,,t?,]. In I3, we define u as 


mm) “mm 
ge Cmeem tm) tame 4 Om Cmer™ (ttm) eiAm+12 uy + U2, 
Tr O Ou 
and Q as Q ae Bin — so that — + Qu = 0. Hence, Q is constant and 
iAm Ox or" 


it has the same expression as Q, in J?, for t in a neighborhood of t?,. When 
t=t3,, we require : P 

|u1 (tin )| = Om|U2 (tin), 
which is the inverse of what we required for u; and w2 when t = ts and this 
justifies the previous definition given in (6.2c). 
Fourth step: t € I4, = [t4,,t3,]. In I4,, u is defined in such a way as to cancel 
u,. As we have |ui(t?,)| = am|ue(t?,)|, we now let 


ue Gm (t) Cm eB tm) em ® 4. Cv Om etm (ttm) eiAmti2 det as + ua, 
where gm is a C® function, such that gm(t3,) = 1, gm(t4,) = 0, and Vs > 0 
gS (t)| < K(Atm)~*. We observe that uz satisfies 
O"ug 
2 Oi 
oe Qiu2 


where Q, is the same operator as Q in the interval [3,. Therefore, we set 


Q def Pu+Qiu Puy+ Qiu 
{= 


U U 


so that Pu+ Qiu+4+ Qou = 0. 
Since u, without the factor g,;, would be decreasing as t decreases in km 


and wz is increasing as t decreases, it is apparent that < Am. Therefore, 


GmU2 
exactly as in ae we conclude that any derivative of Q2 is bounded above by 
KamAN (Atm)~% for N properly large, and all the derivatives of Q = Q1+Q2 
tend to zero in [4.. 

Fifth step: t € IP, = [tm+1,t4,]. We finally come to the last interval. We let 
ps3 = v3(t) be a C™ function, such that y3 = Ym in a neighborhood of ¢4, 
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vanishes in a neighborhood of tyn41, and Vs > 0 Jo? < K|m|(Atm)~* < 
KBm(Atm)~*. We define 


1 1 a Cela Ott) imei, 


Moreover, by its definition, for any t € I? 


m? 


Ou 
Or ~ pi(t)u, 


where p;(t) is a sum of products of no more than r derivatives of y3 and 
possibly a term (t — t1,). By the definition of y3 we have 


Ip\” (8) < K By, (Atm)—™ 
for some proper N. Thus, we define 


def pi(t) 0 
~ irAm+1 Ox’ 


Q(D) 


and the analysis of the behavior of the coefficient of Q(D) is precisely the 
same as for Q;(D) in I?,, so that we can avoid repeating it. We eventually set 


Cm+41 = Am Cin > 


so that we satisfy the requirement that u is of the form Caer in the 
neighborhood of t = tm+41. This completes the construction of u and Q(D) 
for t> 0. As for t < 0 we let w= Q =0. 


By the definition of a,,, it follows that 


oe ls 
Cm4i1 < Cme be 


for some sufficiently small constant K. By iteration, we easily conclude that 


VE 
m 2 
Cie eo Urn “ee, 


once we recall that C; = 1. Finally, as far as the derivatives of wu are con- 
cerned, aside from factors such as AN and (Atm)~%, we also have a third 
kind of factor, namely e844, owing to the presence of the term e2(t)(t-tin) 
Therefore, any derivative of u is bounded above by 


ae VE 
2 m 2 
KAN (At..) Cele < KN 2 oki Ka de “Rs 


it is a matter of straightforward computations to check that the function 
f(x) = 2¥"/2? is monotone increasing and convex for 7 > 34. Moreover, 
since we are interested in the limit as m — oo, we may write 
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Se se 
k k? k? 
k=1 k=1 k=35 
and we may estimate 
m vk m Qve 1 m 
—> | dx > — QV dx 
k? x? m? Jaq 


2 1 7 
= [ae Le)”. 


2 
m? In 2 n 34 


Therefore, further straightforward computations allow us to conclude that 
KQMN py 2N OK 2 Ke DEL, Be v Kg2N m2N eB (Kavi Ks) 


and such a quantity tends to zero as m — oo. This finishes the proof. o 


7c Back to Quasi-Linear First-Order Strictly Hyperbolic 
Systems 


We prove Proposition 7.1. Assume that u is a weak solution of (7.1), let P 
be a point on the discontinuity curve I’, and let B be a small ball centered 
around P. 

Without loss of generality, we may assume that I’M B is the only curve 
of discontinuity of u in B. We denote the two open components of B on each 
side of I as By and B_. Let py € C}(B) and n = (nz, nx) the unit normal to 
I’. We have 


o=/f [u- np +f -d0,y] dxdt 
B 
=/f [udp +£-depldedt + ff [u- Aap +f -d,y] dxdt 
By BL 
= -| (nyu, + nef(u,)]-pdo — // [Ou + 0,£(u)] - g dxdt 
rnB By 


+ [tn +n,f(u))]- pda — // : (O.u + 0,f(u)] - p drdt. 


Since u is a classical solution away from J’, the second and fourth integrals 
vanish and the result is 


J Irelay wy) + n5(E(a) = #(u)] edo = 0% 
I'nB 


as this needs to be satisfied for every y, we obtain (7.2). 

On the other hand, using the same derivation, without assuming that the 
equation vanishes, we see that if a piecewise C! function u is a solution in any 
set where it is of class C! and satisfies (7.2), then the equation must vanish, 
and u is a weak solution. 
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12c The Riemann Problem 


We deal with the model for isentropic gas dynamics in Lagrangian coordinates, 
which we have already considered in Section 7.1. Here we use an explicit 
expression for p. We have 


leit Ee 7 ef =o t>0,7 ER, 


Cres 

4y 
An analogous study with a general p is given in Bressan and Smoller [20, 239]. 
The initial condition for the Riemann problem is 


| if 7 <0, 


where 


pv)=Kv 7, y>l, K= 


if x > 0. 
The eigenvalues are 
Ky KY 
A1 = -vV-p'(v) = - asl dA2 = V—p'(v) = worl? 

and for the corresponding eigenvectors we can take 

1 —-1 

Yj, = RY ; Yo => RY ° 
prt prtt 


We have already seen that both characteristic fields are genuinely nonlinear. 
The 1-rarefaction wave is given by the solution of the Cauchy problem 


=1 
de ; 
dw _ KY 
de \ vt?’ 
v(0)=v , 
w(0)=w , 
that is, 
v=u +6, 
Ry: ed er e> 0. 
wa t9F tu try, 


In the same way, the 2-rarefaction wave is given by the solution of the Cauchy 
problem 
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du 

| 

de , 

dw _ KY 
de oer 
v0)=v, 
w(0)=w , 


which yields 


v=uU —E€, 
Ro: os = 
w=(v- a ae +w (v-) =, 


Since € > 0, the Riemann problem admits a solution in the form of a 1- 
rarefaction wave if vt > v~, and a solution in the form of a 2-rarefaction 
wave if ut <u>. 

If we now move to shocks, we rely on the Rankine-Hugoniot conditions, 
which in this case read 


A(v—v-)=-(w-w'), 7 


Vr ane, C * 


is positive or negative. Hence, 


We need to distinguish whether \ = ——— 


we have two families of curves. 
1. If A < 0, either v > v~ and w > w , or v < v- and w < w’, which 
implies 
es w=w + /-(v—v-)(p(v)—p(v-)) ifu>u, 
~ lw=w7 = —(v—v-)(p(v) —p(w-)) ifu<u. 
2. Otherwise, if \ > 0, either v > u7 andw<w-,oru<v  andw>w, 
which implies 
ee if vu > 07, 
Sy 7 


w=w + /—-(v—v-)(p(v)—p(w-)) ifu<u. 


We need to check which of these are admissible, taking into account Lax shock 
conditions (8.1). 


1. For A, this amounts to 
A<Ai(v_), Ai(v) <A < Ag(v). (12.1¢) 
2. For Ag this amounts to 


Ai(u_) <A < raw"), A2(v) <2. (12.2c) 
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Consider (12.1c). Since A1(v~) < 0, we have that A < 0 too, and we need to 
work with S_. On the other hand, we must also have Ai(v) < A < Ai(u_), 
which yields v < v~. Hence, we conclude that for \ < 0 we work with 


Si: w=w —V-(v—v-)\(p(v)—plv-)) ifu<u. 


Consider (12.2c). Since A2(v) > 0, we have that A > 0 too, and we need to 
work with S;. On the other hand, we must also have Ag(v) < A < Aa(v_), 
which yields v > v~. Hence, we conclude that for 4 > 0 we work with 


So: w=w —-vV-(v-v-)(p(v)-—p(v-)) ifu>u. 


Altogether, if we take into account the lines originating from (v~, w7), which 
we have obtained so far, we have R, and Rz, which corresponds to € > 0, and 
S; and $2, which can be parametrized with e < 0. Correspondingly, we have 
four regions in the half plane v > 0 (see Figure 12.1c). Notice that, as shown 
in Proposition 10.1, we have a second-order contact at u; between R, and S$}, 
and between Ry and S». 


Fig. 12.1c 


Assuming that u, = (vt, wT) is sufficiently close to uy = (v7, w7), the struc- 
ture of the general solution of the Riemann problem corresponds to the region 
in which u,. is located. 

Suppose first that u, € 5; in such a case the situation is described in Fig- 
ure 12.2c, where the speed is given by s = Se < 0. A completely 
analogous situation occurs if u, € $2. 
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At 


ul 


Fig. 12.2c 


On the other hand, if u, € R1, the solution is described in Figure 12.3c, where 
AT = Ai(uz), AP = A1(u,), and the shaded region represents the rarefaction 
wave. Again, the situation is perfectly analogous if u, € Ro. 


Ay ur 


Fig. 12.3c 


Suppose now that u, € E>: in such a case, it is not hard to show that there 
exists a unique u’ € R, such that u, belongs to the corresponding line R4 
through u’. Following the discussion of Section 12, the solution is given in 
Figure 12.4c, where Ay = Aa(uz), AP = Ar(u’), AZ = A2(u’), AP = A2(u,), 
and the two shaded regions correspond to the two rarefaction waves connecting 
u, and u’, and wu’ and u, respectively. 


If u, € £3, again it is not hard to see that we have a unique u’ such that u, 
belongs to the corresponding line S5 through u’. According to the study of 


Section 12, the solution is described in in Figure 12.5c, where s; = — ww 
aa 


f 
_ ww 


and s2 > rae * 
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Fig. 12.4c 
bt 
51 a 
$2 
ul ur 
= v ul ur oe 
u=("_) oye wow 
—_ 
ura (U4) ego tou! 
vu 
Fig. 12.5c 


Summarizing, this is what we have according to the four different regions 
that the half plane v > 0 is divided into: 


u, € E;: one 1-rarefaction wave and one 2-shock; 
u, € E>: two rarefaction waves; 

u, € E4: one 1-shock and one 2-rarefaction wave; 
u, € E3: two shocks. 


13c Convex Entropies 


We get back to the full system of gas dynamics in Lagrangian coordinates, 
which we introduced in (12.1). We rewrite it as 


OT — Ozu = 0, 
Ou + Op = 0, xreER,t>0, 
O.E + Ox(pu) = 0, 
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where 7 > 0 is the specific volume (i.e., 7 = a u is the velocity, and E > 0 


is the specific energy (i.e., total energy per unit mass). We discuss the results 
of § 3.3 of Coquel and LeFloch [36], to which we refer for all the details (see 
also § 2 of Bereux et al. [15]). The unknowns of the problem are 7, u, E, and 
the pressure p is given by 


—1 1 
p= (e-5), y>1, 


T 


which implies that necessarily E — tu? > 0. The entropies for the system are 
given by 


U=U(r,u,Z)=-G(s), S=In ( —1)r77} (e - s)) 


where G : R > R is an arbitrary smooth function. It turns out that U is a 
convex function if G’(S) > 0 and R< = where R(S) = —— 

The Eulerian formulation for the complete gas dynamics was given in 
Section 7.2. If we rewrite it in terms of p, us, where s is the physical entropy, 


and we assume that p = p(p, s), we have 


p+ udzp + pd,u = 0, 

1 Op 

Oxp + Ud,u + pos 
Oj8 + uO,s = 0, 


Onu + aay 


Ors = 0, xeER,t>0. 
p Op 


From it, one sees that smooth solutions satisfy 
(pf (s)) + Ox(pf(s)u) = 9, 
for every regular function f, and this gives 
U(p,u,8) = pf(s), — F(p,u,s) = pf(s)u. 


In Tartar [256] a careful analysis is developed, in order to show that these are 
the only non trivial entropies in this context. 
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